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PREFACE 

The plan of the early pages of this text is to offer a gradual 
introduction to the subject without plunging the young student 
too deeply into new difficulties. The treatment of negative 
numbers as a natural extension of the familiar arithmetical 
numbers, and a generous amount of detail in the explanations 
of the early chapters, serve to clarify the beginnings of a sub- 
ject so often troublesome. New processes are accomplished by 
the use of the simplest of symbols, and the undivided atten- 
tion of the student is centered upon the new elements of the 
operation at hand. Definitions are introduced only as rapidly 
as new processes call for them, and the young mind is not 
confused and discouraged at the outset by the attempt to learn 
the meaning of a bewildering mass of strange terms. 

In arrangement the book does not differ widely from the 
general scheme of the standard texts, but in .some details there 
are changes that have been found to be of genuine value in the 
classroom. For example, in t^actoring, the simple and the 
difficult types are separated; an elementary course gives a 
treatment free from complex forms, while a supplementary 
section provides for the preparation of college requirements. 
The Lowest Common Multiple and its immediate application 
to Addition of Fractions form a single chapter, and the plan 
suggested by this order has proved to be natural, practical, and 
sound. The classification of Simple Simultaneous Equations 
and of the Theory of Exponents is both new and teachable, 
and the logical arrangement of Affected Quadratic Equations 
provides a chapter that, while omitting no essential, gives a 
brief and clear general treatment of this important subject. 

Throughout the early chapters exercises for oral drill are 
frequent, and their introduction confines the simplest types 

3 



4 PREFACE 

of the problems to the oral discussion of the classroom. Such 
discussions are of great value in a live class, and if supple- 
mented by a practice of reading by members of the class each 
step of every new illustrative solution, a most gratifying 
progress results. The written exercises consist of new prob- 
lems carefully graded, and the frequent reviews are constructed 
on the lines of recent entrance questions of the leading col- 
leges and universities. The treatment of Graphs is full and 
complete, but is free from those elements of the advanced 
discussions that so frequently confuse the young student. A 
cojnprehensive introduction of the common Physical Formulas 
familiarizes the student with a practical branch of applied 
algebra; and this is accomplished without assuming that the 
teacher is an expert in the laboratory practice of that science. 

In those subjects where several methods of procedure are 
possible, the text offers, as a rule, but one. To select arbi- 
trarily and to suggest one method as the best of many is a 
matter of personal choice and opinion, and the only claim for 
the single methods chosen in the following chapters is that 
they are uniformly practical. The text is planned on the 
theory that one practical method thoroughly mastered is 
sufficient for the needs of the young student, and that the 
elementary classroom has neither time nor need for those 
comparative discussions that interest only the mature mind. 

The author gratefully acknowledges his indebtedness to 
those friends whose suggestions and encouragement have 
been of material aid in the preparation of this text. 

FREDERICK H. SOMERVILLE. 

Thb William Pbnn Chabtbb School, 
Philadslphia. 



CONTENTS 

OBAran PAGB 

L Introdaction, Symbols, Negative Numbers ... 9 

Symbols of Operation 11 

Symbols of Quality 18 

Negative Numbers 14 

Algebraic Expressions 20 

U. Addition, Parentheses 22 

Addition of Monomials 22 

Addition of Polynomials . . * 24 

Parentheses 26 

IIL Sabtraction, Review 82 

Subtraction of Polynomials 84 

General Review 35 

IV. Multiplication 88 

Multiplication of a Monomial by a Monomial ... 42 

Multiplication of a Polynomial by a Monomial . 43 

Multiplication of a Polynomial by a Polynomial . 45 

Multiplication of Miscellaneous Types .... 47 

V. Division, Review 62 

Division of a Monomial by a Monomial .... 54 

Division of a Polynomial by a Monomial .... 55 

Division of a Polynomial, by a Polynomial ... 56 

General Review 62 

VI. The Linear Equation, The Problem 64 

General Solution of the Linear Equation .... 68 

The Solution of Problems 70 

,Vn. Substitution . . . .' 84 

• The Use of Formulas 87 

VIIL Special Cases in Multiplication and Division ... 89 

Multiplication 89 

Division 96 

6 



6 CONTENTS 

OHAPTKB PAOX 

IX. Factoring 00 

Expressions having the Same Monomial Factor . . 100 

Trinomial Expressions 101 

Binomial Expressions 107 

Expressions of Four or More Terms factored by Grouping 110 

Supplementary Factoring 115 

X. Highest Common Factor 119 

Highest Common Factor of Monomials .... 120 

Highest Common Factor of Polynomials by Factoring . 120 

XI. Fractions, Transformations 122 

The Signs of a Fraction 123 

Transformations of Fractions . . . . . 124 



XII. Fractions (Continued) , Lowest Common Multiple, Lowest 
Common Denominator, Addition of Fractions 

Lowest Common Multiple 

Lowest Common Multiple of Monomials . 
Lowest Common Multiple of Polynomials by Factoring 
Lowest Common Denominator .... 
Addition and Subtraction of Fractions . 



127 

127 
128 
128 
129 
132 



XIII. Fractions (Contimted)^ Multiplication, Division, The Com- 

plex Form 137 

Multiplication of Fractions 137 

Division of Fractions 140 

The Complex Form 144 

XIV. Fractional and Literal Linear Equations, Problems 147 

Special Forms 149 

Problems leading to Fractional Linear Equations . . 154 

XV. Applications of General Symbols, Review . .161 

The General Statement gf a Problem . . . .161 

Use of Physical Formulas 164 

Transformation of Formulas 167 

General Review 168 

XVI. Simultaneous Linear Equations, Problems .... 173 

Elimination by Substitution 175 



CONTENTS 



OHAMXB PA«S 

Elimination by Comparison 176 

Elimination by Addition or Subtraction . . . . 176 

Systems involving Three or More Unknown Quantities . 178 

Fractional Forms 181 

Literal Forms 185 

Problems producing Simultaneous Linear Equations 187 

The Discussion of a Problem 193 

XVIL Graphical Representation of Linear Equations . .197 

Graph of a Point 197 

Graph of a Linear Equation in Two Unknown Numbers . 200 

Graphs of Simultaneous Linear Equations . . . 202 

XVIIL Inyolution and Eyolntion 205 

Livolution . .* 205 

Evolution 209 

Square Root of Polynomials 213 

Square Root of Arithmetical Numbers .... 217 

XIX. Theory of Exponents 221 

The Zero Exponent 221 

The Negative Exponent . . . • . . . .222 

The Fractional Form of the Exponent .... 223 

Applications 227 

XX. Radicals, Imaginary Numbers, Review .... 236 

Transformation of Radicals 237 

Operations with Radicals 242 

Equations involving Radical Expressions . . . 262 

Imaginary and Complex Numbers 254 

Operations with Imaginary Numbers .... 255 

Greneral Review 261 

XXI. Qnadratic Equations 266 

Pure Quadratic Equations 266 

Affected Quadratic Equations 268 

Discussion of Affected Quadratic Equations . . 277 

Graphs of Affected Quadratic Equations .... 282 

XXII. The Quadratic Form, Higher Equations, Irrational Equa- 
tions 286 

The Quadratic Form * 286 



8 



CONTENTS 



OHAPTBB PAOS 

Higher Equations solved by Quadratic Methods . . 286 

Irrational Equations 292 

Physical Formulas involving Quadratic Equations . 293 

XXIII. Simultaneous Quadratic Equations, Problems . 294 

Solution by Substitution 294 

Solution by Comparison and Factoring . 296 

Solution of Symmetrical Types . . . . . 296 

Solution of Miscellaneous Types 298 

Graphs of Quadratic Equations in Two Variables . 302 

Problems producing Quadratic Equations . . 310 

XXIV. Ratio, Proportion, Variation 316 

Ratio 316 

Proportion . . • 317 

Variation 330 

XXV. The Progressions 338 

Arithmetical Progression 338 

Geometrical Progression 348 

XXVI. The Binomial Theorem— Positive Integral Exponent . 358 

Proof of the Binomial Formula 369 

Applications 361 

XXVU. Logarithms 364 

The Parts of a Logarithm 366 

The Use of the Four-place Table 367 

The Properties of Logarithms 374 

The Cologarithm 376 

Use of Logarithms in Computations . .377 

Miscellaneous Applications of Logarithms . . . 379 

XXVIIL Supplementary Topics, Review 385 

The Remainder Theorem 386 

The Factor Theorem 385 

The Theory of Divisors of Binomials . . .387 

H. C. F. of Expressions not readily Factorable . 389 

L. C. M. of Expressions not readily Factorable . . 392 

Cube Root of Polynomials 394 

Cube Root of Arithmetical Numbers .... 396 

General Review 398 

INDEX 405 



ELEMEJVTTARY ALGEBRA 

CHAPTER I 
UrXRODUCTION. SYMBOLS. NEGATIVE NUBiBERS 

1. The definite number symbols of arithmetic, 1, 2, 3, 4, 5, etc., 
axe symbols that express in each case a number with one 
definite value. 

Thus, 3 units, 5 units, 7 units, etc., represent particular groups, the 
symbols, 3, 5, and 7 having each a particular name and value in the 
number system that we have learned to use. 

2. The general number symbols of algebra are symbols that 
may represent not one alone but many values, and for these 
general symbols the letters of the alphabet are in common use. 

THB ADYAITTAGB OF THB GBITBRAL NUMBER SYMBOL 

3. Many of the familiar principles of arithmetic may be 
stated much more briefly, and usually with greater clearness, 
if general or literal number symbols are employed. To 
illustrate : 

(a) The area of a rectangle is equal to the product of its height, or 

altitude, by its length, or base. Or, arith- 
metically. 

Area = altitude x base. 

^ Using only the first letters of each word, 
we may write. 

Area = a x 6, 

and this latter expression, while equally clear 
in meaning, serves as a general expression for obtaining the area of any 
rectangle with any values of a and &. 

9 



10 INTRODUCTION. SYMBOLS. NEGATIVE NUMBERS 

(h) The familiar problem of simple interest gives arithmetically, 

Interest = principal x rate x time. 

A much simpler form of expressing the same principle is obtained 
here as above, using only the first letters of each element for the general 
expression. 

Thus : I = p X r X t. 

(c) Two principles relating to the operation of division in arithmetic 
may be clearly and briefly expressed by the use of literal symbols. 



D 
d 
divisor x quotient = Dividend. Or, d x q = D, 



Thus : Dividend -*- divisor = quotient. That is, — = q* 



4. In a more extended manner the literal symbol permits 
a breadth and power of expression not hitherto possible with 
the number symbols of arithmetic. Many problems involving 
unknown quantities are readily stated and solved by means of 
general symbols, and clearness of expression in such problems 
is invariably gained by their use. To illustrate a common use 
of literal symbols, cotisider the following problem : 

Two brothers, John and William, possess together 200 
books, and John has 20 books more than William. Write 
expressions that clearly state these conditions. (Compare 
carefully the two methods of expression.) 

The Arithmetical Expression 

(a) The number of John's books + the number of William's books =200 
(&) The number of John's books — the number of William's books= 20 

The Alobbraio Expression 

Let us assume that x = the number of books that John has, 
and that y = the number of books that William has. 

Then from the conditions given in the problem : 
(a) « + y = 200. 

(6) x-y= 20. 



THE SYMBOLS OF OPERATION 11 

By a simple process the values of x and y are readily determined. 
From this parallel between arithmetical and algebraic forms of ex- 
pression the brevity and the advantage of the literal or general symbol 
for number is clearly manifest. The later processes of algebra will con- 
stantly furnish the means wherewith we may broaden our power of 
expression, and thjB meaning of algebra will be interpreted as merely 
an extension of our processes with number. 



THB SYMBOLS OF OPERATION 

5. The principal signs for operations in algebra are identical 
with those of the corresponding operations in arithmetic. 

6. Addition is indicated by the " plus " sign, -|- . 

Thus, a + & is the indicated sum of th& quantity a and the quantity b. 
The expression is read *^ a plus &.^' 

7. Subtraction is indicated by the " minus " sign, — . 

Thcdd, a — 5 is the indicated difference between the quantity b and the 
quantity a. The expression is read ** a minus &." 

8. Multiplication is usually indicated by an absence of sign 
between the quantities to be multiplied. 

Thus, ab is the indicated product of the quantities a and 5. 

abx is the indicated product of the quantities a, 5, and x. 

Sometimes a dot is used to indicate a multiplication. 
Thus, a • & is the product of a and 5. 

The ordinary symbol, " x ," is occasionally used in algebraic 
expression. 

An indicated product may be read by the use of the word 
" times '' or by reading the literal symbols only. 

Thus, ab may be read **a times 6," or simply ** a6." 

9. Division is indicated by the sign '' -s-,'' or by writing in 
the fractional form. 



12 INTRODUCTION. SYMBOLS. NEGATIVE NUMBERS 

Thus, a H- & is the indicated quotient of the quantity a divided by the 
quantity b, 

- is the fractional form for the same indicated quotient. 
h 

Both forms are read ** a divided by &.^' 

10. Indicated operations are of constant occurrence in alge- 
braic processes, for the literal symbols do not permit the 
combining of two or more into a single symbol as in the case 
of numerals. Thus: 

Arithmetically, 6-f 3 + 7 may be written ** 15," for the symbol 16 is 
the symbol for the group made up of the three groups, 5, 3, and 7. 

Algebraically, a + b + c cannot be rewritten unless particular values 
are assigned to the symbols a, b, and c. The sum is an indicated result. 

Algebraic expression, therefore, confines us to a constant use 

of indicated operations, and we must clearly understand the 

meaning of : 

I. An Indicated Addition, a + 6. • 

II. An Indicated Subtraction, a — 6. 

III. An Indicated Multiplication, db, 

IV. An Indicated Division, - . 

b 

11. Equality of quantities or expressions in algebra is indi- 
cated by the sign of equality, =, read "equals,'' or "is equal to." 

Thus, a+b = c-\- d 

is an indicated equality between two quantities, a-^b and c + d. 

12. If two or more numbers are multiplied together, each of 
them, or the product of two or more of them, is a factor of the 
product ; and any factor of a product may be considered the 
coefficient of the product of the other factors. Thus : 

In 5 a, 5 is the coefficient of a. In acmx, a \b the coefficient of cmx, 

In oo;, a is the coefficient of x, or ac may be the coefficient of 

or X is the coefficient of a. mx, etc. 



THE SYMBOLS OF QUALITY 13 

Coefficients are the direct results of additions, for 

6 a is merely an abbreviation ofa + a + o + a + a. 
4 xy is an abbreviation of xy + xy -}- xy -^ xy. 

If the coefficient of a quantity is " unity " or " 1/' it is not 
usually written or read. 

Thus, a is the same as 1 a. xyia the same as 1 xy* 

13. The parenthesis is used to indicate that two or more 
quantities are to be treated as a single quantity. The ordinary 
form, ( ), is most common. For clearness in the discussion of 
elementary principles, the parenthesis will frequently be made 
use of to inclose single quantities. 

14. An axiom is a statement of a truth so simple as to be 
accepted without proof. Two of the axioms necessary in 
early discussions are : 

Axiom 1. If equals are added to equals, the sums are equal. 

* 
Axiom 2. If equals are svbtracted from equals, the re- 
mainders are equal. 

THB SYMBOLS OF QUALITY 

15. In scientific and in many everyday discussions greater 
clearness and convenience have result|ed from a definite method 
of indicating opposition of quality. For example : 

Temperature above and below the zero point, 

Latitude north and south of the equator, 

Assets, or possessions, and liabilities, or debts, in business, etc., 

represent cases in which direct opposites of quality or kind 
are under discussion; hence, a need exists for a form of ex- 
pression that shall indicate kind as well as amount, quality as 
well as quantity. 

To supply this need the plus and minus signs are in general 
use, their direct opposition making them useful as signs of 
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qwality as well as of operation; and we will now consider 
their use as 

THB + aud - sioms of quality 

16. A few selected examples of common occurrence clearly 
illustrate the application of quality signs to opposites in kind. 

In the laboratory : 

Temperature above 0^ is considered as +• 
Temperature below 0° is considered as — . 

In navigation : 

Latitude north of the equator is considered as +. 
Latitude south of the equator is considered as — . 

In business administration : 

Assets, or possessions, are considered as +. 
Liabilities, or debts, are considered as — . 

The following illustration emphasizes the advantage of in- 
dicating opposites in kind by the use of the + and — signs 
of quality. 

A thermometer registers 10° above at 8 a.m., 
16° above at 11 a.m., 6° below at 4 p.m., and 
10° below at 10 p.m. At the right we have tabu- 
lated the conditions in a concise form made possible 
only through the use of quality signs. 

By applying this idea of opposition to arithmetical numbers 
we may establish 

IIBOATIVB NUIIBBRS 

17. It is first necessary to show that there exists a need for 
a definite method of indicating opposition of quality in number. 

Consider the subtractions : 

(1)6-4= (2) 6 - 6 = (3) 6 - 6 = 

There are three definite cases included. 

In (1) a subtrahend less than the minuend. 
In (2) a subtrahend equal to the minuend. 
In (3) a subtrahend greater than the minuend. 



8 A.M. 


+ 10° 


11 A.M. 


+ 16° 


4 P.M. 


- 6° 


10 P.M. 


-10° 
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The first two cases are familiar in arithmetical processes, but 
the third raises a new question, and we ask, 

6 — 6 = what ly^ber ? 

18. On any convenient straight line denote the middle 
point by " 0," and mark off equal points of division both to 
the right and to the left of 0. 

The two directions from are dearly defined cases of opposition^ 
and this opposition may be indicated by marking the suc- 
cessive division points at the right of with numerals having 
pliis signs, 

-5 -4 -3 -2 -1 O +1 +2 +3 +4 +5 

and, similarly, the division points left of with numerals hav- 
ing minus signs. 

The result is a series of positive and negative numbers 
established from a given point which we may call " zero.'' 

With this extended number system we may at once obtain a 
clear and logical answer for the question raised above. The 
minuend remaining the same in each case, the result for each 
subtraction is established by merely counting off the subtrahend 
from the minuend, the direction of counting being toward zero. 
Therefore, 

For (1) The subtraction of a positive number from a greater 
positive number gives a positive result. 

Or, 6-4 = 1. 

For (2) TTie subtraction of a positive nuniber from an equal 
positive number gives a zero resuU. 

Or, 6-6 = 0. 

For (3) The subtraction of a positive number from a less posi- 
tive number gives a negative result 

Or, 6 _ 6 = - 1. 



16 INTRODUCTION. SYMBOLS. NEGATIVE NUMBERS 
We may conclude, therefore, that : 

19. The need of a negative number system is thai svbtrajction 
may he always possible. On 1;he principle of opposition the idea 
of negative number is as firmly established as that of positive 
number, and the definition of algebra as an extension of number 
is even further warranted. 

20. The extension of arithmetical number to include nega- 
tive as well as positive number establishes algebraic number. 

21. It is often necessary to refer to the magnitude of a num- 
ber regardless of its quality, the number of units in the group 
being the only consideration. 

Thus, + 5 and — 6 have the same magnitude, or absolute value, for 
each stands for the same group idea in the numeral classification. They 
differ in their qualities, however, being exact opposites. In like manner, 
+ a and — a, -f acy and — xy, are of the same absolute value in each 
respective case, no matter what values are represented by a or by osy, 

POSITIVB AND NB6ATIVB NUMBERS COMBmBD 

The simplest combination of algebraic numbers is addition, 
and since two groups of opposite kinds result from the positive 
and negative qualities, we must consider an elementary dis- 
cussion of algebraic addition under three heads. 

I. Positive Units + Positive Units. 

If a rise in temperature is 16° 
and a further rise of 10° occurs, 
we have a final reading of 



II. Negative Units -|- Negative Units 

If a fall in temperature is 12° 
and a further fall of 16° occurs, 
we have a final reading of — 28^ 



H-160 
H-10*» 


H-26® 


«12o 
-16^ 
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III. Positive Units -\- Negative Units. 

If a rise in temperature is 20° and * + 2QP 

an immediate fall of 16° occurs, — 15° 

we have finsdly -f 6° 

If a fall in temperature is 30° and - 30° 

an immediate rise of 24° occurs, + 24° 

we have finally — 0° 

The student should verify these illustrations by making a 

sketch of a thermometer and applying each case given above. 

In general; addition of algebraic numbers results as follows : 



(1) If a and h are positive numbers : 

(+a) + (4-6)= +a + 6. Q « • ■ 

Numerical Illustration : V "^^ ^^ '^^ ^ 



C+6) + (+3)=: + 6 + 3=+8. 

(2) If a and h are negative numbers : 

(— a) + (— 6) = — a — 6 • • • » ^ ■ • • Q 

Numerical Illustration : V.^^ _q "^ J 

(_6) + (-3) = -6-3=-8. 



9 . t^, 



(8) If a is positive and 5 negative : 

(+a)4-(-6)= +0-6. 
Numerical Illustration : ^+2-* -3 

(+6) + (-3)=+6-3=+2. 

(4) If a is negative and & positive : 

(-a) + (+6) = -a + 6. -5 Q 

Numerical Illustration: +3 ^ — 2— ' 

(-6)H-(+3)=-6 + 3 = -a. 

Erom the four cases we may state the general principles for 
combining by addition any given groups of positive quantities, 
negative quantities, or positive and negative quantities : 

SOH. EL. AL6. — 2 
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14. Determine the result of a journey 17 miles toward B, 
10 miles back toward A, 3 miles more toward A^ back 19 miles 
toward B, the starting point being at (7. Make a drawing 
illustrating the entire journey. 

15. With the same distances and directions as in problem 14, 
determine the result if the starting point had been at Ay giv- 
ing for the answer the final distance of the traveler from C as 
well as from A. (Assume that from C to A is SO miles.) 



ALGEBRAIC BXPRB88I0NS 

26. An algebraic expression is an algebraic symbol; or group 
of algebraic symbols, representing some quantity. An ex- 
pression is numerical when made up wholly of numerical 
symbols, and is literal when made up wholly or in part of 
literal symbols. 

20 + 10 — 18 X 2 is a numerical expression. 

ab + mn — xy and 6 a — 6 ex — 12 are literal expressions. 

27. The parts of an expression connected by the + or — 
signs are the terms. 

In the expression 

h — y 2(d + k) 
the terms are 

ah, + (c - d), - mn, +^, and- *» + "-f . 

h -y 2{d + k) 

A parenthesis, or a sign of the sai];ie significance, may inclose a group 
as one term. A fraction as an indicated quotient is also a single term. 

The sign between two terms is the sign of the term following. 

The sign of the first term of an expression is not usually written if it 
is +. In the term ah of the given expression both the sign, +, and the 
coef&cient, 1, are understood. 
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28. Terms hot differing excepting as to their numerical 
coefficients are like or similar terms. 

box and —3 ax are similar terms. Sab and 14 mn are dissimilar 
terms. 

29. The common expressiofts of algebra are frequently 
named in accordance with the number of terms composing 
them. The following names are generally used : 

A Monomial. An algebraic expression of one term. 

4 a, 5mn, — 3 xy, and 17 xyz are monomials. 
A Binomial. An algebraic expression of two terms. 

a -f 6, 3 m — X, 10 — 7 ay, — 4 mux + 11 » are binomials. 
A Trinomial. An algebraic expression of three terms. 

3 as — 7 m -f 8, 4 a6 — 11 ac — 10 mny are trinomials. 
A Polynomial. Any expression having two or more terms. 

While the binomial and the trinomial both come under this 
head they occur so frequently that common practice gives each 
a distinct name. Expressions having four or more terms are 
ordinarily named polynomials. 

Oral Dxlll 

Bead the following algebraic expressions : 

1. a + 3a? — 4mn + cd!n--3ajy. 

2. 2iiia; — 3acd + (a-i-a?) — (m + n). 

3. (a — a;) — (c— d) + (m — y + 2;). 

4. 5ayz — 2(2 m — n) + a(a — a;) + 3 a(2 x-~Zy). 

6. — mnx + 3 a{c --2d + l) — (a — m + n)x + 12(4 — x). 
6. (a-a?)(c + y)-(aj + 2)(y-3)-(a? + l)(a?-f2)(aj + 3). 

h y 3(c — d) c — y 



CHAPTER II 
ADDITION. PARENTHESES 

30. Addition in algebra, as in arithmetic, is the process of 
combining two or more expressions into an equivalent ex- 
pression or sum. The given expressions to be added are the 
addends. 

THB NUMBER PRINCIPLES OF ADDITION 

31. The Law of Order. Algebraic numbers may be added in 
any order. 

In general : a-\-h = h-\-a. 

Numerical Illustration : 6 + 3 = 3 + 6. 

32. The Law of Grouping. The sum of three cyr more alge- 
braic numbers is the same in whatever manner the numbers are 
grouped. 

In general: a+b-\-c=a+(b+c)={a-^b)-\-c=ia+c)-hb. 

Numerical Illustration: 2+3+4=2+ (3+4) = (2+3) +4= (2+4) +3. 

A rigid proof of these laws is not necessary at this point; 
but may be reserved for later work in elementary algebra. 

The law of order is frequently called the commutative law, 
and the law of grouping is called the associative law. 

ADDITION OF MONOMIALS 

The principles underlying the addition of the simplest forms 
of algebraic expressions have already been developed, and they 
are readily applied in the more difficult forms of later work. 

22 
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(1) The sum of like quantities having the same sign, all + or 
all-. 



By Articles 22 and 23 : 








+ 7 


+ 12a 


-7 


-12a 


+ 3 


+ 6a 


-3 


- 5a 



+ 10 +17a -10 -17a 

In general : 

33. The coefficient of the sum of similar terms having like 
sigyis is the sum of the coefficients of the given terms with the 
common sign. 

(2) The sum of like quantities having different signs, some + 
and some — . 

By Article 24: +7 -fl2a -7 -12 a 

-3 - 5a +3 + 5a 
+ 4 + 7a -4 - 7a 

In general : 

34. The coefficient of the sum of similar terms having unlike 
signs is the arithmetical difference between the sum of the + co- 
effld£nts and the sum of the — coefficients, with the sign 'of the 
greater. 

Oral DriU 



Add orally : 












1. 2. 


3. 


4. 


5. 


6. 


7. 


ha 6a 


4:X 


9mn 


3 bed 


7 amx 


n cmy 


Sa 9a 


7x 


Smn 


11 bed 


19 ama; 


19 cmy 



8. 9. 10. 11. 12. 13. 14. 

^4a6 —Sew — 8a» — 15(» —Scocy ^12 abx —5dny 
— 3a5 — 5cyi — a» —11 eg — 14 ca?y — 19 a6a; —dny 



,16. 


16. 


17. 


18. 


19. 


20. 


21. 


10 oc 


—19 ma; 


-8cy 


12 oa; 


—15 eg 


27 axy 


—7 cdmn 


-6ac 


9 ma; 


15 cy 


— 8aa; 


15 C2; 


— Waosy 


45 cdmn 
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If the sum of three or more terms is required, we apply the 
law of grouping (Art. 32), and separately add the -j- and 
the — terms. 

Thus, 6-8+ 11 -16 + 3 = 6+ 11 + 3-8-16 

= 19-24 
=.— 6. Result. 

Let the student apply this principle in the following : 

Oral Dxlll 

Add orally : 

1. 2-7 + 6-9. 7. -Sx-\-9x-6x-{-5x. 

2. —8 + 3 — 12 + 7. 8. -llac + 14ac — ac — 2ac. 

3. —9 + 8 — 16 — 11. 9. 3mnaj — 8 mrwc — 9 mnaj + 13 mnaj. 

4. 7-14 — 3 + 10. 10. -7cy — 6cy + 3cy-llcy. 

6. 13 — 18 + 7-21. 11. 3a-6a + 8a-lla-3a + a. 
6. 3a — 4a + 6a — 3a. 12. —4^xy-\-^xy—7xy-{-xy—xy'\-%xy. 

13. 5 am — 8 am — 24 am + 13 am — am + 6 am — 11 am. 

14. .6m — 7 — 4m + ll — 5m — 17 — m + 5m + 13. 

16. — 4caj + 8ca? — 3ca; + 2caj — 3caj + ca? — 15ca5 — 14ca5. 

ADDITION OF POLTNOMIALS 

The principles established for the addition of monomials 
apply directly to the addition of polynomials. 

Illustrations : 

1. Find the sum of 5a + 75 — 2c, 2a — 36 + 8c, and 
-3a + 26-10c. 

In the customary form : 6a + 76— 2c 

2a-36+ 8c 
-3a + 26-10c 



4a + 6&— 4c Result. 

For the sum : the coefScient ofo= 6 + 2—3= 4, 

the coefficient of 6= 7-3+2= 6, 
the coefficient ofc=-2 + 8-10=-4. 
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It frequently happeus that not all of the terms considered are found in 
each of the given expressions, in which case we arrange the work so that 
space will be given to such terms as an examination shows need for. 

2. Add 4a + 36-|-3m, 25 + 3c — d, 2a + 3d + 2m — a?, 
and 6 b — 5m — 3x, 

4a+ 35 +3m 

-f 26-f 3c - d 
2a -f3<l + 2w-- X 

4-56 — 6m — 3a; 

6a + 106-f 3c + 2d -4a; Result. 

The coefficient of the m-term in the sum being 0, that term disappears. 
In general, to add polynomials : 

35. Write the given ea^ressions so that similar terms shall stand 
in the sam>e columns. Add separately, in each column^ the positive 
coefficiertts and the negative coefficients, and to the arithmetical 
difference of their sums prefix the proper sign. 

Collecting terms is another expression for adding two or more 
given expressions. 

36. Checking results. The accuracy of a result may be 
checked by substituting convenient numerical values for each 
of the given letters. The substitution is made both in the 
given expressions and in the sum obtained, and the work may 
be considered accurate if both results agree. 

Illustration : To check the sum of 6a 4- 7 6 -f 2c and 2a — 36 — 5c^ 
let a = 1, 6 = 2, and c = 1. 

Then 6a + 76 + 2c = 6 -f 14 + 2 = 21 

and 2a -36 -6c = 2- 6 - 6 = -9 



rWhence, 7 a + 4 6 - 


-3c = 7+ 8- 


-3 


= 12. 


Find the sum of : 


Exercise 2 






1. 2. 




3. 




4. 


3a + 76 _7a; + 9 




471 — 9C2 




— acm'\- Sxyz 


5a-36 12a;-l 




— n + 9c2; 




2acm— 17 xyz 
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6. 6. 7. 

dab — Tac— ad — 2 ex — 16 m— nx —z 

11 ab -\-2ad ay -\- 20 ex Snx — 5 my -h z 

8. 4a + 3 6, 6a — 2 6, —7 a+ 4 6, and 4a— 116. 

9. 3a — 2c — 0?, 4a — c + 7a?, and — a — 5c + 9aj. 

10. 4a; + 3 2^ — 11, —6a? — 22^ — 8, and aj + 19. 

11. 4m — 2n— a;, — 3n — 4a;, 2m4-3 7i, and 7 n — 9 a?. 

12. 3a-5-4c + 7,a — 46 — c+6,and— 2a— 6 + 6c— 14. 

13. — 3a4-76— 2c — 7, c— 3a— 6+8, and 7— 4 6 — a + 3 c. 

14. a — 32^ + m — 2a; + 7, 36 — 2y + 2a — 4, 7a? — 2a — y, 
and66-6a?-2a-12. 

Collect similar terms in : 

15. 5a6 + 6 6c — 3am — 8a; + 4a6 — ac + 3cd— am 

+ 3a6— 2cd— a;.* 

16. 4m — 9 + d — y + 3 — 2d — 6 — 5m-3y + 2m 

-y-d+16. 

17. 4a6c-86cd-6ccte— 18+136cd — 18a6c— 5ccte 

-7 + 12 a6c. 

18. — 9 da? — mn — 3 ay + 4 6n — 19 — 14 ay + 6 6n — 16 ran 

+ 8 da? — 10 6w + 14 mn + 16 ay. 

PARBNTHBSBS 

37. The parenthesis is used in algebra to indicate that two 
or more quantities are to be treated as a single quantity. 

Thus, a + (6 4- c) is the indicated sum of a and the quantity, 6 + c. 
a — (6 4- c) is the indicated difference between a and the quantity, b + c, 

38. A sign + or — before a parenthesis indicates an operor 
tion to he performed. 

a + (6 + c) is an indicated addition, 
a — (6 + c) is an indicated subtraction. 
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Thb Parbnthbbis prbcbdbd bt thb Flub Sign 

Consider the expression 20 + (10 + 6). 

By first adding 10 and 6, 20 + (10 + 6) = 20 + 16 = 36. 

Adding separately, 20 + (10 + 6) = 20 + 10 + 6= 86. 

The result is clearly the same whether the parenthesis is removed 
before or after adding. 

Again, consider the expression 20 + (10 — 6). 

By first subtractmg 6 from 10, 20 + (10 - 6) nF 20 + 6 = 26. 

Or, subtracting separately, 20 + (10 - 6) = 20 + 10 - 6 = 26. 

And, again, the same result from each process. 

In general symbols : ♦ 

For the + parenthesis : a-{- (b + c) = a + b -{■ c. 

a+ (b — c) =a-\-b "C, 

In general : 

39. Ifa+{)i8 removed, the signs of its terms are not changed. 

Thb Parbnthbsis pbbcbdbd bt thb Minus Sign 

Consider the expression 20 — (10 + 5). 

By first adding 10 and 6, 20 - (10 + 6) = 20 - 16 = 6. 

Or, subtracting separately, 20 - (10 + 6) = 20 - 10 - 6 = 6. 

The result is the same from each process. 

Again, consider the expression 20 — (10 — 6). 

In this expression we are not to take all of 10 from 20, only the differ- 
ence between 10 and 6, i.e. (10 — 6), being actually subtracted. There- 
fore if all of 10 is subtracted, we must add 6 to the result. 

By first subtracting 6 from 10, 20 - (10 - 6) = 20 - 6 = 16. 
Or, separately, 20 -- (10 - 6) = 20 - 10 + 6 = 16. 

And, again, the same result from each process. 

In general symbols : 

For the — parenthesis : a — (6 + c) = a — 6 — c 

a _ (5 — c) = a ~ 6 + c. 

In general : 

40. //■ a — ( ) is removed, the sign of every term in it must he 
changed. 
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Two important principles must be kept constantly in mind : 

(1) The sign before a parenthesis indicates an operation of 
either addition or subtraction. 

(2) The sign of a parenthesis disappears when the parenthesis 
is removed. 

For example : 

15 _ (7 _ 4 + 2) = 16 - 7 + 4 - 2. 

The — sign of 7 in the result is not the original — sign of the paren- 
thesis. The original sign of 7 was + , and this sign was changed to — by 
the law of Art. 40. 

The sign of a parenthesis shows the operation, and disappears 
when we perform it. 

Oral Drill 

Give orally the results on the following : 

10. (—7 a)— (-1-5 a). 

11. —(—5 a)— (—7 a). 

12. -(H-6m)-|-(-6m). 

13. (-9aj)-(9aj). 

14. (-9a;)-(-9aj). 

15. — (—19 mn)—(— 20 mn). 

16. — (7iBy2) — (— 8a^2). 

17. (-16 6c)-(-116c). 

18. -(42i»y)-(-15ajy). 

19. (^5)-(-2)-(-3)+(-4). 

20. a — (4a)H-(— 4a)-h(— a). 

21. -5 «-!-(- 2 a;)-(-aj)-(3 «)-!-(- 0?). 

22. -(-l)-(l)^(-.l)-(l)-h(-l)-(-l). 

23. 2-(-|-3)-(-4)-h(-5)-(-6). 

24. _(_2a;)-(-|-3a;)-(2a;)-(-3a;)-|-(-2a;). 
26. — (— mn)-|-(— 3mn) — (— 4mri) + (— mn). 
26. 2 aj-(-3aj)-(H-2 «)-!-(- 3 «)-(-!-») + (-«). 



1- ( 


:+6)+(+2). 


2- ( 


:+6)-(+2). 


3. ( 


:+6)+(-2). 


4. ( 


:+5)-(-2). 


6. ( 


:-7)+(+6). 


6. ( 


;+6)-(-9). 


7. ( 


;_10)_(_19). 


8. ( 


:+16)+(-17). 


9- ( 


:-i4)-(-i3). 
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Parentheses within Parentheses 

It is frequently necessary to inclose in parentheses parts of 
expressions already inclosed in other parentheses, and to avoid 
confusion different forms of the parenthesis are used. These 
forms are : (a) the bracket [ ], (6) the brace { j, (c) the vin- 
culum . Each has the same significance as the paren- 
thesis. 

That is, (a + 6) = [a + 6] = {a + 6} = a + b. 

In removing more than one of these signs of aggregation 
from an expression : 

41. Remove the parentheses one at a time, beginning either 
with the inneiiinost or with the outermost. If a parenthesis pre- 
ceded by a minus sign is removed, the signs of its terras are 
changed. Collect the terms of the result. 

Illustration : 



Simplify 4m- [3m-(n-|-2)-4]-}m-|-3n-(n-l)}-|-n. 



4m-[3w-(w + 2)-4]-{m + 3w-(n-l)} + n = 
4w — [3 m— n — 2 —4] — {7n + 3w— n + 1} +n = 
4w- 3m + n + 2 +4 -{m + 3w- n+1} +w = 
4m— 3m+ n + 2 +4 — m — 3n+ n — 1 +n = 6. Result. 

Ezerciae 3 

Simplify : 

1. 4a-|-(3a-8). 7. 9aj-|-[3aj-(a;-2)]. 

2. 5x-(3x + 7). 8. 9 a? -[3 a; -h (a +"2)]. 

3. 2c-|-(c-8)-6. 9. 4a-}a-(-a-h7)J. 

4. 3m — (2m — 71H-3). 10. 2ac — {ac — 7 -{-Sac). 



5. 42;-(8-32;)-ll. 11. 5n-|-[9- {3n-n + 2}]. 

6. —5m—(—m—p—6), 12. — 6— (— i»yH-[— 2a^— (a^-fS)]). 

13. -3a-[36-}2a-(66-a)}]. 

14. m — [mH-{m— (m — m — 1)}]. 
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15.^ -(2m-f-l)-(-[-m-f-m-3]). 



16. 7x-'[2-h{-Sx-)x-(-6x-x-7)-x\)^. 



17. -(_a-l)- 2a-(a-f-l)-3a-5-8. 



18. l_(_l)+)-l_l + a-(-l)}. 



19. 2-(-l)H-j-l-l + a-(-l)-(-a)j. 



20. -H-(-l)-}l + l-(a-hl)H-(-l){. 



21. 3m-[2m-|m-n-3m— 9-2m-7-f3n}-(— m— 5)]. 



22. 2a-(36 + c)-2aH-(c~36) 

-fc-(2a-36)-[a-(6-c)]|. 



23. l-(H-a)-[-j-[(-l-a-l-3a)-a]-lj-a]. 

24. aa;-(-aa;)-|-(-aa;)i-[-(-f-(-aa;)i)]. 

25. (m-1)- |-(-{— (— mH-1) — n|-m)— nj. 

Inclosing Terms in Parentheses 

This operation is the opposite of the removal of parentheses, 
hence we may invert the principles of Arts. 39 and 40 and 
obtain : 

42. Any number of terms may be inclosed in a + ( ) withovt 
changing the signs of the terms inclosed, 

43. Any riumf>er of terms may be inclosed in a — ( ) provided 
the sign of each term inclosed be changed. 

Illustrations : 

(Art. 42.) 1. a + 6 + c-(H-c = a+6 + (c-(H-e). 
(Art. 42.) 2. a + 6-c-d + e = a + 6 + (-c-(l + e). 
(Art. 43.) 3. a + 6-c + (f-e = a + 6-(c-(H-e). 
(Art. 43.) 4. a — 6 + c-(f + e = a — 6 — (— c + d — e). 
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Ezerciae 4 

Inclose the last two terms of each of the following in a 
parenthesis preceded by the plus sign : 

l.a + 3& + 9c. 412 mn + 4 mx — 5 my + 16. 

2. 4mH-3n + 2p — 8. 5. 5c — 5d — x — mny, 

3. 4acH-6ad + 9ae — 11. 6. —9c-\-lld — 6-\-xz. 

Inclose the last three terms in a parenthesis preceded by 
the minus sign : 

7. 4a — 56H-3c — 9. 11. Sx^4:y-\-5z'\-2. 

8. 2a — 66 — c + a. 12. 4ac — 56c + 3 6dH-10ad. 

9. 5x — Sy-\-Sz — ll. 13. 12 — n + m — 2/) + a;. 
10. — 7 — 5mH-3n — 2p. 14. m-{'n—p + x — y + z. 

15. — 2 — a? + a» — ajy — ya;. 

Without changing the order of the terms, write each of the 
following expressions first in binomials and then in trinomials. 
Before each parenthesis use as its sign the sign of the term 
which is to be first in that parenthesis : 

16. a + b-'C-\-d-'X^y. 

17. a — c-^d^m — n + z. 

18. c — m — ic + y — 2 — 1. 

19. a^d^e^m^n-\-x, 

20. m^n^p^x^y — z. 

21. ah^ac + cd-'mn^np-\-mp, 

22. 2aH-3cH-4dH-5aj — 3^-22. 

23. 7a6 — 3ac-|-46d — 56cH-3ad — 4cdf. 

24. 5ay-^Saz-\-Sz — 4:xy — Sxz + 2yz, 

25. amx — cny — bz — cnx — amy — dz. 



CHAPTER III 
SUBTRACTION. REVIEW 

44. Subtraction is the inverse of addition. In subtraction 
we are given the algebraic sum and one of two numbers, and 
the other of the two numbers is required. The given sum is 
the minuend, the given number the subtrahend, and the required 
number the difference or remainder. 

45. We may base the process of subtraction on the principle 
of Art. 40, for. 

The qvxintity to he subtracted may he considered as inclosed in 
a parenthesis preceded by a minus sign. Consider the example, 

From 10a + 36 + 7c take Qa + h-c. 

By definition, the first expression is the minuend, the second 
the subtrahend. Inclosing both expressions in parentheses, 
and replacing the word " take " by the sign of operation for 
subtraction, we have 

(10 a + 3 6 + 7 c) - (6 a + 6 - c). 

Removing parentheses, 10a + 36 + 7c — 6a — 6 + c. 

Collecting terms, 4a + 2& + 8c. Result. 

We have, therefore, changed the signs of the terms of the sub- 
trahend and added the resulting expression to the minuend. In 
practice the usual form would be « 

Minuend : 10 a + 3 6 + 7 c. 

Subtrahend : 6 a + 6 — c. 

Difference : 4aH-26 + 8c. Result. 

The change of signs should be made menttdly. Under no cir- 
cumstances should the given signs of the subtrahend be actually 
altered. 

32 
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Prom the foregoing we make the general statement for sub- 
traction of one algebraic expression from another. 

46. Place similar terms in vertical columns. Consider the sign 
ofeoAih term of the subtrahend to he chQ,nged, and proceed as in 
addition. 

Two important principles result from the process of sub- 
traction. 

47. Subtracting a positive quantity is the same in effect as 
adding a negative quantity. In general: 

By Art. 40: (+ a)-(+ 6) = a-6. ByArt.39: (+a) + (-6)=a-6. 

Numerical Illustrations : 
(+ 6) _ (+ 3) = 6 - 3 = 2. (+ 6) -H (- 3) = 6 - 3 = 2. 

48. SuhtrOjCting a negative quantity is the same in effect as 
adding a positive quantity. In general : 

ByArt.40: (+a)-(~6)= a + 6. ByArt.39: (+ a)+ (+6)=a + 6. 

Numerical Illustrations : 
(+ 6) - (- 3) = 6 + 3 = 8. (+ 6) + (+ 3) = 6 + 3 = 8. 

Oral DriU 

1. 2a 3. 4. 6. 6. 

From 13 12a -9a -3a 13a6 15aj 

Take _4 ba -2a -^a -Tab —3x 

7. • 8. 9. 10. 11. 12. 

From 9m —7c 7 xy —Sac — 19 mn —7xz 

Take 13 m 8c —5ayy —Sac —limn 23 xz 

13. 14. 15. 16. 17. 18. 

From — 7 ac + 7 ac abc — 4 acx 

Take -f-7ac — 7ac 9a; —9a ; — 9a&c acx 

SOM. EL. ALO. — 3 
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8UBTRACTI0V OP POLYNOMIALS 

49. By application of the principle of Art. 46, we subtract 
one polynomial from another. Results in subtraction may be 
tested as shown in Art. 36. 







Ezerciae 5 






1. 


2. 3. 


4. 


From 


5aH-7 


8m- 19 -7c + 14 


-17ac-8 


Take 


3a~4 


3m-ll -9cH-14 


— 9ac + 9 



6. 6. 7. 8. 

From 3aH-46 — 7 Qx — Sy —3m 

Take 36—9 a; + 3y— z 2a — 5m + 7 g^b-^c 

9. From 7 a + 3 m — 9 take 2a — 5m-{-S. 

10. From 16 a + 6 05—3 2/ take a — 7 a; — 15y. 

11. From 4 a H- 9 d — 18 take — 3 a + 9 d — 15. 

12. From 5a;— 7 2/ H-3 2 take 3 y — 7 2. 

13. From — 7aH-6c — 3dH-5 take 2 a — 5 c + 3. 

14. From 11 a H- 3 m — a; take 2 a + 7 a; — m. 

15. From 21 + 50 — 371 take — 2a — 6 + 4c — 3n. 

16. Subtract 15 oa; — 3 ay — 19 from 11 ax — 5 ay — 11. 

17. Subtract 10 — 3x — ly — z from z-\-ll — 2x — 3y. 

18. Subtract 5c-f-6d — 4mH-n from 3 c — m. 

19. Subtract 5a — 11 6 — 2c from 3a — 8cH-2m. 

20. From the sum of 3 m — n + 2p and 3m — 4n — 5p take 
the sum of m + 3 n —p and 3 m — 7 n + 6p. 

21. From the sum of 5a;— 3yH-22;-}-3 and 3 a; H- 7 subtract 
the sum of 3 a; — 2/ H- 2 and 7 — 2x — y-\-llz, 

22. Subtract the sum of 4 a — 11 c 4- ^ and 3 6 — c + 10 from 
the sum of36 + d — 8c and 4 a — 4 c H- 9. 

23. Take the sum of 3 m— n-f-2y, 2ri— 3 m— 4y, andm+p— « 
from the sum of m — 3 «; 3 n -\-p, and p + m — 2y-\-n — z. 
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50. Addition and Subtraction with Dissimilar Coefficients. 

When the coeflBcients of similar terms are themselves dis- 
similar, the processes of addition and subtraction result in 
expressions with compound coefficients, i.e. coefficients having 
two or more terms. The principle is easily understood from 
the following illustrations : 

Addition Subtraction 

ax cm am cdz 

bx^ — acm cm — damdz 

(a + ft) X (1 — «) cm (^a — c)m (c + 9 am) dz 

Exercise 6 

Find the sum of : 

1. am-\-dm. 4. — 17 mocy + 2 pxy. 7. bcdx+12cdx. 

2. cdx-^ 5 nx. 5. cdn — 7 dn. 8. 5 cdx — 12 bdx. 

3. 3 bed — 2 Tocd. 6. acx — 19 bx. 9. — mxy — 11 cxy. 

10. bx H- ay and mx + ny. IS. 5(ib — 2cd and Sb + 7 d. 

11. dx -\- nz a,nd bx -{- pz. 14. 6 az -{- 5 by and nz — S y. 

12. acm H- bn and dm + dn. 16. 11 m>xy -\-5xz and axy — cxz, 

16. 2 6m + 3 a; + y and 5 m + ca; — my. 

17. 3a6 + 7ac + ll,m6 — lie — 7, and56 — wc + 3. 

18. (3 + c)a;+(2c — 9)a;H-(6 — 3c)a;H-(aH-c+l)«. 

(Examples 1-12 inclusive will serve as an exercise for subtraction ; the 
first expression in each being the given minuend, the second expression, 
the subtrahend.) 

6BNBRAL RBVIBW 

Exercise 7 

1. Findthesumof 3aH-26 — 6m,26 — 5cH-a;, — 4a—76 
4- c — m, and a — 3 c H- aj. 

2. Simplify 1-{1 — [l-(l-lH-m)]-mJ-m. 

3. Add 3aH-26 — c, 2a — 36H-3c, 4aH-36 — 7c, and 
--8a-46 + 5c. 
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4. Subtract 4 a? + 3 y — 2 from 5 a, and add a; — 3 y + 2 to 
the result. 

5. Subtract 2x — Sy from 4aj + 2y, subtract this result 
from 7 x — Sy, and add x — y to the final remainder. 

6. What expression must be added to4a — 3mH-a;to pro- 
duce 7a — 5m + 3a;? 

7. What is the value of (-3)- (+2) -(-3) + (-5) 
~(-2)? 

8. Collect — 3a — 6 + 4c, 2c — 3dH-a;, a — 4aj — d, 5c4-2a 
+ 3 a;, and4c?+6 — 7c. 



9. Simplify a; — 1— {« — 1 — [a; — 1 — a — 1 — a;]}. 

10. Subtract 4a;— 3yH-ll from unity, and add 5 a? — 3 y 4- 12 
to the result. 

11. Combine the m-terms, the n-terms, and the avterms in the 
following, inclosing the resulting coefficients in parentheses: 
am -{'Sbn-{-x + m-\-n^ax-\-2n — cx, 

12. A given minuend is 7 a? + 12 y — 7, and the corresponding 
difiFerence, 4 a? — y + 2. Find the subtrahend. 

13. To what expression must you add 2a — 3c + mto pro- 
duce 5a-|-7c — 9m? 

14. Subtract 2 a — 7 a? + 3 from the sum of 3 a? + 2 a, 4 a 
— 10 aj, 5 a — 7, and — 4 a; — 11 a. 

15. From (a-\-c)y-\-(m-{-n)z take (a — c)y — (m — n)z. 

16. Subtract x -\- 17 y — z from 12 a? + 3 2 and add the result 
to3aj+(2/ + ll2;) — 4y. 

17. Add the sum of 4 a; 4- 7 c and 2 a; H- 3 c to the remainder 
that results when a? + 4 c is subtracted from 5 c — 11 a?. 

18. From (a + 4)a;-|-(aH-3)y subtract (a H- 1) a? -f- (a H- 2) j/. 

19. Add 3a;-|-2m — 1 and 2aj — 3m-|-7, and subtract the 
sum from 6x^m-{'6, 
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20. Simplify a — 1 — a-|-l + [a — 1 —a — a — 1 — (a — 1) — 

21. From 7m4-3a; — 12 take the sum of 3ajH-7 and 
2m-3y-3. 

22. What expression must be added to a-\-b + c to pro- 
duce ? 

23. What expression must be subtracted from to give 
a-\-b + c? 

24. From what expression must 4a; — 7mH-10 be sub- 
tracted to give a remainder of3aj + 6m — 4nH-2? 

26. Inclose the last four terms of a — 86 + 4m — 5w-|-7a? 
in a parenthesis preceded by a minus sign. 

26. Simplify and collect a+[— 2m — 4a + aj — 

(— 2 a? — m H- a) — 3 «]. 

27. If x-\-7y — 9 is subtracted from 0, what expression 
results ? 

28. Isthesumof [-7-h(-2)-(-3)] + [-{-2 + (-l)}] 
positive or negative ? 

29. Prove that [3-(-2)-(-l)]H-[(-2)+(-l)-(-3)] 

+[_2-(-l)+(-5)]=0. 
80. Simplify and collect 

10-.[9-8-(7- 6- {5-4-3^^21-1)]. 

31. Show that 

2- (- 3 + o^) -3 + (- 2 - ^+1) = -2a. 

32. Collect the coefficients of a?, y, and z in 

ahx — acy -f- adz — mnx + mpy — njw; + a? — y — a?. 

33. Simplify and collect 

34. What expression must be subtracted from a — x + 3 to 
give -(a + [-a;-(-2a-a+T)-3])? 



CHAPTER IV 

MULTIPLICATION 

51. Multiplication is an abbreviated form of addition. 

Thus, 3x4 = 4 + 4 + 4. 6a = a-\- a + a-\- a + a. 

For the purpose of arithmetic multiplication has been 
defined as the process of taking one quantity (the mttltiplicand) 
as many times as there are units in another quantity (the 
multiplier). This definition will not hold true when the mul- 
tiplier is negative or fractional. Jlence, the need for the 
following definition : 

52. Multiplication is the process of performing on one 
factor (the multiplicand) the same operation that was x>^r- 
formed upon unity to produce the other factor (the multiplier). 
The result of a multiplication is a product. 

Illustration : 

The Integral Multiplier. 

3x6 means that 6 is taken three times in a sum. Or, 3x6=6+5+6. 
By the same, process the multiplier was obtained from unity, for 
3 = 1 + 1 + 1. 

The Fractional Multiplier. 

Obtained from unity a multiplier, 2} = 1 + 1 + J + J + J. For unity 
was taken twice as an addend and ^ of unity taken three times as an 
addend. 

In like manner, 2}x6 = 6 + 6 + } + J + j = 10 + J^ = 13}. 

THE NUMBER PRmCIPLBS OP MULTIPLICATIOV 

53. The Law of Order. Algebraic numbers may be mvUiplied 

in any order. 

In general : ah = ha. 

Numerical Illustration : 3x6 = 6x3. 
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54. The Law of Grouping. The product of three or more 
algebraic numbers is the same in whatever manner the numbers 
are grouped. 

In general : ahc = a(bc) = (ah)c = (ac)6. 

Numerical Illustration : 2 . 3 . 6 = 2(3 . 6) = (2 . 3)6 = (2 • 6)3. 

55. The Law of Distribution. The product of a polynomial 
by a monomial equals the sum of the products obtained by multi- 
plying each term of the polynomial by the monomial. 

In general : a{x -t- y + 2) = aa; + ay + a«. 

Numerical Illustration : 2(3 + 4 + 6) = 6 + 8 + 10. 

As in the case of addition, no rigid proof of these laws is 
ordinarily required until the later practice of elementary- 
algebra. 

Here, as in addition, the law of order is frequently called 
the commutative law, and the law of grouping is called the 
associative law. 

SIGirS m BfULTIPLICATIOV 

Upon the definition of multiplication we may establish the 
results for all possible cases in which the multiplicand or 
multiplier, or both, are negative numbers. 

(1) A positive multiplier indicates a product to be added. 

(2) A negative multiplier indicates a product to be sub- 
tracted. 

(1) The Positive Multiplier. Expressed with all signs (mul- 
tiplier = + 3) : 

(+ 3) X (+ 6) = + 6 + 6 + 6 = + 16. 
(+ 3) X (- 6) = - 6 - 6 - 6 = - 16. 

(2) The Negative Multiplier. Expressed with all signs (mul- 
tiplier = — 3) : 

(- 3) X (+ 6) = - (+ 5 + 6 + 6) = - (+ 16) = - 16. 
(- 3) X (- 6) = - (- 6 - 6 - 6) = - (- 16) = + 15. 



40 



MULTIPLICATION 



Comparing the four cases in the ordinary form of multiplicar 
tion, we have 



+ 6 




- 6 


+ 6 - 6 


+ 3 




+ 8 


- 3 - 8 


+ 16 




-16 


- 16 +16 


In general : 








(+a)(+6)= 


+ ab. 


(-a)(+6) = -a^ 


(+«)(- 


-6) = 


— db. 


(-a) (-6)=+ oft. 



66. Like signs in multiplication give a positive resuU. 
57. Unlike signs in multiplication give a negative result. 

Oral Drill 

Give the products in the following, each with its proper 
sign: 



1. 


(3) (-6). 


7. ( 


2. 


(4) (-6). 


8. ( 


3. 


(- 3) (6). 


9. ( 


4. 


(- 4) (5)- 


10. ( 


6. 


(-6) (-4). 


11. (: 


6. 


(5)(0). 


12. ( 



-6) (-7). 
-9)(0). 
-3) (-11). 



13. (2)(-5)(0). 

14. (-5) (3) (-8). 

15. -(2) (3) (-4). 



-4) (-3) (2). 16. -(3) (-6) (-2). 
2) (-6) (3). 17. -(-4)(-l)(-2). 
-2) (6) (-3). 18. -(-3) (-5) (-8). 



C0BFPICIBVT8 IN BfULTIPLICATIOlT 

58. The coefficient of a term in a product of two algebraic 
expressions is the product of the coefficients in the given multiplier 
and multiplicand. 

The principle is established by means of the Law of Grouping. 
For the coefficient of mn in the product of am times en : 
By Art. 54 : am x en = {a x c){m x n) 

= (jac) (mn) 

^ acmn. 
And the required coefficient is ac. 
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BXPONBITTS m MULTIPLICATIOV 

59. An exponent is a symbol, numerical or literal, written 
above and to the right of a given quantity, to indicate how 
many times that quantity occurs as a factor. 

Thus, if three a's occur as factors of a number, we write a', and 
avoid the otherwise cumbersome form of a x a x a. In like manner, 
axaxaxbxb^ d^h\ and is read ** a cube, h square." 

60. The product of two or more equal factors is a power. 
Any one of the equal factors of a power is a root. 

In common practice, literal and other factors having ex- 
ponents greater than 3 are read as powers. 

Thus, cfi is read ** a sixth power," or merely '* a sixth." 

ay«2 is read '* a cube, y seventh, z square." 

The exponent "1" is neither written nor read. That is, a 
is the same as a^. The difference between coefficients and 
exponents must be clearly understood. A numerical illustra- 
tion emphasizes that difference. Thus : 

If 6 is a coefficient, 6x2 = 2 + 2 + 2 + 2 + 2= 10. 

If 6 is an exponent, 2^ =2x2x2x2x2= 32. « 

The General Law for Exponents in Multiplication 

By definition, a^ =.a x ax a^ 

a^=zaxaxaxa. 
Therefore, a^xa^ = axaxaxaxaxaxa 

= a\ 
Similarly, a^x 0^ = a^+* = a®, 

m^xmfixm=^ w^'+^ = m*. 

In general, therefore, we have the following : 

If m and n are any positive integers : 

a^^ax axa'«'tow factors, 
a* = axaxa«" ton factors. 
Hence, a"» x a» = (a x a x a ••• to «i factors) (a x a x a ••• to n factors) 

= (a X a X a ••• to w» + w factors) 
= a"*+'». 
In the same manner, ar^xcU^xaP^ a"»+"+P, and so on, indefinitely. 
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This principle establishes the first index law, m and n be- 
ing positive and integral. 

The general statement of this important law follows : 

61. The product of two or more powers of a given factor is a 

power whose exponent is the sum of tlie given eaeponents of that 

factor. 

Oral Drill 

Give orally the products of the following : 

1. a* X a*. 6. JB* X iB*. 9. c^ X c* X c*. 

2. m* X m*. 6. ix^ xaf^, 10. y® X y* X 2/*. 

3. (f X d\ 7. mxm^x m\ 11. a^xa^xa'^x a*. 

4. z^ X 2®. 8. a^Xa^X a. 12. n^ xn^ Xn^X n^ 

IfULTIPLICATION OP A MONOBOAL BT A MONOBOAL 

By application of the law of order and the principles for 
signs and exponents, we obtain a process for the multiplication 
of a monomial by a monomial. 

Illustrations : 

1. Multiply 3 a%8 by 12 aV. 

By the Law of Order, 3 a^h^ x 12 a*b^ = 3 x 12 x o« x a* x 6» x 6«. 
By the Law of Grouping, =(3 x 12) (a^ x a*)(6» x ft^). 

By Arts. 68 and 61, = 36 a^b^^ Result. 

2. Multiply —7 aVxh by 5 a^h^y, 

-7 a^h^Tfiz X 6 a'b'^ =-7x6xa^xa'^xb^xb^xx^xzxy (63) 

= ( - 7 X 6) (a2 X a^) (6^ x 6^) (x^) («) (y) (64) 

= -S6 a'^b'^x^yz. Result. (57) (61) 

Therefore, to multiply a monomial by a monomial : 

62. Observing the law of signs, obtain the product of the 
numerical coefficients. The exponent of each literal factor in the 
product is the sum of the exponents of that factor in the multipli' 
cand and multiplier. 



6. 


7. 


— 3aj 


— 6y 


16 aj 


-13y 
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Oral DxlU 

Give orally the products of the following: 

1. 2. 3. 4. 5. 

5a Sx —4a 5m — 5x 

— 3 —Tx —5a —8m —11a? 

8. 9. 10. 11. 12. 13. 

— 3 aV 4 m*n 5 aJ^ — 3 xj^ — 6 m^y — 3 mnx 
2ab —Smn^ —7 onh^ —Tx/^y — 11 mn^ lOm^x 

14. 4 abc by 3 ocd 20. — (^(Pm^ by — 5 m*n. 

16. 4 oajy by — 7 a^«. 21. c^dosy by — 11 c^cPy^. 

16. a^Wd'hjaVd. 22. - 10 aj^y^ by a;*^/^. 

17. 4 ix?yz by — aj'^. 23. — 11 cmn^y by — 5 mV. 

18. 3 a^ by -4 amn. 24. 13 c^cfa:^ by - 2 c^cT. 

19. — 12 a^rn^ by — 2 mV«. 26. 15 an^aja; by — 8 ?i*my. 

MULTIPLICATION OF A POLTNOBOAL BT A MONOMIAL 

The * process of multiplying a polynomial by a monomial 
results directly from the number principle for multiplication 
assumed in Art. 55. That is : 

a(aj + y + z) = ax + ay -\- az. 

In common practice the multiplicand and multiplier are 
written as in arithmetic, excepting that the multiplier is 
usually written at the extreme left. 

Illustration : 

Multiply 3m'— 6m^ + 7mn* — 2n' by — 2mn. 

8fii«-6fi|2n + 7mn2-2n8 Each term of the prod- 

"•^*^^ uct is obtained by the 

-6 fii*n + 10 mW - 14 mW + 4 win* Result, principles of Art. 62, for 

the operation is made up of successive multiplications of a monomial by a 
monomiaL 
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Hence, to multiply a polynomial by a monomial : 

63. Multiply separately eo/ch term of the multiplicand by the 
multiplier^ and connect the teims of the resulting polynomial by 
the proper signs. 

EzerciBe 8 

Multiply : 

1. 2. 3. 4. 

3a + 7a? 2a*-10a llaa?-15ay aj'-lOa;— 11 
2a j 3a' —axy v? 



iF^yvp. 



5. 6. 7. 

2m*-10mn + 16n« -a^-j»V + a^ a* - 3 a'a? + 3 aaj« — jb* 
3n —0^ ax 

8. 10a(7a6-8ac4- 116c). 11. 3a(a'-a*6 + a6*). 

9. -3a?(a^ — a? + ll). 12. -4 6c(6aj- 6m + 3 6n). 
10. -2,rpf(:n^n'-m^n^-\-mn% 13. 11 a«a?(a^ + 9 a?— 15). 

64. The degree of a term is determined by the number of 
literal factors in that term. 

7 dh^ is a term of the 5th degree, for 3 + 2 = 6. 

65. The degree of an algebraic expression is determined by 
the term of highest degree in that expression. 

5 m^n + mn + n^ is an expression of the 3d degree. 

66. An algebraic expression is arranged in order when its 
terms are written in accordance with the powers of some letter 
in the expression. 

If the powers of the selected letter iwirease from left to rights the 
expression is arranged in ascending order. 

Thus, a;-2x2 4.5x8-7a*+10a56. 

If the powers of the selected letter decrease from left to rights the 
expression is arranged in descending order. 

Thus, 4x«-6aj7 + 3jK6_2a:8-8a;. 
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67. The degree of a product is equal to the sum of the degrees 
of its fdjctors. 

68. A polynomial is called homogeneous when its terms are 
all of the same degree. 

Thus, X* — 4 x«y + 6 ai^y* — 4 xy* + y* is a homogeneous polynomial. 

MULTIPLICATION OP A POLYNOMIAL BY A POLYNOMIAL 

A further application of the law of distribution for multipli- 
cation (Art. 55) establishes the principle for multiplying a 
polynomial by a polynomial. 

By Art. 55: {a + h) {x -{■ y) = a(x + y) + h (x -{■ y) 

= ax + ay + hx -{■ by. 

The polynomial multiplicand, (aj -f y), is multiplied by each 
separate term of the polynomial, (a 4- 6), and the resulting 
products are added. The process will be clearly understood 
from the following comparison : 

Numerical Illustration : Algebraic Illustration : 

12 10+ 2 a + 5 Multiplicand. 

13 10+3 0+7 Multiplier. 
36 100 + 20 o2+ 5a 

12 30 + 6 + 7a + 35 

156 = 100 + 50 + 6 a* + 12 a + 35 Product 

Explanation : Explanation : 

10 (10 + 2) = 100 + 20 a (a + 6) = o2 + 5 o 

8(10 + 2)= 30+ 6 7(a + 5) = 7o + 35 

100 + (20 + 30) + 6 = 156 a* + (5 a + 7 a) + 35 = o* + 12 o + 35 

We have, therefore, the following general process for multi- 
plying a polynomial by a polynomial : 

69. Arrange the terras of ea4:h polynomial according to the 
ascending order or the descending order of the same letter. 

Multiply all the terms of the multiplicand by ea<ih term of the 
multiplier. Add the partial products thus formed. 
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Illustrations : 

1. Multiply 2a + 7 by 3a-8. 

2o + 7 

g _ g Explanation : 

6 o3 + 21 o 3 a (2 a + 7) = 6 0* + 21 a 

- 16 o - 66 -8(2a + 7) = -16a-66 

6aa+ 5a-66 Resalt 60* + (21 a - 16o) - 56 = 6o«+ 6a - 66. 

2. Multiply a?-2a* + 3a-2 by a« + 3a-2. 

o8_2 o*+3 a— 2 Explanation : 

oH3a-2 a2 (a8-2 a^+S a-2) =:a»-2 o*+3 a»-2 a* 

a»-2a*+3a«- 2 0^ 3a(a8-2a2+3a-2)=3a*-6a»+9a«-6a 

+3a*-6a»+ Oa^- 60 -2(a8-2a2+3a-2) = -2a8+4o2-6a+4. 

— 2a*+ 4a^— 6 0+4 Adding the partial products, we have 

aH a4-5a8+llaa-12a+4 a« + a* - 6a8 + 11 a^ - 12 a + 4. 

Expressions given with their terms not arranged should 
both he arranged in the same order before multiplication. 

3. Multiply l-7aj« + a^ + 5aj by -4a?-l + 2aj'. 

* Arrange both multiplicand and multiplier in the descending order. 

«8 — 7x2_j.5x-fl (Let the student complete this multiplication, 

2 g^ — 4 g — 1 writing out a complete explanation in the same 

form as those accompanying examples 1 and 2.) 

70. Checking. A convenient check for work in multipli- 
cation can usually be made by the substitution of a small num- 
ber as shown in addition. Thus, in Ex. 2, if a = 2 : 

Multiplicand a«-2a2+3a-2= 8-8 + 6-2=4 

Multiplier a^ + 3a-2= 4+6-2=_8 

Product a^ + 0* - 5 a8 + 11 a^ - 12 a + 4 = 32 + 16 - 40 + 44 -24 +4=32 

It is well to remember that this check will not always serve 
as a test for both coefficients and exponents. If the value, 1, 
had been used above, only the coefficients would have been 
tested, for any power of 1 is 1. 
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Ezerciae 9 

Multiply : 

1. 4a-f-7 by 3a + 5. 7. 7ac-3 by 5ac + l. 

2. 3aj-f 4 by 7a;-3. 8. 11 a6c-3 by 5 a6c + 2. 

3. 5m-9by4m + 7. 9. 4a^-7 by 3aj' + l. 

4. 2 c — 5 y by 3 c -f 11 y. 10. 7 mn — o^ by 3 mn + 2 o^. 

6. 4m— 11 by 4 m + 11. 11. 16 0^ -lOxy hy 5a^ + llxy, 
6. 5cd-7 by 6cd-\-5, 12. Aab^-b^xy by ab^^Sb^xy. 

13. c»-3c* + 3c-l by c2-2c4-l. 

14. m*-2m+l by m*-2m + l. 

16. a» + 2a*-3a + 4 by a2-.3a-l. 

16. 3(P-6d + 2 by cP-d-l. 

17. 4y8-7y«-3y4-2 by y«-5y-4. 

18. a^ — a^ + xf—y^ by a^ + ajj/H-y*. 

19. 27-18m + 12m2-8m8 by 3 + 2m. 

20. 1 - 2 oc + 4 aV - 8 aV + 16 aV by 1 + 2 ac. 

21. a;-7-3aj« + a^ by a;-34- 2ar^. 

22. m»-2m*4-7-2m«-m by 2m*-9-3m«-2m. 

23. 12-7aj + 6a^-2aj' by -8a^ + aj-3a*4- a^. 

24. -Ila-7a« + 17 + a*-3a2 by 3a-10-7a2 4-2a8. 

MULTIPLICATION OP MISCBLLANBOUS TTPBS 

71. Illustrations : 

1. Multiply a4-& + 2 by a4-&— 2. 

a + 6 + 2 
a + 6-2 

a^+ ab + 2a 

+ ab + 62 ^ 2 6 
-2q -26-4 

aa + 2o6 +62 -4 Result. 
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2. Multiply a* + 6*-fc* + 2a6 — oc — 6c by a + 6+c. 

Arranging in the descending powers of a : 

a« + 2a6-ac+ b^ - bc+ c^ 

a + 6 + c 

o» + 2 a^b - aH + aft^ - abc-\- ac^ 

+ a^h +2a62- ahc +6"-6^c + 6c2 

-f g^c + 2 a6c - gc^ + ft^c - 6c' + c» 

a» + 3 a«6 + 3 oft^ +6' + c» Result. 

3. Multiply (a - 2)». 

(a - 2)8 = (a - 2)2(a - 2) 

= (a2-4a + 4)(a-2) 

= a» - 6 a^ + 12 a - 8. Result 

4. (a + 6)(a + 6)(a-3). 

(o + 6)(a + 6)(a - 3) = [(a +6)(a + 6)](a - 3) 

= (a2+ lla + 30)(a-3) 



6. (a + aj)(a + y). 
a + y 



= a8 


+ 8 


aa- 


-3a- 


90. 


Result. 






6. 


a- 
a- 
a2 


x){a 

-X 

-y 

— ax 


-y)- ■ 










- ay + xy 




a2 


— ax 


-ay + zy 



a^-\-ax 

+ ay + xy 
a* + ax + ay + scy 

Or, a* + (x + y)a + xy. Result. Or, a^ — (x + y)a + xy. Result. 

Exercise 10 

Perform the following indicated operations : 

1. (c + aj + 3)(c + a-3). 

2. (a-\-m-i-y)(a-\-m — y). 

3. (a + c4-m + a?)(a4-c — m — aj). 

4. (m^ + 2mn + n^ + y)(m^4-2mii + n* — y). 
6. (c^-\-x^'{-z^-\-2cx — cz —xz)(c + a? + «). 

6. (m + aj-f n + y)(m — n— ^ — y). 
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7. {a-\-3bxy. 9. (3m-27iy. 11. (5a*-2ay)«. 

8. (3mn-2ny)l 10. (4a2-7ic»)l 12. (3 ccP - 5 c(to)«. 

13. (c«_c-l)(c« + c-l)(c«-l). 

14. (n»-7i + l)(n2 + n + l)(n*-7i2 + l). 
16. (a; + 6)(aj-7)(a?-3). 

16. (2aj-5)(3a; + l)(2a?4-6)(3a;-l). 

17. (cd-3)(cd + 7)(2cd-l)(3cd + 2). 

18. (a«-l)(a«-6)(a2 + l)(a' + 6). 

19. (9aj«-3a? + l)(4aj« + 2a; + l)(3a + l)(2aj-l). 

20. (a4-&)(a + w). 24. (a + c)(6 + d). 

21. ,(3a4-a)(2a + y). 26. (3a + 26)(2c-5d). 

22. (am'-'X)(am — y). 26. (m'-f 2)(m* — m). 

23. (3cd — m)(2cd + n). 27. (m + n+l)(m — y). • 

Perform the indicated operations and simplify : 

28. 5aj«-(a? + l)(2a?-3)-3a?(«-l). 

29. (a-2)«+(a4-3)*-2(a2 + a + 4)-l. 

30. (2m-l)(m + 3)-(4m + l)(2m-5)-(l-3m)(l+2m). 

31. (2a-3)«-3a(a-2)-(3-a)2. 

32. cd(cd + 1) 4- cd(cd + l)(cd + 2) - c^cPCcd + 4). 

33. &«(6* + 6 - 1) - 6(6* - 6 4- 1) - 6^(6' - 1). 

34. mn(mn — 1) — [(mn — 1)'— (1 — mn)]. 

35. (m — 2n-3)» + w(2n + 3-m) + 2n(m-2n-3). 

36. (l-a;)(l-y) + «(l-y)+y. 

37. a(h — m) + 6(m — a) + m(a — b). 

38. (a? + a)(x — a) + (a + 2)(a — 2) + (« -f «)(« — «). 

39. a*(6 — aj) + 6*(a? - a) + ^{a — h) + (6 - «)(« — a)(a — 6). 

40. (a + 6 + c + cr)'— (a — 6 — c — d)*. 

41. (a + a; + iy + 2(a4-«4-l)(a + « — l) + (a + « — 1)*. 

42. (a+l)'-3(a + l)2(a-l)4-3(a + l)(a-iy-(a-l)». 

SOM. EL. ALO. — 4 
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72. Multiplication with Literal Exponents. The literal expo- 
nent is constantly used in the later discussions of algebra, 
and familiarity with this form is readily attained in the pro- 
cesses of multiplication and division. 

Illustrations : 

1. Multiply a*» + a*^ — 2a'» + 3by a^^ + a*" — 1. 

a** + a"» - 1 



+ o*"* +a^ - 2 a2« + 3 o"* 

-a^ - ggm + 2 gm _ 3 

o6m-|.2o4m_2a** + 5 o'" -3 Result. 

2. Multiply 0^+^ - 2 aJ» + 3 af-^ - a?'-^ by aJ" - 3 ar-\ 

x^+i -2ac* +3ac*-i- ac*-^ 
ac»» - 3 a^~^ 

-3a;2" + 6a:g''-i-- 9 g^"-^ + 3 a;g"-« 
ajsii+i - 6 x*» + 9 x2»-i - 10 xa*-a + 3 x^-^ Result 

Ezerciae 11 

Multiply : 

1. a-'-f 7by a^' + S. 4. 2a"'+^ — 7 by 3a"^^ — 4. 

2. aj** — 4by af — 9. 6. 3 a"-^ — 11 by 5 a—^ — 8. 

3. af* + 7 by «*»- 3. 6. 4a'*+*-7a by 3a'^* + 2a. 

7. a^ + 2aJ»-i-3a?"-^ — aJ«-«by a; + l. 

8. a"^* — a""^* — a*""*"^ + a"* by a""^^ -h a". 

9. a?** — a^ + a^ — aj* + l by af» + l. 

10. c~ — c*""^ + c~~^ + c"""' by c* — c. 

11. a^-3a*»4-3a^-a^by a^ + 1. 

12. af+i - 2 a?" - 3 a:**-^ + 4 aj**-2 by af - 3 aj**-^ 

13. a** — a^ft** 4- a'"^^ — 6*" by a^ + a"'^** + !!>**. 

by a:**"*"* "^ + a?^"* + a^~**~'. 
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73. Multiplication with Detached Coefficients. In many cases 
the labor of multiplication and division is lessened by the use 
of detached coefficients. 

By Ordinary Multiplication : By Detached Coefficients : 



2a*-3x2 + 

3x2 + 2x - 


4x - 

1 


6 


lOx 
4x 




6x6 


-9x* + 12x8- 

+ 4x*- 6x8 + 
- 2x8 + 


16x2 
8x2- 
3x2- 


+ 5 



2-8 + 


4- 


5 




3 + 2- 


1 






6-9 + 12- 


15 




+ 4- 


6 + 


8- 


10 


— 


2 + 


3- 


4 + 6 



6x6-6x*+ 4x8- 4x2-14x + 6 6-6+ 4- 4-14 + 6 

Since the product of two expressions is an expression whose degree is 
the sum of the degrees of the given expressions (Art. 67), we supply the 
necessary x-factors for the coefficients 

6 -6 +4 -4 -14 +6, 
ohtaining ex** — 6x* + 4x8 — 4x2— 14x + 6, the result. 

Missing Powers. If any power of a literal factor is miss- 
ing, its coefficient is 0, and the term must be provided for 
in the sequence of powers by an inserted 0. 

Thus, (x»-2x2+3)(x8+x-l) = (x8-2x2+0x + 3)(x8 + 0x2 + x-l). 
Multiplying with the coefficients detached, 

l_2+0+3 
1+0+1-1 



1-2+0+3 

+ 1-2 +0 + 3 
-1+2-0-8 

1-2+1+0+2+3-3 
Supplying the x^f actors, x^ — 2x*> + x^+2x2 + 3x — 3. Result. 

For practice in multiplication with detached coefficients, use 
Ex. 9, 13 to 24 inc. 

At the discretion of the teacher the foregoing paragraph 
and the corresponding operation suggested under Division may 
be omitted on the first reading of the text. For review topics, 
however, the methods have a distinct value. 



CHAPTER V 
DIVISION. REVIEW 

74. Diyision is the process of finding one of two factors when 
their product and one of the factors are given. The dividend 
is the given product ; the divisor, the given factor ; and the 
quotient, the factor to be found. 

THB NUMBER PRnfCIPLB OP DIVISION 

75. The Law of Distribution. The quotient of a polynomial by 
a monomial equals the sum of the qicotienis obtained by dividing 
each term of the polynomial by the Toonomial. 

In general: 2^±^»±^ = ??+?!y + ?! = x + y + «. 
° a a a a '' 

Numerical Illustration : 

The significance of this law is that the divisor is distributed 
as a divisor of ea/ch term of the dividend. 

The process of division being the inverse of the process of 
multiplication, the laws governing signs, coefficients, and ex- 
ponents in multiplication form, when inverted, the correspond- 
ing laws for division. 

SIGNS IN DIVISION v 

By Art. 66: (+a)(+&)=4-aft Hence, +a6-i-+a=-{-6 (1) 

(— a)(— 6)=+o^ inversely, +a6-5- — a=— 6 (2) 

ByArt.67: (-|-a)(-6)=-a6 by -a6-5--l-a=-6 (3) 

(— a)(+6)=— oft division: — ab-i — a=4-6 (4) 

62 
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Therefore, from (1) and (4), and from (2) and (3) : 

76. lAke signs in division give a positive result 

77. Unlike signs in division give a negative result. 

COEFFICIBNTS IN DIVISION 

78. The coefficient of a quotient of two algebraic expressions 
is obtained by dividing the coefficient of the dividend by the 
coefficient of tlie divisor. 

That is, 12a-f-3=(12~3)a = 4a. 

24«ifl5-f.8= (24w-7-8)fl5 = 3«w;. 

* RXPORBNTS Hr DIVISION 



By definition, 




a* = a X a X a. 


Therefore, 




<jfi a X a X a X ax a 
a* ax ax a 


That is. 


cfi 


H- o» = o6-» = a^. 



= 0«. 



In general, therefore, we have the following: 

If m and n are any positive integers and m is greater than n 



Therefore, 



<r*=o X ax a 
a^ = ax a X a 
a* a X a X a 



a* a X ax a 
= a X a X a 



to m factors, 
to n factors, 
to m factors 



to n factors 

to m — n factors 



Hence, the statement of the second index law is made as 
follows : 

79. The quotient of two powers of a given factor is a power 
whose exponent is the exponent of the dividend minus the exponerU 
of the divisor. 
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80. ^712^ quantity mth a zero exponent equals 1. 

By Art 79, — = a"'""' = a\ But, — = 1. Therefore, a^ = 1. 
a" a" 

This principle is constantly in use in diyision. For example, 



a*x» 



= <i«-*«»-» = a^ = o2. 



We would obtain the same result by the old method of saying ^'x' in 
ofi once** ; and the quotient ** 1 " obtained in this way is a factor of the 
complete quotient. 

• 

DIVISION OP A MONOMIAL BT A MONOMIAL 

By application of the laws established for signs, coefficients, 
and exponents, we obtain a process for the division of a mono- 
mial by a monomial. 

Illustration ; 

• 1. Divide — 35 a^oi^y^ by 7 a^oih^, 

" ^l ^^X = - 6 a6-8x8-y-2 = - 6 aV. Result. 
7 aH^^ 

Hence, to divide a monomial by a monomial : 

81. Divide the coefficient of the dividend by the coefficient of 
the divisor, annexing to the result the literal factors, each with an 
exponent equal to its exponent in the dividend minus Us exponent 
in the divisor. 

Oral DriU 

Give orally the quotients of: 

!• 2. 3. 4. 5. 

a^)^ a ^-a^ -t?)^ ^m ^-m? - a h) - g^b^ 

o* I* 8. 9. 

4a )-12a» -Sa ^l5a^y 11 x y)-Ua^f - 7 a«6)_--28aV 

10. 11. 12. 13. 14. 

~36mV - 39 Mx 42a^fz!^ - 108 aV - 84 a^bc'd 
9 my - 13 c^aj -1 xi^T^ -l^ah - 12 a*6cd 
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DIVISION OP A POLYNOMIAL BY A MONOMIAL 

Applying the Law of Distribution (Art. 75), and the prin- 
ciples governing the division of monomials (Art. 81), we obtain 
a process of division when, the dividend is a polynomial and 
the divisor a monomial. 

By Art. 75: <B±M±^ = <B + m + o^ = x-\-y + z. 

a a a a 

In practice the usual form of expression is ^ ^^^ ■\- ay + az 

x + y-\-z Quotient. 

Illustration : 

1. Divide — 6 wM + 10 mW — 14 mW + 4 mn* by — 2 mn. 

— 2 mn ) - 6 mH + 10 wfin^ - 14 mH^ + 4 ntn* 

3w» - 6«i2n + 7r»n2 - 2 n^ Result. 

Each term of the quotient is obtained by applying the principle of 
Art 81, for in the division of each term by the monomial divisor we have 
a division of a monomial by a monomial. 

Hence, to divide a polynomial by a monomial : 

82. Divide separately each term of the polynomial by the 
monomial and connect ths terms of the resulting polynomial with 
the proper signs, 

Ezerclae 12 

Obtain the quotient of : 



1. 2. 


3. 


a?)a; — 7 xy 4 m)12 m^— 16 m* 


- 2 a)Sa^b -10 ac 


4. 


6. 


-9ac)18ac-27aV 


aV-4a8 + 2a2 


6. 


7. 


— 4iii)8m* — 12m«4-8m*-4m - 


-3a2a») - 9 aV2*- 6 aVz^ 



8, 14 aj'y — 21 aj^ by 7 xy, 

9. 4c8d-2cd-f 6(^by -2cd. 
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10. - 26 aW + 20 aV- 16 aV by - 6 aV. 

11. 6 a»6 - 16 a%2 4- 30 oft* by 6 a6. 

12. -36m*-48m* + 60m«-72m^ + 84m»by — 12m«. 

DIVISION OP A POLYNOMIAL BT A POLYNOMIAL 

By Art. 69 : (a + b)(x -\- y) = ax + ay + bz + by. 

Then, by definition, ax -\- ay + bx + by may be considered a given divi- 
dend, and x + y a given divisor. It remains to determine the correflpond- 
ing quotient. Both dividend and divisor are first arranged in order, a 
step imperative in all algebraic divisions with polynomials. The x-term 
is the selected letter for the arrangement. In algebraic divisions the 
divisor is written at the right of the dividend for convenience in the later 
steps of the process. 

Dividend Divisor 

ax-T-x = a ax -\- ay -\- bz + by (g + y 

ci(x + y)= qg + qy+ a + b Quotient, or Result 

bx-^x = b + 6x + 6y 

b(x + y)= + 6g + 6y 

The steps of the operation are as follows : 

(1) The expressions are arranged in the same order. 

(2) The first term of the dividend, ax, is divided by the 
first term of the divisor, x ; and the quotient, a, is written as 
the first term of the quotient. 

(3) The divisor, a? + y, is multiplied by the first term of the 
quotient, a, and the product, aaj + ay, is subtracted from the 
given dividend. 

(4) The remainder, bx-\-by, is a new dividend, and the 
process is repeated with this new dividend, the dimsor always 
being the first term of the given divisor. 

The process applies the law of distribution, for 

cu3ii + ay-{-hx -{-by _ aao-{-ay . bx-\'by 
x+y x+y x+y 

^ a(x + y) b(x + y) 
x + y "^ x + y 

= a + b. 
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A simple comparison with a numerical process is frequently 
an aid to beginners. 

Numerical Illustration: Algebraic Illustration: 

12)156(13 100 + 60 4- 6 (10 + 2 a^ + 5 a + 6 (a + 2 

12 100 + 20 10 + 3 ag + 2a a + 3 Quotient 
86 30 + 6 3a + 6 

36 30 + 6 3a + 6 

Explanation: Explanation: 

100 -4- 10 = 10, 1st term of quo, a^ -4- a = a, 1st term of quo, 
10(10 + 2) = 100 + 20. (Subtract.) a(a + 2) = a2 + 2 a. (Subtract,) 
100 + 60 + 6 - (100 + 20) = , o2 + 5 a + 6 - (a2 + 2 a) = 

30 + 6, the new dividend. 3 a + 6, the new dividend. 

30 -^ 10 = 3, 2d term of quo. 3 a -4- a = 3, 2d term of quo. 

3(10 + 2) = 30 + 6. (Subtract.) 3(a + 2) = 3 a + 6. (Subtract.) 

30 + 6 - (30 + 6) = 0. 3 o + 6 - (3 a + 6) = 0. 

Hence, the quotient is 10 + 3. Hence, the quotient is a + 3, 

We have, from these illustrations and from the general 
principle, the following process for the division of a polyno- 
mial by a polynomial: 

83. Arrange both dividend and divisor in the same order of 
some common letter. Divide the first term of the dividend by the 
first term of the divisor , and write the result as the first term of 
the quotient. 

Multiply the whole divisor by the first term of the quotient just 
obtained^ and subtract the product from the dividend. 

Regard the remainder as a new dividend and proceed in the 
sarm manner as before. 

Illustration : % 

1. Divide a* + a'-5a2 + 13a-6 by a*-2a + 3. 

Dividend a* + g^ - 6 a^ + 13 g - 6 (0^ - 2 g + 3 Divisor 
g* - 2 a» + 3 a^ gS + 3 g - 2 Quotient 



+ 3g8-8g2+ 13 g 
+ 3g»-6g2+ 9g 


-2ga+ 4g- 
-2g2+ 4a- 


-6 
-6 
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Explanation : 

(1) (]^-i-a^=. a*, the first term of the quotient. 

(2) Multiplying (a^ - 2 a + 3) by a^ we obtain a* - 2 a» + 3 a«, which 
product is subtracted from the given dividend. The remainder, which 
must have three terms, is 3 a' — 8 a'^ + 13 a, and this remainder is the 
new dividend. 

(3) 3 a* -^ a^ = 3 a, the second term of the quotient. 

(4) Multiplying (a^ - 2 a + 3) by 3 a, we obtain 3 a» - 6 a* + 9 a, 
which product is subtracted from the last dividend. The remainder, 
with the last term of the given dividend, is — 2a2 + 4a — 6, the new 
dividend. 

(5) — 2 a* -i- a^ = — 2, the third term of the quotient. 

(6) Multiplying (a^ - 2 a + 3) by - 2, we obtain - 2 a^* + 4 a — 6, 
which, subtracted from the last dividend, gives a remainder- of 0, com- 
pleting the division. 

Arranging both dividend and divisor in descending powers 
of x: 

Dividend 2x5- x*- x«4- 7xg-9x + 2 (x»--2xg-f3x-2 Divisor 
2x»-4x*-f 6x»- 4xg 2xa + 3x-l Quotient 



+ 3x*- 
+ 3x*- 


-7x8+llaj2- 
-6x«H- 9x2- 


-9x 
-6x 




- X8 + 
• X»-f 


2x2- 
2x2- 


-3x4-2 
-3x + 2 



In certain expressions the intermediate powers of the terms 
of the dividend appear during the process. In such cases order 
must be observed in subtractions. 

3. JDivide a^ — y^hyx — y. 4. Divide a* — 16 by a + 2, 

x« - y« ( g-y «* - 16 ( aH-2 

xg-xV x« + xy + y^ a*-f 2g« a»-2a2 + 4a-8 

+ a;V -2a« 

+ x^ - xy« - 2 gs - 4 gg 

4- xy2 - y» + 4 g2 

4- xyg - y8 4- 4 gg 4- 8 g 

~ 8 g - 16 
- 8 g - 16 
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6. Divide a' — 3 a6c + 6^ + c*^ by a + 6 + c. 

a«-3a6c4-6' 4-c»( a + &+c 

g* -f a^b -h aH ja^ - ab - ac + 6« - 6c + c^ 

- a26-a2c-3a6c+6' + c8 

- a^b - ab^ - abc 

- a^c + a62 - 2 a6c + 6» + c» 

— a^c — abc — ac^ 



4- ab^ - abc + ac^ + b^ + €^ 
+ q5^ + 5» + 5^c 

— a6c + ac^ -b^c + ifi 

- a6c - b^c - bc^ 

+ ac^ +i)c^^ifi 

+ gc^ + bc^ 4- c« 

Note that in all new dividends the letter a is selected for arrangement. 

84. Cheddng. The work in division may sometimes be 
checked as' shown in multiplication. Thus, in Ex. 1, if a = 2 : 

Dividend a*-f gS-Sga -f 13a -6 _. 16 -f 8 - 20 + 26 - 6 _ 24 ^ g 
Divisor g2-2g + 3 4-4 + 3 3 

Quotient g2 4-3g-2=4 + 6-2=8. 

It is well to remember that this method of testing is not 
always reliable. 

Exercise 13 

Divide : 

1. 2aj* + 7a? + 6by a? + 2. 

2. 2c* + 6c-12by c + 4. 

3. 3m* + llm — 4by 3m — 1. 

4. 32f» + 142 + 16by« + 3. 
6. 16-8a+a*by 4-a. 

6. 72 + m — m*by 8 + m. 

7. 7a262 + 123a6-54by7a6-3. 

8. 20a2-.47a5 + 2iyby 4a-76. 

9. 21c*d* + 36c*d«aj2 + 15a^by3c2d« + 3aj». 

10. 10 a%^ + 23 a^b^ccP - 21 c*d* by 10 a^b^ -TccP. 
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11. a« + 3a* + 3a + lby a + 1. 

12. c»a^ + c2a^-3caj-6byca?-2. 

13. 15 — 8 mnH- 6 mV — mW by 5 — mn. 

14. a^-{-2a^b-\-2a^b^-{-ab^-6b^hja^ + ab-2V. 

16. 2 mVi* — nMx — 3 w?n^a? + 5 mno^ — 2v^ 

by 2 m W — 3 mno? + 2 a?. 

16. 8a«c«-8aVd-4aV(P + llaVcP-10ac(f* + 3d* 

by 2 aV — 3 ace? + cP. 

17. 9 a^-a*- 16 a- a« + 6a« + 3 by 5 a- 2 a*- 1 + 3 a». 

18. 16a:« + l-4aj"-.4i«*by 2aj2-l + 4a^-2aj. 

19. 5m2-6-llm* + 6m«-5m« + 2m^<'by 2 + 2m*— m*. 

20. 5mV-13m«n + 6mV + 3mV + 6mn« + 6m^ 

+ 8 n^ — 15 mM by 3 m* — mn' — 2 m^ — 2 n* + m V. 

21. m* — n* by m — n. 24. m* — n* by m + n. 

22. m*-n2 by m + n. 26. 8a«-27 by 2a — 3. 

23. m' — n' by m — n. 26. m* — 32 n* by m — 2 n. 

27. 81-n*by3 + n. 

28. 27 + 0^ by 3 + aj". 

29. 0^-27/ by ic-3y«. 

30.. 27a^ + 64y'by3a? + 42/». 

31. 16mV-81a^«by2mn + 3aj«y* 

32. m*-h2mn + w^ — aj* by m + n + a?. 

33. c* — 4c + 4-cPby c-2 + (f. 

34. m2 + 6m + 9— 25iB*by m + 3 — 5aj«. 

36. 16mV + 40mn2^ + 25/-81by4mn + 5y + 9. 

36. a^ + m^'}'a:^-^2am + 2(iX'{-2 mx hj a + m + x. 

37. 9mV + 4ar'2;2 + 25-12mna»-30mn + 20aw 

by 3mn — 2a» — & 

38. m' + n*+p' — 3mrip by m + n+p. 
89. a%«-2aW + lbya*6*-2a6 + l. 
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85. Division with Literal Exponents. (See Art. 72.) 
Illustration : 

Divide 8 af»-^- 18 ar+^ -IS a^+2^9 af»+i + 2 aj~ 

by 4 «*» + xT'^ — 2 ar-^. 

8 x'»+* ~ 18 «»»+« — 13 x'»+2 4. 9 xm+i 4- 2 «"» (4 g"» + a;"*-^ — 2 a?"*-^ 
8x"*+*+ 2a;»+»- 4a;"»+2 2«*-6ac8-a;2 Result. 



— 4 aj^+2 — x"»+i -I- 2 x** 



The exponent of x m the first term of the quotient is : (m + 4) — m = 
*» 4- 4 — m = 4, 

Exercise 14 
Divide: 

1. a^ + 3ar-18by iT — 3. 

2. a^-4aj*"-20a?« + 3by aj» + 3. 

3. 3a^-3aj*"-10ar^-aj"' + lby 3a^ + 3ir-l. 

4. oj^'-Sby aj»-2. 
6. a^ — y** by af + 2^^ 

6. 16 ar+^ - 46 ir+* + 39 a?"'+« - 9 aJ~+^ by 8 aJ~+^ - 3ir+*. 

7. a?»+* + a?"+» — 4 aj«+2 4. 5 ^^.h-i - 3 aj» by aJ"+2 + 2 aj"+^ — 3 aj». 

8. 6 aj*^® -- a^+* + 4 a^+® -- 5 ar^'*+® -- «"•+* — 15 a^ 

by 2ar^-aJ* + 3. 

86. Division with Detached Coefficients. The same process 
described in Art. 73 is of advantage in division, as two simple 
cases will illustrate. 

1. Divide a^-3a8-36aj»-71aj-21 by aj2-8a?-3. 

Detaching the coefficients and dividing, we ohtain : 

l_3-r36-71-21 ( 1 - 8 -- 3 

1-8-3 1+6 + 7 Coefficients. 

+ 6-33-71 

+ 6-40-15 



+ 7 _ 66 - 21 x2 + 6 X + 7. Result. 
+ 7-66-21 
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If occurs as a coefficient either in the given expressions or 
in the process, the same provision is made as in multiplication. 

2. Dividea^4-2iB* + 4aj»-31a? + 9aj« + 15by3-2a? — iB*. 

Arranging the expressions in ascending powers of x and 
detaching coefficients, we have : 

16 -31 4-9 + 4+2 + 1 ( 8-2-1 
16-10-6 6-7 + 0-1 Coefficients. 

-21 + 14 + 4 

■- 21 + 14 + 7 

+ 0-3 + 2 + 1 6-7a:-{B«. Result. 
-3+2+1 

For practice in division with detached coefficients use Ex. 13, 
11 to 20, inc. 

GBRBRAL REVIEW 

Exercise 15 

1. Show that (aj-l)*-(iB-2)=l+-(aj-l)(ic-2). 

2. Simplify (a+- 1)'- (a +- l)(a -1) - [a (2 -a) - (2 a - 1)]. 

3. Prove that (a -{-m)(a — m)-\-(m-{- l)(m — 1) 

+-(l-a)(l + a)«0. 

4. Divide4aj«-.2aj*-a^-2aj"-2a?-lby2a^-.ar'-a?-l. 

6. Add the quotient of (a^ — 1) -^ (a? — 1) to that of 
(a^-2aj + l)-^(»-l). 

6. What is the coefficient of ac in the simplified form of 
(ac + 3)2-3ac(ac-l)? 

7. Simplify (m +- l)(m + 3)(m +- 5) -(m-l)(m -3)(m-5). 

8. Showthat (aj +- y +- 2 — 1) (aj + y — 2 + 1) —4(0^ + 2?) 

+ (aj-2^ + 2+.l)(l-aj + 2^ + 0) = O. 

9. Divide 2 a^ — 3 xy—5 icz — 2 y^— 5 y2— 3 2^ by 2 a? + y +- ». 

10. A certain product is 6a* + 4a'^y — 9aV — 3 a2/*+-2y*, 
and the multiplier 2a^ + 2ay — y\ Find the multiplicand. 

11. Simplify 3[a?-2|aj-3(2aj-3aj + 7)}]. 
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12. Show that (1-3 a? + a^^ +«(1 - x)(2 - x)(S - a?) - 1 = 0. 

13. Simplify 2a^-3-(3aj + 3a^ -ic(aj« -3)-(a; + IX^ - ar^ 
and subtract the result from 5 — 2 a?. 

14. Simplify (a + 4)(a + 3)(a + 2)-(a + 3)(a + 2)(a + l) 

-(a+2)(a+l)-(a + l). 
16. Provethat(l + c^(l+a)*-2(l-ac)(a-c) 

= (l + c)»(l + a*). 

16. Subtract a+3 from the square of a-\-2y and multiply 
the result by the quotient obtained when a* — 1 is divided by 

17. Simplify a-a?-[3a-(aj-.a)]4-[(2a?-3a)-(aj-2a)]. 

18. Divide (?-3c(f+e«^ + l by c*-cc«-c + c2*-d + l. 

19. Find the continued product of a^^ab-{- h\ cf + ab + V^ 
anda*-a%«+&*. 

20. Simplify (aV — aV + aaj—l)(aa? + l) 

- (aV -h 1) (aaJ + 1) (aa? - 1). 

21. Multiply 8 a* — 27 by a + 2 and divide the product by 
2a-3. 

22. Divide c + 36<^-18c2-73c» + 12 by -5c + 4-6c«. 

23. Simplify [(aj^ + 3 a? + 2) (aj» - 9)] -- [(a? + 3)(aj» - a? - 6)]. 

24. Show that aj^ + ^+1 — 3ajy — (1 — ajy)— y{y^ — a?) — 

aj(aj* — y) = 6. 

26. Divide 82 mV + 40 - 67mV + 18mV-45 mV by 
3mV-4mV4-6. 

26. What must be the value of m in order that a^+,18a? 
H- m may be exactly divisible by aj + 4 ? 

27. Show that 2(4 + aj* + a* -aaj~2a-2a?) = (2-aj)*-f 

(a - 2)2 -f (aj - a)^ 

28. What must be the value of m + n in order that a^ + 3 a^ 
•^2a? + mx-\-n may be exactly divisible by aj2H-2a?-f 1? 

29. By how much does (aW + 3 oa? + 2)^ exceed 2(3 aV + 
2aV + 6aaj)? 



CHAPTER VI 
THE LINEAR EQUATION. THE PROBLEM 

87. An equation is a statement that two numbers or two 
expressions are equal. 

Thus, 3a; + 6 = a; + 7. 

88. The expression at the left of the sign of equality is the 
left member (or first member), and the expression at the right, 
the right member (or second member) of the equation. 

89. An equation is a conditional equation if its members are 
equal for particular values of the unknown quantity. 

Thus, 3a; + 5 = x + 7isan equation only when the value of x is 1. 

90. An equation is an identical equation when its members 
are equal for any and all values of the unknown quantity. 

Thus, a;^— l=(aj+l)(3c— 1) is an equation for any value of x whatsoever. 

A conditional equation is usually referred to as an equation ; an iden- 
tical equation, as an identity. 

91. To solve an equation is to obtain the value of the un- 
known number that will, when substituted for that unknown 
number, make the members of the equation equal. 

92. The value found to make the members of an equation 
equal, or to satisfy the equation, is a root of the equation. A 
root of an equation when substituted for the unknown quan- 
tity reduces the original equation of an identity. 

64 
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93. A linear or simple equation is an equation which, when 
reduced to its simplest form, has no power of the unknown 
quantity higher than the first power. Thus : 

5 X = 15 is a linear or simple equation in x, 
7 y = 35 is a linear or simple equation in y, 

3as + 2 = 2a; + 7isa linear equation in x, but is not reduced in form. 
(05 4- 5)2 = aj2 + 7 a; + 6 is a linear equation in x, for, when simplified, 
the resulting equation will have only the first power of x. 

While the final letters, a?, y, and 2, are most commonly used 
for representing unknown quantities in equations, any other 
letters may and will be used in later practice. 

94. The solution of equations is based upon the truths 
known as 

AXIOMS 

1. If equals are added to equals, the sums are equal. 

2. If equals are subtracted from equals, the remainders are 
equal. 

3. If eqtials are multiplied by equals, the products are equal, 

4. If equals are divided by equals, the quotients are equal, 

5. If two quantities are equal to the same quantity, they are 
equal to each other. 

In general, these axioms may be illustrated as follows. 
Given the equation A= B. 

By Axiom 1 A=:B By Axiom 2 A = B 

Add C, C= C Subtract C, C= C , 

Or, briefly : 

05. The same number may be added to, or subtracted from, 
both members of an equation. 

By Axiom 3 A=^B By Axiom 4 A^B 

Multiply by (7, C^C Divide by 0, 0= C 

AC-BC A_B 

C C 

SOM. BL. ALO. — 5 
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Or, briefly : 

96. Both members of an equation may he multiplied, or 
divided, by the same number. 

By Axiom 6 Ji A = B and B = D; we have, A = D, 

THE TRANSPOSITION OF TBRHS 

97. Most equations are given in such, a form that the known 
and the unknown terms occur together in both members. 
Transposition is the process of changing the form of an equa- 
tion so that the unknown terms shall all be in one member, 
usually the left, and the known terms all in the other. The 
process is based on Art. 95. 

Given the general equation, ax— c = bx-\- d (1) 

By Axiom 1, adding c=z c 

az = 6x + c + d (2) 

By Axiom 2, subtracting bx = hx 

ax — bx = c-\-d (3) 

Compare carefully (1) and (3). • 

^ In (3) we find c in the right member with its sign changed 
from — to -h. 

In (3) we find bx in the left member with its sign changed 
from + to — . 

In general: 

98. Any term in an equation Tnay be transposed from one 
member to the other member if its sign is changed. 

As a direct consequence of the use of the axioms, we have : 

(1) The same term with the same sign in both members of an 
equation vnay be discarded. 

Given the equation, 3.aj-fa — n = 2a5 + a + ?». 
Whence, 3a5 — n = 2ajH-w». 
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(2) The sign of every term in an equation may be changed 
without destroying the equality. 

X 

Given the equation, — 6a5 + w» = 6 — a. 
Moltipiying by — 1, 6 a; — m = a — 6. 

The sign of a root in a solution depends upon the law of 
signs for division. Thus : 

5a; = 20 6a5=-20 -5aj = 20 -5a5=-20 

x = 4 x=— 4 »=— 4 « = 4 

In general : 

99. When both members of an eqtiation are reduced to simplest 
formj like signs in both members give a positive rooty unlike signs 
a negative root. 

If the coefficient of the unknown quantity in a simplified 
equation is not exactly contained in the known quantity, the 
root is a fraction ; and if, in a simplified equation, the member 
containing the known quantities reduces to zero, the root is 
zero. 

Thatis:If 3« = 5 -4« = 7 Andif 6« = -9« = 

a5 = J x=-J «=sO « = 

Oral DriU 

Give orally the roots of the following : 

1. 5a? = 30. 6. 6x=z-36, 11. 8ic = 7. 

2. 7ic = 42. 7. -7a? = 21. 12. 72^ = 13. 

3. 4a? = 28. 8. -8a; = --56. 13. -5a; = 16. 

4. 32^ = -18. 9. -3a? = -39. 14. 7aj=0. 
6. -3y=18. 10. 5«=3. 16. -3a?=:0. 

THB YBRIFICATIGN OP LmSAR EQUATIONS 

100. To substitute a root in an equation is to replace the 
unknown literal factor in each term by the value of the root 
obtained. 
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101. To verify a root is to show that, by the substitution of 
this value, the given equation reduces to an identity. The 
verification of a root, as illustrated in the solutions following, 
should always be made in the original equation. 



TEE gbubral solution op thb uhbar equation 

Illustrations : 

1. Solve6a?-4=3ic + 12. 

6a;~4 = 3aj + 12. 
Transposing 3 x to the left member and — 4 to the right member, 

6«-3x = 4 + 12. 

Uniting terms, 2 a; = 16. 

Dividing both members by the coefficient of x, 

X = 8, the root 
Verification : 

In the original equation, 5x — 4 = 3x + 12. 
Substitute 8 for «, 6 (8) - 4 = 3 (8) + 12. 

40 - 4 = 24 4- 12. 
36 = 36. 

Therefore, 8 is the correct value of the root, for, by substituting 8 foi 
X in the original equation, we obtain an identity. 



2. Solve 5a?-[3-(a?-2aj~l)]=-. 10. 



5a;-[3~(a;-2a;- 1)] = - 10. 
Removing parentheses, 6a; — 3 + 05 — 2a;4-l = — 10. 

Transposing, 6« + a;-2aj = H-3 — 1 — 10. 

Uniting, 4 aj = - 8. 

Dividing both members by 4, x = — 2, the root. 

Verification : 



In the original equation, 5 a; — [3 — (aj — 2 a; — 1)] = — 10. 
Substitute -2fora;, 5(-2)-[3-(-2-2(-2)-l)]= - 10. 
Simplifying, -10 -3-2 + 4 + 1 = - 10. 

- 10 = - 10. 
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3. Solve (a? + 3)(2a?-5) = 2(aj-2)*~2(a;H-l). 

(X 4- 3) (2a; - 5) = 2 (« - 2)2 - 2 (« + 1). 

Multiplying, 2x^ + x - 16 = 2 (x^ - 4:X + 4:) - (2z + 2). 

Removing parentheses, 2a52-|_x — 16 = 2aj2 — 8a; + 8 — 2« — 2. 

Discarding as^-terms and transposing, ' 

« + 8a; + 2a; = 15 4-8-2. 

Uniting, 11 aj = 21. 

a; = ff , the root. 
Verification : 

Substituting fj for a; in the original equation, 

(tt + 3)(tf-5)=2(H-2)«-2(H4-l). 
(tt)(~«)=2(-A)^-2(t}). 

-m = rh - m- 

4. Solve .3 a? - (a? - 3)* = 3.25 -(x- 3.6) (x + 2.1). 

.3 a; - (a; - 3)2 = 3.25 -(x- 3.5) (x + 2.1). 
Multiplying, .3 a; - (»« - 6 a + 9) = 3.25 - (a;2 - 1.4 a; - 7.36). 
Removing (), .3a;-x2 + 6aj-9 = 3.25 - »« + 1.4a; + 7.35. 
Transposing, .3 a; + 6 a; - 1.4 « = 9 + 3.25 + 7.35. 
Uniting, 4.9 a; = 19.6. 

Dividing by 4.9, a; = 4, the root 

Verification : 

Substituting 4 for x in the original equation, 

.8 (4) - (4 - 8)2 = 3.25 - (4 - 3.5)(4 + 2.1). 
1.2-1 = 3.25- (.5) (6.1). 
.2 = 3.25 - 3.05. 
.2 = .2. 

From the foregoing we may state the general method for 
the solution of linear equations: 

102. Perform all indicated multiplications and remove' all 
parentTieses. 

Transpose the terms containing the unknown quantity to one 
member^ and all known terms to the other member of the equation, 

CoUect the terms in each member. 

Divide both rfiembers by the coefficient of the unknoum quantity. 
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Ez6rciae 16 

Find and verify the roots of the following : 

1. 4a;-h5 = 3aj4-9. 6. 7-2aj = 9a? — 92. 

2. 6x + 7 = 5x-ll. ' 7. 5x-l=Sx + l. 

3. 7aj-2-5aj-12 = 0. 8. 3aj + 7-aj=-3. 

4. Sx-12=z3x + S. 9. -7a:-5 = -5 + 2aj. 
6. 4aj + 5 = a?-28. 10. 12a?-.7 — 14a? = 12aj. 

11. 5a?- (2aj + 3) = 12. 

12. (2aj-.l;-15 = 4-(6-7aj). 

13. 13-(2aj + ll)=5-(a?-hl). 

14. 3a?-2-.(l-3aj) = 0. 

16. 12-2(aj-5) + [3a;-(2-aj)] = l. 

16. ll-(2aj-3)-5=-3aj-(5-7a;). 

17. (aj+l)(« + 3) = (aj-2)(aj-5). 

18. (2aj-3)(aj-7) = (a?-l)(aj + 4) + «^. 

19. (aj-3)« + 2(ar-.4)«-3(aj-5)(aj-h5) = 7. 

20. 5(aj-l)2-3(aj-2)2=(2aj-l)(3 + aj)-6. 

21. 4[3a;-2(aj2 + l)]=7-4aj(2aj-16). 

22. -[2(aj-3)(aj-5)-(a? + 7)(3-aj)] = -3(«2^3). 

23. (a;4-2)»-(aj-l/-(3aj + l)(3aj-.4)=0. 

24. 2.7a?-(ll-1.3a?)-6.7aj=.62 + .4ic--ll. 
26. 0.007 a; - 2 (.0035 x + .07) = .017- (.14 - .85 x). 

THB SGLUTIGlf OP PROBLEMS 

^103. A problem is a question to be solved. 

In general, a problem is a statement of conditions involving 
an unknown number or numbers. We seek the value of that 
unknown number, and by assuming a literal symbol for the 
unknown we are able to state the given conditions in terms of 
that unknown. 
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101. The solution of a problem is (1) a translation of the 
language into the symbol-expression of algebra by means of 
an assumed value for the unknown ; (2) the translation of the 
given conditions into equations ; and (3) the finding of the 
root of the derived equation. The result of a solution should 
always be verified in the given conditions. 
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105. A few simple statements will illustrate the ease with 
which the conditions of a problem are translated, or expressed, 
in algebraic symbols. It will be seen that in each case we 
first assume a value for an unknovm quantity upon which the 
statements seem to depend, and then write expressions for the 
different statements. 

Illustrations : 

1. If a; denotes a certain number, write an expression for 10 
more than x. 

Since we may assame x = the given number, 
By adding 10, as + 10 = the required number. 

And, fulfilling the given condition, we have written a number greater 
than the given number by 10 ; the words *^more than *' being translated 
by the symbol of addition, +. 

2. In a certain exercise John solved twice as many examples 
as William. Write an expression for the total number of ex- 
amples both together solved. 

We assume that x = the number that William solved. 
Then 2 x = the number that John solved. 

By addition, 3 a; =z the number both together solved. 

Here we assumed a literal symbol for that particular number upon 
which the problem seemed to depend ; that is, the number of examples 
solved by William. A simple application of multiplication and addition 
completes the translation of the conditions. 
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3. A man is y years of age. (a) How old was he 10 years 
ago ? (6) How old will lie be in 2; years ? 

(a) Since y = the number of years in his present age, 

By subtraction, y — 10 = his age (in years) 10 years ago. 
And ^* years ago,*^ a decrease, is translated by the sign — • 

(6) Since y = the number of years in his present age, 

By addition, y + « = his age (in years) z years from now. 

And ** in " referring to the future is an increase translated by the 
sign +. 

4. m yards of cloth cost $ 3 per yard, and n yards of silk, 
$5 per yard. Write an expression for the total cost of both 
in dollars. 

At $ 3 per yard m yards of cloth cost (3 x m) dollars = 3 m dollars. 
At 9 6 per yard n yards of silk cost (5 x n) dollars = 5 n dollars. 
Therefore, adding, (3 m + 5 n) dollars equals the total cost of both. 

6. Write three consecutive numbers, the least of the three 
being x. 

The difference between any two consecutive numbers is 1. 
Therefore, when x = the first and least number, 

aj + 1 = the second number, 

« + 2 = the third number. 

6. Write three consecutive even numbers, the least being m. 

The difference between consecutive even numbers is 2. 
Therefore, as above, 

m, m + 2, and m + 4, are the required numbers. 

7. Write three consecutive odd numbers, the greatest being 
a ; and write an expression for their sum. 

The difference between consecutive odd numbers is 2. 
Therefore, a = the first and greatest number, 

a — 2 = the second number, 

a — 4 = the third number. 
By addition, 3 a — 6 = the^^um of the three numbers. 
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8. A boy has x dimes and y nickels and spends 10 cents. 
Write an expression for the amount he has remaining. 

Problems inyolving yalue must be so stated that different denominations 
are all expressed in one and the same denomination. 

Hence, the value of x dimes = (10 • x) cents = lOx cents. 

Hence, the value of y nickels = (6 • y) cents = 6y cents. 

Therefore, he had at first, (10 x .+. 6 y) cents. 

• Subtracting the 10 cents he spent, we have for an expression of his 
final amount, (lOx + 5^^^ — 10 cents. Result 

Oral DxlU 

1. If X denotes a certain number, give an expression for 15 
less than x. 

2. If y denotes a certain number, give an expression for 12 
less than the double of y, 

3. If X denotes the number of square inches in a certain 
surface, how many square inches are there in m similar surfaces ? 

4. John has x marbles, William y marbles, and Charles z 
marbles. What is the expression for the total number all 
together have ? 

6. A boy had m marbles and lost 1 of them. How many 
had he left ? 

6. A boy earned x cents, found three times as many, and 
spent c cents. How many cents had he finally ? 

7. A boy solved n examples and his sister solved. 5 more 
than twice as many. How many examples did the sister 
solve ? 

8. John caught m trout and his brother caught 3 less than 
three times as many. How many did both together catch ? 

9. If William solves x examples, how many examples must 
John solve so that both together shall solve y examples ? 
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10. Three men together buy a field. B pays twice as much 
as A, C four times as much as 6. If A pays d dollars, what 
is the cost of the field ? 

11. A horse cost y dollars, a harness x dollars, and a wagon 
as much as the combined cost of a horse and two harnesses. 
What did all three together cost ? 

12. If a line 10 inches in length is increased by n inches, 
what is the length of the new line ? 

13. How much remains of a line m inches long if n inches 
are cut from one end and p inches are cut from the other end ? 

14. A rectangle is x inches long and y inches wide, and a 
strip z inches wide is cut from one end. What is the area of 
the part cut off and also of the part remaining ? 

16. The sum of two numbers is 10 and the smaller number 
is n. What is the larger number ? 

16. The sum of three numbers is 50; one is a;, and another 
35. What is the expression for the third number ? 

17. Name three consecutive numbers, the least of the three 
being w. 

18. Name three consecutive even numbers, the least number 
being n. 

19. Name three consecutive odd numbers, the least of the 
three being m. 

20. Name five consecutive numbers, the middle one being x. 

21. If a? is an even number, what is the next odd number 
above x 2 

22. If a? is an odd number, what is the next even number 
above x ? 

23. Name the three consecutive odd numbers below n, n 
being an odd number. 

24. Name the tliree consecutive odd numbers below n, n 
being an even number. 
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25. Wliat is the sum of the three consecutive even numbers 
below a? + 1, a; + 1 being odd ? 

26. If X is the middle one of three consecutive odd numbers, 
what is the .expression for their indicated product ? 

27. If a man is x years old, how old will he be in a years ? 

28. If a man is x years old now, how many years will pass 
before he is a years old ? 

29. If a man is y years old now, how old was he z years 
ago? 

30. What is the sum of the ages of a father and son if the 
son is x years old and the father m times as old as the son ? 

31. A man is m times as old as his son and n times a^ old as 
his daughter. If the daughter is x years old, what is the sum 
of the ages of all three ? 

32. In a period of c years a man earns d dollars. If he 
spends n dollars each one of the c years, what is the expression 
for his final saving ? 

33. How many cents are represented by x dimes ? 

34. Express the condition that x dimes shall equal y nickels. 

36. One dollar is lost from a purse that had contained x 
dollars and y quarters. Write the expression for the amount 
remaining in cents. 

36. A man travels a miles an hour for h hours. What is the 
total distance he travels ? 

37. A boy rides x miles in a train, then y miles by boat, 
and, finally, by automobile twice as far as he has already 
traveled. Write the expression for the total number of miles 
in his journey. 

38. What is the expression for the statement that the 
square of the difference of two numbers, a and b, is 2 less than 
the sum of the squares of two other numbers, m and n? 



76 THE LINEAR EQUATION. THE PROBLEM 

39. A room is x yards long and y yards wide. What is the 
expression for its area in square yards ? in square feet ? 

40. If a man is now a; + 1 years old^ how many years ago 
was he 30 years old? How many years must pass before he 
will be 60 years old ? When was he a? — 1 years old? When 
will he be 2 x years old ? 



PROBLEMS LEADING TO LDIBAR EQUATIOITS 

106. From the oral work j ust covered the student will see that 
no general directions can be given for the statement of problems. 
The following suggestions will be of assistance in the state- 
ment of all problems^ and will serve as a general outline of the 
method by which we attack the different types. 

107. In stating a problem : 

1. Study the problem to find that number whose value is re- 
quired. 

2. Represent this unknmon number or quantity by any convert' 
ient literal symbol, 

3. The problem will state certain existing conditions or 
relations. Express those conditions in terms of your literal 
symbol, 

4. Some statement in the problem will famish a verbal equation. 
Translate this. verbal equation into algebraic expression by means 
of your stated conditions. The following illustrations will 
show the ease with which certain common words and phrases 
may be translated into the common operations of algebra. 

Illustrations : 

1. The greater of two numbers is 3 more than the less, and 
four times the less number exceeds twice the greater number 
by 8. Find the two numbers. 



PROBLEMS LEADING TO LINEAR EQUATIONS 77 

Let . X = the smaller number. 

Then as + 3 = the larger number. 

Now the word ** exceeds/^ in this case, may be translated by the sign 
•* — ," and the word ** by " may be translated by the sign ** =." 

Hence, we select the conditional sentence : 

** four times the less exceeds twice the greater by 8/' ' 
and translate : 4 as — 2(x + 3) =8. 

Solving the equation 4 as — 2 (as + 3) = 8, 

as = 7, the smaller number. 

Consequently, adding 3, a; + 3 = 10, the larger number. 

The results verify in the original condition, hence in the equation. 

2. Find the number which, multiplied by 4, exceeds 40 by as 
much as the number itself is less than 40. 

Let as = the number. 

Then 4 a; = four times the number. 

Translating the conditional sentence : 

" number . . . multiplied by 4 exceeds 40 by as much as 40 exceeds the number," 

X X 4 — 40 =40— jc 

Solving the equation, 4 as — 40 = 40 — x, 

as = 16, the number. 
Ve^cation : 

4(16) - 40 = 40 - 16. 

64 - 40 = 40 - 16. 

24 = 24. 

3. A father is four times as old as his son, but in 24 years 
the father will be only twice as old as the son. What is the 
present age of each ? 

Let X = the number of years in the son's present age. 

Then 4x = the number of years in the father's present age. 

Therefore, as + 24 = the son's age after 24 years. 

4 a; + 24 = the father's age after 24 years. 

Now, *' ... in 24 years the father will be only twice as old as the son." 

Or, 24+4* = 2(a; + 24). 

Solving the equation, 24 + 4 a; = 2(as + 24). 

X = 12, the son's age now. 

4 X = 48, the f ather^s age now. 
Verification : 

In 24 years the father will be (48 + 24) = 72 years of age. 

In 24 years the son will be (12 + 24) = 36 years of age. 
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The problems i^ the following exercise are at first classi- 
fied in four groups involving only the simplest of commonly 
occurring conditions. 

Ezeroise 17 

(I) Problems involving One Number. 

1. Four times a certain number is 36. Find the number. 

Let X = the required number. 

From the problem 4 a; = four times that number. 

But the problem states that 

36 = four times that number. 

Hence, from our assumed condition and from the given condition, we 
have two expressions, 4 x and 36, representing the same quantity. 

Therefore, 4 05 = 36. 

x = 9, the required number. 
Verification : 4(9) = 36. 

36 = 36. 

2. What is that number which, when decreased by 5, gives a 
remainder of 19 ? 

3. Three times a certain number is diminished by 7 and 
the remainder is 11. What is the number ? 

4. William has three times as many books as John^ and 
both together have 32 volumes. How many has each ? 

5. If four times a certain number is added to five times the 
same number, the sum is 36. What is the number ? 

6. Four times a certain number is subtracted from eleven 
times the same number, and the remainder is 42. Find the 
number. 

7. I double a certain number and subtract 7 from the result, 
and my remainder is 1 more than the original number. 
What was the number ? 

8. If a certain number is increased by 5, the sum is 8 less 
than twice the original number. Find the number. 
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9. Twelve times a certain number is decreased by 5, and 
the remainder is 15 more than seven times the original num- 
ber. What was the number ? 

10. Find that number which, if doubled, exceeds 60 by as 
much as the number itself is less than 75. 

11. What number is that which, if doubled and subtracted 
from 50, gives a remainder 5 less than three times the origi- 
nal number ? 

(II) Problems involving Two or More Numbers. 

12. The sum of two numbers is 24, and the greater number 
is 3 more than twice the smaller number. Find the numbers. 

Let x = tbe smaller number. 

Then 24 — a = the larger number. 

Now *^ the greater number is 3 more than twice the smaller/' 

Hence, 24-a; = 3 + 2a;. 

Solving, X = 7, the smaller number. 

Whence, 24 — 7 = 17, the larger number. 

Verification : 24 - 7 = 3 + 2(7). 

17 = 3 + 14. 

17 = 17. 

13. One number exceeds another number by 5, and their 
sum is 49. Find the numbers. 

14. One number is four times as large as a second number, 
and their sum is 21 more than twice the smaller number. 
Find the numbers. " 

16. The sum of three numbers is 108. The second number 
is twice the first number, and the third is equal to twice the 
sum of the first and second. Find the three numbers. 

16. Find the three consecutive numbers whose sum is 54. 

17. Find the three consecutive odd numbers whose sum is 39. 

18. Find the five consecutive odd numbers whose sum shall 
be equal to nine times the smallest of the numbers. 
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19. Find four consecutive odd numbers such that twice the 
sum of the three smallest shall be 15 more than three times 
the greatest one. 

20. Divide 17 into two parts such that the smaller part plus 
four times the larger part shall be 50. 

(Hint : Let a = the smaller part ; 17 — x = the larger part) 

21. Divide 64 into two parts such that three times the 
smaller part added to twice the larger part shall be 158. 

22. Divide 100 into two parts such that twice the larger 
part shall be 50 more than three times the smaller part. 

23. Divide 75 into two parts such that three times the 
larger part decreased by 6 shall equal four times the smaller 
part increased by 9. 

(Ill) Problems involving the Element of Time. 

24. A man is twice as old as his brother, but 5 years ago 
he was three times as old. Find the present age of each. 

Let X = the number of years in the brother^s present age. 

Then 2x = the number of years in the present age of the man. 

Now a; — 5 = the brother's age 6 years ago. 

And 2x — 6 = the man's age 6 years ago. 
From the statement in the problem : 

2a5-6 = 3(x-5). 
Solving, X = 10, the brother's age now. 

2 X = 20, the man's age now. 

26. A boy is 5 years older than his sister, and in 4 year 
the sum of their ages will be 29 years. Find the present ag* 
of each. 

26. A man is twice as old as his son, but 10 years hence th. ^ 
sum of their ages will be 83 years. What is the present a^^ 
of each ? 

27. Five years ago the s\im of the ages of A and B was 5^ 
years, but at the present time 6 is four times as old as A« 
How old is each now ? 
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28. In 7 years the sum of the ages of A and B will be 26 
j^ears less than three times A's present age. If A is now three 
bimes as old as 6^ find the age of each after 7 years. 

29. In 7 years a boy will be twice as old as his brother, 
and at the present time the sum of their ages id 13 years. 
Find the present age of each. 

30. A boy is three times as old as his sister, but in 4 
years he will be only twice as old. What is the present age 
of each ? 

31. A young man is 23 years of age and his brother is 11 
years old. How many years ago was the older brother three 
times as old as the younger ? 

32. A man 60 years old has a boy of 9 years. In how many 
years will the father be three times as old as the son ? 

33. The sum of the present ages of a man and his son is 60 
years, and in 2 years the man will be three times as old as 
the son. What will be the age of each when the sum of their 
ages is 100 years ? 

(IV) Problems involving the Element of Value. 

34. A man pays a bill of $49 with five-dollar and two-dol- 
lar bills, using the same number of each kind. How many 
bills of each kind are used ? 

Let X = the number of bills of each kind. 

Then 5 a; = the value of the fives m doZZars, 

and 2x = the value of the twos in dollars. 

Therefore, 7x = 49. 
From which x = 7, the number of bills of each kind. 

36. Divide $100 among A, B, and C, so that B shall receive 
three times as much as A, and C $20 more than A and B 
together. 

36. A has $ 16 less than B, and C has as many dollars as A 
and B together. All three have $ 60. How many dollars has 
each? 

SOM. BL. ALO. —6 
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37. A number of yards of clotli cost $ 3 per yard, and the 
same number of yards of silk, $ 7 per yard. The cost of both 
pieces was $ 100. How many yards were there in each piece ? 

38. $ 41 was paid to 16 men for a day's work, a part of the 
men receiving $2 per day and the other part $3 per day. 
How many men worked at each rate ? 

39. A boy has $ 42 in two-dollar bills and half dollars, and 
there are three times as many coins as bills. How many has 
he of each kind ? 

40. $2.10 was paid for 8 dozen oranges, part costing 20 cents 
a dozen and part costing 30 cents a dozen. How many dozen 
were there in each lot ? 

41. A merchant bought 60 postage-stamps, the lot being 
made up of the five-cent and the two-cent denominations. 
Twice the cost of the two-cent stamps was 48 cents more than 
three times the cost of the five-cent stamps. How many of 
each kind were bought, and what was the total amount paid 
for them ? 

(Y) Miscellaneous Problems. 

42. Find the two numbers whose sum is 70 and whose dif- 
ference is 6. 

43. A and B together have $90, and A has $12 more than 
B. How many dollars has each? 

44. One number exceeds another by 3, and the difference 
between their squares is 51. What are the numbers? 

45. The difference between the ages of a father and son is 
36 years, and the father is three times as old as the son. Find 
the age of each. 

46. Divide 70 into two parts such that ten tim^s the smaller 
part shall equal eight times the larger part. 

47. A man divided $ 1500 among four sons, each receiving 
$ 50 more than the next younger. How much did each receive ? 
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48. Divide 31 into two parts such that 1 less than eight 
times the smaller part shall equal five times the greater part. 

49. Ten times a certain number is as much above 77 as 43 
is above five times the number. What is the number ? 

60. The difference between the squares of two consecutive 
even numbers is 52. Pind the numbers. 

61. The sum of two numbers is 16 and the difference of their 
squares is 32. What are the numbers ? 

62. One number is three times another, and the remainder 
when the smaller is subtracted from 19 is the same as the re- 
mainder when the larger is subtracted from 43. Find the two 
nimibers. 

53. A man has three hours at his disposal and walks out 
into the country at a rate of 4 miles an hour. How many miles 
can he walk so that, by returning on a trolley car at the rate 
of 12 miles an hour, he will return within just 3 hours ? 

54*. A walks over a certain road at a rate of 3 miles an hour. 
Two hours after he leaves, B starts after him at a rate of 4 
miles an hour. How many miles will A have gone when B 
overtakes him ? 

65. A and B are 60 miles apart and start at the same time 
to travel towards each other. A travels 4 miles an hour and 
B 5 miles an hour. In how many hours will they meet and 
how far will eacji have traveled ? 

56. A man walks 5 miles on a journey, rides a certain dis- 
tance, and then takes an automobile for a distance four times 
as great as he has already traveled. In all he travels 75 miles. 
How far does he go in the automobile ? 

57. How can you pay a bill of $5.95 with the same number 
of coins of each kind, using only dimes and quarters? 

68. The sum of the ages of a father and son is 96 years ; 
but if the son's age is trebled, it will be 8 years greater than 
the father's age. How old is each ? 



CHAPTER VII 
SUBSTITUTION 

108. Substitution is the process of replacing literal factoid 
in algebraic terms by numerical or by other literal values. 

lUustrations : 

1. If = 5 and 6 = 7: 

(a + 6) = (6 + 7) 

= 12. Besolt 

2. If a = 4and6=-2: 

(2 a - a^b) = [2-4 - 42 (- 2)] 
= 8 - 16 (- 2) 
= 8 + 32 
= 40. Result. 

8. If a? = 4 m, 2( = 3 m, and 2; = — 5 m : 

(a(5 + y-«) = (4ni + 3w + 6m) 
= 12m. Result 

4. With the same values for «, y, and 2; as in (3) : 

(a; + J^)(2«-y-2««) = [4w+(3m)2][2(4ni)-3.w-2(-6m)«J 

= (4ni + 9w2)[8w-3ni-2(26w3)] 
= (4ni + 9m2)(5?»-50ni«) 
= (20 w« - 165 w8 - 450 w*). Result. 

From these illustrations we state the general method for 
substitution : 

109. BeploM the literal factors of the terms of the given ex- 
pression by their respective given values. Perform all indicated 
operations and simplify the result, 

84 
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L SUBSTITUTION OP NUMERICAL YALUBS 

Exeroise 18 

Find the numerical values of the following when a = 4, 6 = 3, 
' = 4, and d = 1. 

1. a-f-6 + c. 7. db — Sbc-^Bad. 

2. a — 2b + 5c. 8. 2a6-3orf-f-2M. 

3. 46— 3c-f-2d. 9. Bad — Sbd + Scd. 

4. 7a— d + 9c — 6. 10. ab—(bc—cd). 

6. lOa + b — iSc — d). 11. 8 a6c — 5 6cd + 2 ocd. 



6. 46 — [3c — (2aH-(f)]. 12. acd — (a6c — 6cd — occf). 
13. acd — 26cd — 3(a6 — cd). 



14. 2a6-(3cdH-2a— a6H-6c — 6d). 
16. 6c— [— 6d — (a6 — c(l) + (a6 — 6d)]. 

16. Simplify a(a+c)—c(c — a) when a = 4 and c = 2. 

17. Simplify (a + by - (a + 6)(a - 6) - (a - 6)« when a = 5 
^d 6 = 4. 

18. Simplify 10 (a + 1)« - (3 a - 2)« when a = - 2. 

19. Simplify 4(2 a? -f- y)* — 8(aj H-y)(aj — y) when a? = — 2 and 
y=0. 

20. Simplify 3(m - 2 a?)* - 2(m + 2 aj)(m + 3 a?) + 4 a? when 
m= — 5 and a? = 2. 

21. Simplify d — 2(c -f- d)(c — 2 d) — 3(c — d) whenc=2and 
d=-2. 

22. Simplify a{a + 6) — 6(a — 6)* — (a + 6)' when a = — 3 
and 6 = — 2. 

23. Simplify (3a + m)(a-5m)H-[9a*-}m-a(2m-9a)}] 
when a = and m = 10. 
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24. Simplify 7 a(a + 1) - (2 -|- a)(3 a - 5) - 3 a(a - 1) when 
a = 0. 

25. Simplify (3m - 2)* -f- (m + w- 1)«- (2 m- l)(m + l) 
when m = w = — 3. 

U. SUBSTITUTION OP LITERAL YALUBS 

When literal values are substituted, the results will be in 
terms of those literal values. 

Exercise 19 
Simplify : 

1. (a — a;)*-|-(a — 2aj)* when a = 2aj. 

2. (a — 3cc — a^ when a; = 2a. 

3. (a + cc)(a — 2 xy — (a — xy when a = — a?. 

4. (a; + n)(a; + w — 1) when x = m and n = — m. 

6. (2 a — 3 c -h aj)(aj — 2 a) — 2 oca; when a = a; and c = 0. 

6. 5 oc — (a -f c)(a — 4 c) + (a — c/ when c = 0. 

7. 2(m — a?) — 2(m + 3aj)(m — 2aj) — 3 ma? when m=^a and 
a? = — 2 a. 

8. (2a;+l)2-3a2_4a.(a._5) whenaj=: -2a. 

9. (3aj-l)2-(3aj + l)(2a;~5) when a; = a5. 

10. (3aj2-2ajH-l)-(3a;-2)2whenaj=~mn. 

11. (m + aj)(m — aj) — (m — aj)* + 2 m when m = — a;. 

12. (a-26H-8)2-aj(aj4-2a)-(a-26)3-l when a = 26 
and a; = 0. 

13. (6 a2_ 11 ajy _ loy) - 6(aj2 - 2 a^) + 11 y^ when x^m 
and y=—m. 

14. (a? — a)(aj + a — y) — (a? — y) (a; -f- a) a — (a; — a)* when 
x=:^ —m and a = 0. 

16. c(c + d + l) — (c — d4-l)(cH-d— 1)— aZ— 1 whenc=d=0. 
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m. THB USB OF FORMULAS 

110. A formula is an algebraic expression for a general 
principle. For example : If the altitude 
of a triangle is represented by a, the base 
by b, and the area by S, we have the 
general expression for its area in the 
formula 

5 = _. 

Given the values of a and b for a par- 
ticular triangle, we obtain its area by substituting those values 
in this general formula and simplifying. 

A few common formulas will illustrate the value of this brief 
method of expression. 

(1) The Formula for Simple Interest. 

By arithmetic : The interest (I) on a given principal at a 
given rate for a given time equals principal x rate x time. Ex- 
pressed as a formula: 

If j7 = the principal expressed in dollars, 
r = the rate of interest expressed decimally, 
t = the time expressed in years, 
Then / =prt is the general formula for simple interest 

(2) The Formula for Compound Interest (Interest com- 
pounded annually.) 

If j7 = the principal expressed in dollars, 
r = the rate of interest expressed decimally, 
n = the number of years in the interest period. 
Then /=p(l +/•)* — /? is the general formula for interest com- 
pounded annually. 

(3) The Formula for the Transformation of Temperatures. 
Both the standard thermometers, the Fahrenheit and the Centi- 
grade, are in everyday use in physical investigations, and the 
formula given below is used to change Fahrenheit readings to 
the Centigrade scale. 
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If ^= the given reading from a Fahrenheit scale, 

C = the reqoired equivalent reading on the Centigrade scale, 
Then C = { (F— 82) is the formula for temperature transformation. 

Bxerciae 20 

1. What is the area of a triaagle having a base of 14 inches 
and an altitude of 9 inches ? 

2. Find the simple interest on $1500 for 12 years at 5 per 
cent. 

3. What is the interest on $6200 for 3 years 7 months 
10 days at 4.6 per cent ? 

4. Find the interest, compounded annually, on $ 1200 for 
4 years at 5 per cent. 

5. On a Fahrenheit thermometer a reading of 50^ is taken. 
"What is the equivalent reading on a Centigrade thermometer? 

6. Find the circumference (jO) of a circle, the radius (i?) 
being 6 feet, and the constant («•) in the formula C7=2 irR 
being 3.1416 + . 

7. Find the area (JS) of a circle whose radius {R) is 4 feet, 
the constant (w) in the formula S = vB? being 3.1416 +. 

8. With the formula of Example 7, find the area of a cir- 
cular pond whose diameter (D) equals 100 feet. {D=^2 JB.) 

9. If the diameter (2>) of a sphere is 2 feet, what is the 

volume (F) of the sphere from the formula, F= ? (» = 

3.1416 4-.) ^ 

10. Find the last term (J) in a series of numerical terms of 
which the first term (a) is 3, the number of terms (n) is 8, 
and the difference between the terms (d) is 2, the formula be- 
ing Z = a -[- (n — l)cZ. 

11. If a = 3, r = 2, and n^b^ what is the value of I in the 
expression I = ar^'^ ? 

12. If r = 5, s = 4, and n = 6, find the value of a in the ex- 
pression a=(r —1)8 4- r^~\ 



CHAPTER VIII 

SPBCIAL CASES IN MULTIPLICATION AND DIVISION 

MULTIPLICATION 

The product of simple forms of binomials may often be 
written without actual multiplication, the result being obtained 
by observing certain laws seen to exist in the process of actual 
multiplication. Three common cases are : 



The square of the 
sum of two quan" 
titles, 

a + h 
a + h 



a^ + 



ah 



n 

The square of the 

difference of two 

quantities, 

a — h 
g - h 
a^- ah 

- ah + h^ 
a« - 2 a6 + 6« 

state^ from 



m 

The product of the 

sum and difference 

of two quantities, 

a -\- h 
a - h 
a^ + ah 



-6^ 
and (III), 



a«+2a6 + 6« a«-2a6 + 6« (fi 

Therefore, we may state, from (I), (II), 
respectively : 

111. The square of the sum of two quantities equals the square 
of the first, plus twice the product of the first by the second, plus 
the square of the second, 

112. The square of the difference of two quantities equals 
the square of the first, minus twice the product of the first by the 
second, plus the square of the second. 

113. The product of the sum and difference of two quantities 
equals the difference of their squares. 

Ability to apply these principles rapidly is essential in all 
later practice. 
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Oral DriU 



Give orally the products of : 

1. (a-f-m)*. 4. r« + 4)'- 

2. (x-^zy, 6. (a + 3m)". 

3. (x-^Sy. 6. (c-^5d)\ 



10. (c ■ 

11. (b 

12. (m 



4)«. 
6)«. 



13. (c-8)*. 

14. (3a-5y. 
16. (7 a -3)1 



19. (a4-aj)(a — aj). 

20. (m-^y)(m-'y). 

21. (aj + 4)(aj-4). 

22. (2a4-l)(2a-l). 

23. (3a4-5)(3a-5). 

24. (7a4-10)(7a-10). 
26. (5aj — 82^)(6aj4-8y). 
26. (3a2 + 5)(3a2-5). • 



27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 



7. (Sa + 2y. 

8. (4 a + 6)*. 

9. (6c +7)*. 

16. (cd— 4)*. 

17. (aV-6)«. 

18. (cd-3caj)'. 

(3 mn 4- 5 ma?)'. 
(4.(^cP^5y. 
(2m»4-9)(2m»-9). 
(5icy2f4-7yV)^. 
(3aJ*-13)(3aJ*-hl3). 
(am' 4- xyz)(am^ — a^2), 
(3c« + ll)'. 
(7m'^-9aj^'. 



lY. THB DIFFBRBNCB OP TWO SQUARES OBTAINED PROM TRINOMIALS 

114. Many products of two trinomials may be so written 
as to come under the binomial case of Art. 113. In such 
multiplications we group two of the three terms in each quantity 
so as to produce the same binomial expressions in each, the pa- 
renthesis being treated as a single term. Three different cases 
may occur : 

(1) (2) (8) 

(a + 6 + o)(<H- 6 - c) (a + 6 + c)(a- 6 + c) (a + 6- c)(a -6 + c) 

The terms inclosed in parentheses must form the same binomial 
in each expression* 
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From 1. (a-^b-^ c)(a + 6 - c) = [(« + 6) + c]l(a + 6) - c] 

= (a + 6)2 - c2 
= a^ + 2 aft + 62 _ c^. Result. 

From 2. (a + 6 + c)(a - 6 + c) = [(a + c) + 6][(a + c) - 6] 

= (a + c)2 - 62 
= a2 H- 2 ac + c2 - 62. Result. 

From 3. In this case only one term has the same sign in each eas 
pression, the a-term. Hence the last two terms of each expression are 
inclosed in parentheses, the parenthesis in one case being preceded b^ 
the minus sign. 

(a + 6 - c)(^a - 6 + c) = [« + (6 - 0)210 - (6 - c)] 

= (,2 _ (6 _ c)2 

= a2 _ (62 _ 2 6c + c2) 

= o2 _ 62 + 2 6c - c2. Result. 

Bxerclse 21 

Write by inspection the following products : 

1. [(a + aj)+4][(a4-aj) — 4]. 8. (m4-«4-2)(m4-« — 2) 

2. [(m4-aj)4-2][(m4-«) — 2]. 9. (m — n + c)(m — n — c). 

3. [(c-2) + m][(c-.2)-m]. 10. (c^-f-c + lXc' + c-l). 

4. [(a2 + l) + a][(a2 + l)-a]. 11. (c-d + 2)(c-d-2). 
6. [aH-(d + aj)][a — (d + oj)]. 12. (m -f- ri - 4)(m — n + 4). 

6. [d + (y-«)][c2-(2^-2;)]. 13. («2-2-aj)(x2_2 + aj), 

7. (a+a; + y)(a4-aj-y). 14. (aj2 + aj-2)(aj2-aj4-2). 

16. (a* + aj2 + l)(iC* - iB2+ 1). 

16. (m*-2m* + l)(m*4-2m«4-l). 

17. (a?*-«2-6)(aJ*4-aj'-6). 

18. [(c + (?)4-(m + l)][(c + d)-(m4-l)]. . 

19. [(n + aj)-(y--2f)][(n4-«) + (2^-«)]. 

20. (c^-c^-c-lXc^ + c^-f-c-l). 
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v. THB PRODUCT OP TWO BIHOlflALS HAYIVG A COMMON 

UTBRAL TBRM 

By actual multiplicatioii : a + 7 

a + 6 



a2+ 7 a 

+ 5a + 86 

a2 + 12 a + 86 
Hence, in the prodoct : 

a^ = ax a, the product of the given first terms. 

+ 12 a = (+ 7 + 5) a the product of the common literal term by the 

sum of given last terms. 
+ 35 = (+ 6) (+ 7) the product of the given last terms. 

In like manner: (1) (x-4)(«-9) =a;2-13a; + 86. 

x^ = X'X, -13«=(-4-9)a;. +86= (-4)(- 9). 
(2) (a; + 9)(x-3)=a;2 + 6x-27. 

x^ = X'X. +6a;=(+9-3)«. -27= (+9X-3). 
(8) (m-T- 16) (m+ 7) =m» - 8 m - 106. 

m^^m-m. --8m=(-16+7)w. -106= (- 15) (+7) 

In general: (x + a)(x + b)=x^+ (a + b)x + ab. 

Therefore, in the product of two binomials having a com- 
mon literal term: 

115. Uie Jirst term is the product of the given first terms. 
The second term is the product of the common literal term by the 
algebraic s^im of the given second terms. The third term is the 
product of the given second terms. 

Oral DriU 

Give orally the following products : 

1. (a; + 3)(aj + 4). 6. (c4-12)(c + l). 

2. (a; + 4)(aj4-5). 7. (n4-ll)(ri + 12). 

3. (aj + 5)(aj4-7). 8. (m4-3)(m + 20). 
*4. (m4-6)(m4-4). 9. (d + 12)(d4-15). 
6- (y4-9)(2^ + 4). 10. (c + 15)(c + 16). 
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11. (6-4)(6-7). 16. (a» - 9)(a» - 1). 

12. (n-ll)(n-.10). 16. (c»-3)(c»-4). 

13. (aa?-3)(aa;-6). 17. (ix^ - xy){ix^ - 2 xy). 

14. (cd— 7)(cd — 3). 18. (mn — 3n)(mn — 7n). 

19. (aj-3)(aj + 6). 24. (a-13)(a+10). 

20. (c-3)(c + 8). 26. (a*4-5)(a2-3). 

21. (aj - 9)(aj + 7): 26. (m» + 8)(m« - 3). 

22. (aj + 9)(aj-10). 27. (a6-9)(a6 + 12). 

23. (m + ll)(m - 12). 28. (<w'-7)((»' + 3). 



YL THB PRODUCT OP ANT TWO BmOlOALS 

By actual mtdtiplicatioii : 2 a + 5 

Sa +4 
6a2 + 15a 

+ 8a-f20 
6 a2 + 23 a + 20 

The two multiplications resulting in the terms + 15 a and 
+ 8 a are cross products. It will greatly assist the beginner 
to imagine that the terms entering the cross product have this 
connection : 

(2a+7)(3a+4) 

And, by inspection, the middle term results from 

(+2a)(+4)+(+3a)(+6) = + 8(1 + 15a = +23 a. 
Considering other possible cases : 

(1) In (4 a — 7) (3 a — 5) the middle term in the product will be 

(+4a)(-5) + (+3a)(-7) = - 20a -21 o = -41 a. 

(2) In (2 a + 5) (3 a — 4) the middle term in the product will be 

(+ 2 a)(- 4) + (+ 3 a)(+ 5) = - 8 a + 15 a = + 7 a. 

(3) In (3 a — 2) (9 a + 4) the middle term in the product will be 
• (+ 3 a)(- 4) + (+ 9 a)(- 2) = + 12 a - 18 a = - 6 a. 
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In general : (ox + 6) (ca; + d) = acx^ + {acd + hc)x + hd. 
Therefore, in the product of any two binomials : 

116. The first term is the product of the given first term, 
Tlie second term is the algebraic sum of the cross products of the 
given terms. The third term is the product of the given second 
terms. 

Exercise 22 

Write by inspection the following products : 

1. (3aj-f 2)(aj4-l). 13. (7a;-2)(3aj-7). 

2. (2a4-l)(3a + 2). 14. (10c-ll)(3c-7). 

3. (3m+2)(2m + 3). 16. (7n-9)(8n-6). 

4. (4aj + l)(ir4-3). 16. (5mn — l)(3mn — 4). 
6. (5c + 4)(2c + 3). 17. (4a4-7m)(3a-2wi) 

6. (6 6 + 5)(2 6 4-3). 18. (7c - 3d)(8c + 3d). 

7. (5 2 + 7)(3 2;4-4). 19. (2 ac - 3 x)(ac + 11 x) 

8. (7m + 2)(2m + 9). 20. (14m — 5naj)(2m + waj). 

9. (3a-.7)(2a-5). 21. (llx -\-9y)(9x^2y), 

10. (3m-l)(2m-.3). 22. (3c - 13mn)(4c + 5mn). 

11. (5c-2)(3c-l). 23. (mnx-ll)(2mnx-^S). 

12. (6 3^-1) (2 3^ -3). 24. (13ac — 5aj)(3ac +2a;). 

Vn. THB SQUARB OF AWT POLTNOMIAL 

By actual multiplication : , 

(a + 6 + c)» = a2 + 62 + c2 + 2 a6 + 2 oc + 2 6c. 

(a + 6 - c - <!)2 =a2 + 62 + c2 + d2 ^^2ah -2ac -2ad - 26c - 2bd -\-2cd. 

It will be seen that, in each product, 

(1) The square terms are all positive in sign. 

(2) The other terms are positive or negative according to 
the sigus of their factors. 



THE DIFFERENCE OF TWO SQUARES 96 

(3) The coefficient of each product of dissimilar terms is 2. 
Applying the principle to a representative example we have : 

(a -26 + 3c)2 = (a)2 + (-26)2 + (3c)2 + 2(a)( -26) +2 (a)(H- 3c) + 
2(-. 2 6)(+ 3c) = a2 + 4 62 + 9c2 - 4a6 + 6ac - 12 6c. Result 

In general : 

117. The square of any polynomial is the sum of the squares 
of the several terms together with twice the product of each term 
hy each of the terms that follow it. 

Exercise 23 

Write by inspection the following products : 

1. {a -\-m'\- ny, 7. (a + c + m -f- «)*. 

2. (c + d-^-xy. 8. (m-2n4-3aj- 2)2. 

3. (a'\'C-'my. 9. (3a — 26 - c— 1)2. 

4. (a + 26 4-3c)l 10. *(l-c-c2-c8)2. 

5. (2m-3n4-4)'. 11. *(m» - m^ -f m - l)^. 

6. (3m-4n-6)». 12. *(d8 - 3 d* + 4 d - 2)^. 

DIVISION 

In certain cases where both dividends and divisors are bi- 
nomials we are able to write the quotients without actual divi- 
sion. Such divisions are limited to the cases where the terms 
of the dividend are like powers ; that is, both terms must be 
squares, both cubes, both fourth powers, etc. The powers of 
the binomial divisors are also like. 

I. THB DIFFBRBirCB OP TWO SQUARES 
By Art. 113, (a + 6J(a - 6) = a^ - 62. 

Therefore, by division : 

^SZ^ = a-b, and ?^ = «+6. 

a+ 6 a — b 

* After squaring, the terms should be collected. 
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Hence the general principle may be stated as follows : 

118. The difference of the squares of two quantities Tnay he 
divided by either the sum or the difference of the quantities. If 
the divisor is tJie sum of the quantities, the quotient will he the 
difference of the quantities ; and if the divisor is the difference 
of the quantities, the quotient wUl he the sum. 

OralDxlU 

Give orally the quotients of : 

1. {a^-m^^{a-m), 8. (16 - 9 m^ -5- (4 -3m). 

2. (m•-aJ^-^(m-.aJ). 9. {2bx^-^^f)^(px-^7y). 

3. (a«-4)-f-(a4-2). io. {^^c'd^-9i)-^(7cd + d). 

4. (aj2-9)-^(a; + 3). 11. (100-81a;*)--(10-.9a^. 
6. (c»-36)-j-(c-6). 12. (x2y2_i21) + (aj2/4-ll). 

6. (4m«-l)-^(2m-l). 13. (81 mV- 169 c*)-^ (9 mn- 13 c^. 

7. (9(P-26)-s-(3d4-5). 14. (196c«-81d*)--(14c»4-9d«). 

n. THB DIFFBRBNCB OF TWO CUBBS 

By actual division : ^*"'^' = «» + a6 + ft^. 

a—h 

From the form of the quotient and its relation to the divisor 
we state: 

119. The difference of the cuhes of two quantities may he 
divided hy the difference of the quantities. The quotient is the 
square of the first quantity, plus the product of the two quantities, 
plus the square of the second quantity. 

Oral DriU 

Give orally the quotients of : 

1. {a^ — d^-i-ia — c), 3. (a* — 2^ -f- (a? — «). 

2. (m« - «») -f- (m - a). 4. (a^ - 1) -t. (« - 1^. 
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5. (c»-8)-^(c-2). 

6. (cf-27)-H(d-3). 

7. (64-a»)^(4-aj). 

8. (icy-l)-5-(»y-l). 



9. (c^d^ -- 126) ^ (cd - 6). 

10. (8aj8-.27m«)-j-(2aj-3m). 

11. (512 08(^8-729) -f- (8 cd-9). 

12. (216a^f-1000s^-^(6xy-'10z). 



m. THB SUM OF TWO CUBES 

By actual division : ^ "*" zza^ — ab-\- hK 

From the form of the quotient and Us relation to the divisor, 
We state: 

12S0. The sum of the cubes of two quantities may be divided by 
the sum of the quantities. The quotient is the square of the first 
quantity, minus the product of the two quantities, plus the square 
o/ the second quantity. 

OralDriU 



Give orally the quotients of : 

1. (a« + c^-s-(a + c). 7. 

2. (m* 4- a") -^ (m + a). 8. 

3. Q*j^f)^(c + y). 9. 

4. (a»+l)-s-(a + l). 10. 
6. (a:8 + 8)^(aj + 2). 11. 
6. (n» + 27)-^(n4-3). 12. 



(125^-dF)-^(5 + (^). 
(27 4- ci8) -f- (3 + d). 

(my + 1) -^ (m^^ + 1). 
(mV + 125) -4- (maj 4- 5). 
(8 08 + 272^-4- (2c + 3«). 
(125 6» + 64)-- (66 + 4). 



13. (729 mV + 1000 oj^ ^ (9 mn« 4- 10 ic'). 



IV. THB SUM OR DIFFBRBNCB OF ANT TWO LIKB P0WBR8 

(a) The Difference 



Eybn Powers 

a* - 6* may each be divided by 
^•-fc* (a + 6) or (a - 6). 

etc 

- BOM. BL. ALO. — 7 



Odd Powers 

a^ — 5^ may each be divided 
d? _ 57 \yj (flf _ 5) only. 

etc. 



/ 



98 SPECUL CASES IN MULTIPLICATION AND DIVISION 

(6) The Sum 

EvBN Powers Odd Powers 

tf» + 62 a» + 6« 

ct^ -^ b^ are not divisible by a^ + 6* may each be divide" 

cfi + b^ either (a + 6) or (a - 6). a^ + 6^ by (a + 6) only. 

a8 + 6« o^ + 6» 
etc. etc. 

A general proof for these cases is considered in later practice 

Illustrations : 

(1) «i:i|l = a» + aa6 + a6a + 6». (2) ^^^ = (fi ^ a^b + ab^-b 
a—b a+b 

(3) «L±|! = a« - a56 + (|452 _ ^'ft* + a^d* - aft* + 6«. 

From the form of the quotients and tJieir relation to the 
divisors we state : 

121. The number of terms in the qtiotient is the same as tl 
exponent of the powers in the dividend. 

The exponent of "a" in the first term of the quotient is i 
difference between the given exponents of ^^ a^^ in the dividend ai 
divisor, and this exponent decreases by 1 in each successive term 

The exponent of "b" is 1 in the second tei^m of the quoHei 
and this exponent increases by 1 in each successive term un 
it is equal to the difference of the given exponents of "6" in t 
dividend and divisor. 

If the sign of "6 " in the divisor is '\',the signs of the quotie 
are aUemately -f and — , and if the sign of^^b*' in the divisor 

— , the signs of the quotient are aU -f-. 

« 

Exercise 24 

Write by inspection the following indicated quotients : 

1. ^^. 3. ^ + ^. 6. 

a—b a+y 

a—b c + d xy — z x-\- 2 



c + l 


„ m^ — n^' 
m^ — n 


QC^ — ^ 


b. -• 



CHAPTER IX 
FACTORING 

I. An algebraic expression is rational with respect to any 
lett^i if ^ when simplified, the expression contains no indicated 
toot of that letter. Thus : 

** — xy -{- y/y is rational with respect to as, but irrational with respect to y. 
The symbol ■^J is used to indicate a required square root. 

123. An algebraic expression is integral with respect to any 
^^tter if that letter does not occur in any denominator. Thus : 

X + ^ + m is integral with respect to m, but fractional with respect to x. 
% 

124. An algebraic expression is rational and integral if it is 
national and integral with respect to all the letters occurring 
init Thus: 

4 m^ — 6 mn + a^ is both integral and rational. 

» 

125. The factors of a rational and integral algebraic ex- 
pression are the rational and integral algebraic expressions 
that, multiplied together, produce it. Thus : 

(filfim = axaxbxbxbxm, 
and a, a, b, 6, b, and m are the factors 9f a^b^m. 

One of two e^ual factors of a number is a square root of the 
number ; one of three equal factors, a cube root ; of four equal 
factors, a fourth* root ; etc. Thus : 

z is the square root oix^; y \s the cube root of 2^ ; etc. 

99 
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126. An algebraic expression is a prime expression when it 
has no factors excepting itself and unity. In the process of 
factoring we seek prime factors, and we extend our work until 
the resulting expressions have no rational factors. 

Unless otherwise stated, the use of the term ^* algebraic expression*^ 
in elementary algebra is understood to refer to rational and Integral ex- 
pressions only. 

127. An expression is factored when written in the form of a 
product. 

128. Since factorable expressions result from some com- 
pleted multiplication, we may repeatedly refer to multiplication 
as tJie origin ofparticidar type forms for which we have definite 
methods of factoring. The forms are classified by 

1. The number of terms in the expression. 

2. The powers and coefficients of the terms. 

3. The signs of the terms. 



WHEN BACH TERM OP AN BXPRBSSION HAS THE SAME MONOMIAL FACTOR 

Type Form •••ajt -f- ay -{-az. - 

The Origin : If a polynomial (x-{-y + z) is multiplied by a 
monomial (a), we obtain (Art. 55) : 

o(« + y + «) = ax + ay + flw?. 
Therefore, ax + ay + (iz=: a(x + y + z). 

That is, the factors of aa; + ay + a« are ** a " and ** « + y + «.'• 

In general, to factor an expression in which each term has 
the same monomial factor : 

129. By infection find the monomial common to the terms of 
the given expression. 

This monomial is one fa/dor, and the expression obtained by 
dividing the given expression by it is the other factor. 
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niustrations : 



1. sfi-x^ + Sx^xia^-z + S). 

2. 3 m* + 9 w« - 12 m2 + 16 m = 3 TO (m« + 3 m* - 4 TO + 5). 

3. 3a26» -6a»62 + 6a86* -9a^b^ =zSa^b^(l -2a + 2ab^ -Sa^I^). 

Bzeroise 25 

Factor orally: 

1. 5a- 106 + 15c. 7. 5a; — 20icy4-35a». 

2. 8m — 16n + 24aj. 8. aft -f- 3 ac 4- 7 od. 

3. 12x-^lSy-{'24:Z. 9. 5m — 20 mn — 4.0 mz. 

4. 5c + 10d + 15A:. 10. a* 4- a' — a* 4- a. 
6. 15aj + 303^ + 45«. 11. ic^- ic"- a* - a«. 
6. 14m-21n + 14. 12. a^ ^af + 0^ -- a?. 

Write the factors of: 

13. 5c»aj-20c»aj2 + 35cic». 

14. 17a*aJ4-51aV-34aV-85aaJ*. 

16. 27m»n + 18m*n-9mn2 — 36mn». ^ 

16. cfafy — a^ 4- aa?2^ — aa^. 

17. cfmM — c?rnM — a^TtM — a^trM. 

18. 14 a*6 4- 21 a»6» - 35 a%» - 42 a5*. 

19. 3aj*2f-6ajV4-9aW-12ic2;2*4-15a»». 

20. cNfi — 3 a^cm — aVm — am' 4- 2am* 4- am. 

TRINOMIAL RZPRBSSIONS 

(a) The Perfect Trinomial Squarb 

Tjrpe Form ••• x^ ±2xy 4-/*. 

The Origin: If a binomial (x±y) is multiplied by itself, or 
squared, we have : 

by Art. Ill : (x-^yy = x^ + 2xy + y^. 

or by Art. 112: (x- y)^ =x^ -2xy + y\ 
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In each product : 

The first term is a perfect square ; ^ 
The third term is a perfect square. J ^*^^ •'^ +• 
The second term is twice the product of 1 Its sign may be 
the square roots of the square terms. J either + or — . 

These are the conditions of a perfect trinomial square. In like manner : 

c2 _ 18c + 81, 4a2 - 12ab + 962, 16x*y* - iOx^z + 25«« 

are all perfect trinomial squares, for each trinomial has tibo positive 
square terms, with a second term that is tioice the product of the square 
roots of the square terms. 

Heuce, to factor a perfect trinomial square : 

130. If necessary, arrange the terms of the given expression in 
order. 

Take the square roots of the first and kbst terms, and connect 
them vjith the sign of the second term. 

The resulting binomial is one of the two required equal factors. 

Illustrations : 

* 1. a;2 + 16x + 64 = (a; + 8) (a; + 8) = (X + 8)2. 

2. 9m2-12r»n+4n2= (3m-2n)(3m-2n) =(3m-2ii)«. 

3. x« - 26aj« + 169 = (x« - 13) (x^ - 13) = (aj« - 13)«. 

Exercise 26 

Factor orally ; 

1. a^ + Gaj-f 9. 6. m2 4-14m-f49. 9. mV— 22mn-f 121. 

2. a^4-8aj4-16. 6. c^-lSc + Sl. 10. 644-16iB + a2 

3. a*-6aj4-9. 7. n^ 4- 20/14-100. 11. 81 4- m«- 18m. 

4. aj«-8aj4-16. 8. a2^-12a64-36. 12. 144 - 24 ajy 4- ajy. 
Write the factors of : 

13. 9c*-6cd4-(P. 16. 4(P4-12dn4-9n*. 

14. 4:Jc^ ^ 4:km -{' m\ 17. 16 c« 4- 24 ca; 4- 9 aj*. 
16. Say-^-f-^-UaK 18. 25 p^ - SO p -{- 9. 
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K 36c* + 25m* -60cm. 22. 64 oj* - 80 ajV + 25 2^. 

>. 72cd4-16c*4-81(P. 23. 49 a^ft* + 140 a6c + 100 c*. 

I. 36 aj* 4- 84 a* + 49. 24. 81aV-198a*icy+12l3^. 

6) Thb Trinomial whose Highest Power has the Coeffi- 
cient Unity , 

Type Form ••• jr* -j- (c 4- d)x + cd. 

The Ori^ : If two binomials, (x -f c) and (x + d), are multi- * 
plied, we have (Art. 116) : 

{x + c)(x + d)= x(x + d) +c(x + d) 

= x^ + dx-{- CX + cd 

= a;2+ (c + d)x + cd. 
In the resulting product : 

The first term as^ = the product of the given first terms. 

The second term (c+d)ac = the product of the given first term by the alge- 
braic sum of the given second terms. 

The third term cd = the product of the given second terms. ^ 

Hence, the coefficient of the second term of the product is the 
^m of the given seSond terms. 

Illustrations : 

1. aj*-h 8aj -f 15 = (a? -f ?) (a? 4- ?). 

We require the two factors of + 16 whose sum is + 8 : +3 and + 5. 
Therefore, x^ + Sx + 16 = (x+'S) (x + 6). Result. 

2. a* - 8 a? 4- 15 = (a? - ?) (a? - ?) . 

We require the two factors of 4 16 whose sum is — 8 : — 3 and — 6, 
Therefore, «2 _ g a + 16 = (« - 3) (x - 6). Result. 

3. a*-f2a-15 = (a-f?)(a;-?). 

In this expression the sign of 16 is — , hence the signs of its factors 
^ unlike. The sign of 2 is +, hence the greater factor of — 16 is +. 
We require the two factors of — 16 whose sum is + 2 : +6 and — 3. 

Therefore, a:^ 4 2 a - 16 = (x + 6) (a; - 3). Result. 
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4. a?-2 a- 15 = (a?-?) (a?-h?). 

In this expression the sign of 15 is — , hence the signs of its factors are 
onlike. The sign of 2 is — , hence the greater factor of — 16 is — . 

Therefore, a;^ - 2 a; - 16 = (« - 6) (« + 3). Besult. 

From the illustrations we make the following important 
conclusions : 

131. (1)' The first aid to factoring such eoBpreasiona is the sign 
of the third term, 

(2) If that sign is -\-, th£ signs of the second terms in the 
required factors are like; hut if that sign is —^the signs of the 
second terms of the factors are unlike, 

(3) The sign of the given second term is the same as that of the 
greater factor of the given third term. 

Exercise 27 

Give orally the factors of the three groups, a, 6, and c. 

(a) The third term -f-. The second term 4-. The sign of 
the last term of each factor -f . 

Illustration : x^ + 10 a + 24 = (x + 4) (x% 6). 

1. aj2^7a.^i2. 5. (P4-20d-h36. 

2. m*4-8m-|-15. 6. 2/*4-19y-f48. 

3. c*-fl2c + 20. 7. c* + 31c4-58. 

4. a2+12a + 32. ' 8. i>* + 37i> +70. 

(6) The third term -}-. The second term — . The sign of 
the last term of each factor — . 

Illustration : x^ _ iq ^j + 24 = (x - 4) (x - 6). 

9. a2-8a-fl2. 13. aj« - 18 a + 32. 

10. y?-^x + l^, 14. c*-16c + 39. 

11. c2-9c-fl4. 15. ii*-lln + 24. 

12. m2-10m + 21. 16. f-Uy-{-2^. 
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(c) The third term — . The second term either + or — . 
The signs of the last terms of the factors unlike, the greater 
last term having the same sign as the second term of the given 
trinomial. 

Illustrations: aJ^ + 2a; - 24 = (x + 6) (as - 4). 

aja - 2a; - 24 = (X - 6) (a + 4). 

17. aj«-|-a?-20. 21. c«-15c-34 

tB. m*-3m — 10. 22. a»-9a-70. 

19. c*-5c-14. 23. 2*4-132-48. 

20. aj«-f8a?-20. 24. aj«-6aj-72. 

(d) Write the factors of : 

25. m* — 15m — 64. 34. mV — 8mn — 84. 

26. c* — c-132. 35. iy-72-icy. 

27. 3^-11^-26. 36. 28-16a»4-»y. 

28. 110-53 c-c«. 37. aV-15 02-76. 

29. ajy-25aw4-46. 38. 96 + 28 aJ2/2 + icyj*. 

30. n»-9n-112. 39. c* + 33c*-70. 

31. 2aj-120 4-«*. 40. 63 aW 4-a*6* - 130. 

32. 6*4-13 6-140. 41. mV-.mw-210. 
88. (P-6d-135. 42. a*6 V - 7 a Vc - 144. 

43. aVaj* 4- 5 aca; - 36. 

44. 45 -h 4 mn* — m*n*. 

45. 334-8c*d-c*(P. 

46. 54-15a5»-a^. 

47. ac\f - aV(P 4- 12. 

48. 2 mna? - m*nW 4- 143. 

49. 380-c(Pn»-c*(i*»«. 
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(c) Thb Trinomial whose Highest Power has a Coefficient 

Greater than Unity 

Tjrpe Form ••• aox^ 4- (ad-\-bG)x + bd. 

The Origin: If two binomials^ (ax + b) and (cx + d), aie 
multiplied, we have (Art. 116) : 

(ox + b)(cx + d) =ax(cx + d) + b(cX'\' d) 

= aca^ H- odx + bcx + bd 
= acaj2 + (ad-{-bc)x + bd. 

Now the coeflScient of x in the result (od + ftc) is made 
up of the coefficients that, multiplied, would produce abed. 
Therefore, 

132. We require the two factors of abed thaJt, added, wiU 
produce ajd'\-bc. 

The application of the principle in practice will be readily 
understood from the following illustrations : 

1. Factor 6 a* + 25 a? + 14. 

6 X 14 = 84. 

Required the factors of 84 that, added, equal 26. 

By trial we find them to be 4 and 21. 

Therefore, Ox^ + 25aB + 14 = 6«2 + 4a; + 21 a; + 14 

= (6a:2 + 4a;) + (21« + 14) 
= 2a;(3a; + 2)+7(3x + 2) 
= (2a;+ 7)(3a; + 2). Result 

2. Factor 14 a« 4- 31 a - 10. 

14 X -10= -140. 

Required the factors of —140 that, added, equal 31. 

By trial they are found to be +35 and —4. 

Therefore, 14a« + 31a - 10 = Ua^ + 35a - 4a - 10 

= (14a2 + 35a)-(4a + 10) 
= 7a(2a + 5)-2(2a+6) 
= (7 a - 2) (2 a + 5). Result. 

Several excellent methods for factoring a trinomial of this type form 
might be given, but to understand and apply accurately one method is a 
better plan for the beginner. 
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Ezeroiae 28 
Write the factors of : 

1. 4m*4-8m-|-3. 14. 9m*-|-23m4-10. 

2. 2c* + 3c-fl. 15. 32*4-52-22. 

3. 6z^'-7z-{-2. 16. 6a*4-7a6-5^. 

4. 6 (P- lid 4-4. 17. 12m« - 23 mn 4- 10 n*. 

5. 9n*-9ii4-2. 18. 10c*-3cd-18(P. 

6. 63^-13^4-6. 19. 6aj«-31a»4-352;'. 

7. 6c*4-17c4-12. 20. 16c« + 18cd-9(P. 

8. 8a*-2a-3. 21. 10 a* 4- a® - 24 aj«. 

9. 9m*4-21m4-10. 22. 9v*-162;a?-50a?. 

10. 62;'-72-6. 23. 7c*-50<» + 72;'. 

11. 10a?-17a?4-3. 24. 20 a« - 27 am - 14 m*. 

12. 10aj«4-«-3. 26. 10 2* - 2m - 21 m*. 

13. 62* — 2-12. 26. 8ii*-10na?-26a?. 

27. 20a«-37 02-182*. 

BnroMiAL BZPSB8810N8 

(a) The Difference of Two Squares 

Type Form ••• jr* —/*. 

The Origin: If two binomials, (x-\-y) and (x--y), are mul- 
tiplied, we have (Art. 113); 

Therefore, to factor the difference of two squares : 

133. Extract the square roots of the given square terms. 
One factor is the sum of these square roots ; the other factor, 
their difference. 
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Illustrations : 

1. 4a«-26x« = (2a + 6a;)(2a-5aB> 

2. 26a*-9x^=(5a2 + 3a^)(6a2-3aj«). 

3. 16a* -81 =(4a« + 9)(4a2-9) 

= (4aa + 9) (2a + 3) (2a - 3). 

Note that the second factor of (3) can be refactored into^ 
two other factors. 

Ezeroise 29 

Factor orally : 

1. af-f. 6. (P-16. 11. 9a2--26. 16. 4a?-253^. 

2. aj2-2«. 7. aj2-25. 12. IGm^-O. 17. 16m«-49n*. 

3. c«-l. 8. m*-49. 13. 4n«-26. 18. 36 a2-25«*. 

4. aj*-4. 9. n«-81. 14. 9a*-64. 19. 49n«-1003^. 

6. a«-9. 10. 4c«-9. 16. aj2-93^. 20. 121aV-144<?— 

Write the factors of: 

21. a* — aJ*. 25. ac* — a^ 29. m* — 9«*. 

22. c*-16d*. 26. c^<^-16. 30. c"-64m*. 

23. 64 a?*- 2^. 27. c«-266. 31. 36aV-25y^. 

24. 81m*-16n*. 28. ic^«-l. 32. 49m^®-4n^. 

(&) The Difference of Two Cubes » 
Type Form ••• jr*— /*. 

The Origin : Since the product of a divisor by a quotient 
equals the corresponding dividend, we have, from Art. 119, an 
expression («* — 3^ equal to the product of the expressions 

(x - y) and {x^ + xy + j^). 

Therefore, for the factors of the difference of two cubes : 

134. One factor is the difference of the cube roots of the 
quantities. The other factor is the sum of the squares of the cube 
roots of th6\guantities plus their product. 



i 
I 
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Illustrations : 

1. c8-8 = (c-2)(<52 + 2c + 4). 

2. 27m8-64 = (3m-4)(9ma + 12wi + 16). 

3. 64x«-126y808--(4a;2_ 6y5f)(i6x4 4.20a{ay« + 26y«««). 

Ezeroifle 30 

Factor orally : 

1. <?^^. 6. rnJ^-S. 9. 27-a5^. 

2. a^^m\ 6. a^-21. 10. 64-a». 

3. w»-a5^. 7. 2/3-64. 11. (^^8-64. 

4. c»-l. 8. c8-126. 1J8. a»m8-126. 

Write the factors of : 

13. 8c?-27. 17. 8m8-343. 21. 125m*-l. 

14. 27-126m«. 18. 8c«-27. 22. 27mV-64aj». 
16. 125a^-642/». 19. 512m8-a^. 23. 125aj«-729«^. 

16. 216aj»-ay. 20. 125 ojy - 64 2J«. 24. 729 m^- 1000 ny. 

(c) The Sum of Two Cubes 

Tjrpe Form ••• jr^+Z*. 

The Origin: As in the preceding • case, we refer to the 
principle of division by which (aj*-|-^ is shown to contain 
(05 4- y), the quotient being (a^ — xy -{- if) (Art. 120). 

Therefore, for the factors of the sum of two cubes : 

135. One factor is the sum of the cube roots of the quantities. 
The other factor is the sum of the squares of the cube roots of the 
quantities minus their product. 

Illustrations : 

1. c« + 27=(c+3)(ca-3c+9). 

2. 8+126c8 = (2 + 6c)(4-10c + 25<J«). 

3. 2l7fi + 64 n* = (3 a;2 + 4 n^) (9 a^ - 12 xH^ + 16 n«). 



110 FACTORING 

Ezerdfle 31 

Factor orally : 

1. o^+c*. 4. n»-|-l. 7. m» + 126. 10. 64 + ajy. 

2. m' + o*. 6. «»4-8. 8. 2/^4-216. 11. mV-f-343. 

3. (f +y*. 6. 2» + 27. 9. 27 + c^V. 12. yV + 512. 

Write the factors of: 

13. Sa\-{-27b\ 17. 125aj« + l. 21. 612 + 125ic«. 

14. 64 «» + 125. 18. 64 aJ« + 27 f. 22. 729 + 64 aj»y». 

15. 27m84-64n». 19. ajV-f-125«». 23. 1000 a:»-f 272^. 

16. 125n» + 216aj». 20. ay + 2162». 24. 1728 a?" + 1331 y". 

BXPRB88I0N8 OF FOUR OR HORB TERMS FACTORBD BT GROUPDIG 

(a) The Grouping op Terms to show a Common Polynomial 

Factor 

Tjrpe Form ••• ax -{-a/ + 6x^6/. 

The Orig^: If any binomial, (a-j-y), is multiplied by a 
binomial having dissimilar terms, (a -{- b), we have (Art. 65) : 

= ax -{■ ay + bx + by. 

In the resulting product note that a is common to the first two terms, 
and that b is common to the last two terms. Note, also, that dividing 
the first two terms by a, and the last two terms by 6, gives the same 
quotient, (x + y). 

Therefore : (x+y) isK common polynomial factor. 

And from a(x+ y) + h(x + y) we obtain by adding the coefficients 
of the common factor : (a + 6) (a: + y)» the factors. 

Illustrations : 

1. ac ■{- be -j- ad + bd = {ac + 6c) + (ad + bd) 

= c (a + 6) + d (a + 6) 
= (c + (f)(a + 6). 
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2. 2c2-6c + C(J-3d=(2c2-6c) + (c<2-8d) 

= 2c(c-.3) +<i(c-8) 
= (2c + d)(c-8). 

3. 0^6 - 14 - 7 a^ + 2 a6 = a86 + 2 a6 - 7 a2 - 14 

= (a«6 + 2 a6) - (7 a^ + 14) 
= a6(a2+2)-7(a2 + 2) 
= (a6-7)(a2 + 2). 

X36. Note that the proper arrangement of an expression is 
^^^st necessary. We are assisted in grouping the terms by 
doting that terms bearing to each other the same relation are 
T'y>uped together. 

^ith expressions of more than four terms the principle is 
^^JXchanged, 

Ezercifle 32 

Write the factors of : . 

1. am -I- an 4-maj + no?. 10. abxy-'COPy—cz-{-abz. 

2. am -h an — cm — en, 11. a^ -{- hx -{- ax -{■ ab. 

3. oc — ad— 6c + 6d. 12. y^--my'\-2y — 2m. 
^. aa-{-ay-{-x-^y. 13. oj* + aa?* + a + a, 

6. ax — aa'-X'\-z. 14. z'^ 2« — 32* — 6. 

6. aaj-f 3a4-2aj-f 6. 16. a* + 5 a^ -f- 10 -f 2 a*. 

7. icy — 4aj4-5y-20. 16. ir* + 14 - 2 a? ■- 7 oj*. 

8. a>bx ■—2ab'\'CX — 2c, 17. — adx + 3 d — 3 caj -|- oca^, 

9. 2mwa; — 5aj— 6mii+15. 18. 3d-10d2 — 15 + 2(P. 

(6) The Grouping of Terms to form the Difference of 

Two Squares 

Type Form ••• jr* + 2 jry -f/* -- z*. 

The Origin : By multiplication, 

(a + y + «)(« + y - «r) = [(a; + y) + «r][(a; + y) - »] 

= (« + y)^-«^ 

= «a + 2 ay + y2 _ ;j2. 
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The product is the difference of a trinomial square and a 
monomial square. Therefore, an expression of this type is 
factored by grouping three of the terms that will together 
form a perfect trinomial square -, the fourth term being a per- 
fect monomial square. The result is a difference of two 
squares. 

Illustrations : 
1. a« + 2a6 + 62_ca=(a« + 2a6 + 6«)-(i« 

= (a + 6 + c)(a + 6 — c). 
= a;^ - (y + z)^ 

= (aj + y4-«)(aj-y-«). 

3. a^ - 6 ox + 9x« - 4 m^ - 12 m - 9 

= (a« - 6 ox 4- 9«2) - (4 m* + 12 wi + 9) 

= (a-8x)2-(2m + 8)2 

= [(a - 8x) + (2m + 3)ir(a -8x) - (2 m + 8)] 

= (a-3x + 2m-f-3)(a-3x-2m-3). 

The process consists mainly in finding three terms tJiat, when 
grouped^ form a perfect trinomial square. The key to the group- 
ing is the given term that is not a perfect m,onomial square. Or, 
considering the given square terms, we may state : 

137. (1) When only one given square term is plus, it is written 
firsty and the other three terms are inclosed in a negative paren- 
thesis. 

(2) When only one given square term is minus, it is written 
last, and the other three terms are written first in a positive 
parenthesis. 

Ezercifle 33 

Write the factors of : 

1. a2-f2aaj4-a^-m*. 3. c*-f cP-y*-2c(i 

2. 2/*-2y«-f«»-4. 4. l-c«-2cd-cP. 
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. a? — m*-l + 2m. 10. c*-10ca? + 25aj*-49m*. 

. 4c* — (P-f l-4c. 11. a2-4icy-9ajV + 4^. 

'. 9«wi«-2my-y*. 12. f-\'iez'-16 + Syz. 

I. 4c«-f c*~4c8-4. 13. ajy-a%* + 16a6-64. 

5. 12aj4-4aj«-9y*-f 9. 14. 49c«(f 4-10c*(P-(j*d*-26. 

16. 81-100aj82^ + 60a?V«-9«2. 

16. 4aj'—4a?4-l — 9m*4-6mii — n*. 

17. c*— a* + a' — 3^ — 2ca; — 2ay. 

18. c* — cP — a?-f m* — 2cm4-2cZaj. 

19. 36c*H-l-49a^-93^-12c«-42arV. 

RBPEATBD FACTORmO 

138. Any process in factoring may result in factors that 
Jiay still be resolved into other factors. The review examples 
ollowing frequently combine two or more types already con- 
idered. The following hints on factoring in general will 
ssist 

1. Remove monomial factors common to all terms. 

2. What is the number of terms in the expression to he fao- 
oredf 

(a) If two terms, which of the three types f 
(6) If three terms, which of the three types f 
(c) If four terms, how shall they be grouped f 

3. Continue the processes until the resulting factors are prime. 

Illustrations : 

1. 8a7-3aa^ = 8a(a«-x«) 

= 3a(a» + x«)(a«-aj«) 

= 3 a (a + «) (a« - ax + x^) (a - a;) (a« + ax + x^) . 

2. 12aj6-76jB84.108a;=3x(4x*-26x2 + 36) 

= 3x(4xa-9)(xa-4) 

= 3x(2x4-3)(2x-3)(x + 2)(x-2). 

80M. EL. ALG. — 8 
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3. 8a««-2a«4-8a«a;--2a*ar==8a83c + 8ofix-- 2a*«-2aa5 

= 2 ox (4 a^4- 4 a* - a» - 1) 
= 2ax[(4aT + 4a*)-(a» + l)] 
= 2<M;[4a*(a8 + l)-(d«+l)] 
= 2<M;(4a*-l)(a»+l) 
= 2aa:(2aHl)(2aa-l)(a+l)((i^-a+l) 



MISCBLLAllBOnS FACTORmO 

Exercise 34 



Write the factors of : 

1. 5a^ + 25x + 20. 

2. 5 0?* — 46 05*. 

3. 8 a*- 24 a + 18. 

4. a* — 8 a. 

6. 2 am -{- 2 mx — 4: a "4: X, 

6. 2-2c*-4cd-2(P. 

7. 3 m* 4-81 m. 

8. 3a«-9a-84. 

9. 2c«-128c«. 

10. 16 mV + 8 mna + aj*. 

11. W-eOxy + eOa^f. 

12. 7aV — 176aa?. 

13. c* + c«-3c8-3c. 

14. 14iB»-82aj*-12aj. 

15. 49 m*- 84m* 4-36 m. 

16. 4aj«~36aj* 4-560?. 

17. 1qI-1x, 

18. 4 a^ 4- 16 a* 4- 16 a. 

19. 8a«-18c«4-24a5 4-186». 

20. 24 x8~ 66 aj*- 24 .T. 



21. 76a»-90a*4-27a. 

22. 6a*aj4-9a6aj-8aV-12aS 

23. 6m»4-136. 

24. 16 (^.4- 33 c« 4- 6 c. 

25. 242a5»-98iB. 

26. 12m*4-10m*-8m*. 

27. 160 a?* 4- 20 a*. 

28. 3a^-16aj«H-12a?. 

29. 98aj8 4-18ajy«-84aj*y. 

30. m*-2m»4-8m — 16. 

31. 16 a» - 26 a*aj - 10 oiB*. 

32. 81 aY - 3 a?y. 

33. 4cd4-2c*(P4-2— 2aj*. 

34. 260 c* -16 c. 

36. 8mW4-4mV — 112mw. 

36. 6c*-10c»-316c. 

37. 21 a;« 4- 77 aj* - 140 a?. 

38. 612-32mV. 

39. 27aj«4-216ar»-8. 

40. 3ai»-61a^4-48a?. 
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41. 686 aJ* - 2 xf. 46. 242 a* - 748 a« + 678. 

42. 8m«-f 8m«-18m»~18. 46. 2a^4-643^-8ajy-16aj«. 

43. 8a»4-2a*-8a*-2a. 47. 64a« + 729a*. 

44. 32a*-2ajV- 48. 8 aj» - 10 aj» - 432 a?. 

SUPPLBMBNTART FACTORmO 

Compound Expressions in Binomial and in Trinomial Forms 

Comparative illustrations with corresponding processes : 

.. «2 + 12«4-86=(« + 6)(a;4-7). 
Similarly, 
(a-6)24-12(a-6)-}-36 = (a-6 + 6)(a-6 + 7). 

L 8«« + 10a:y + 3y2 = (3«4-y)(a; + 3y). 
Similarly, 
3 (a- 6)3 + 10 (a - 6)(c - d) + 3 (c-d)^ 

= [3 (a - 6) + (c - (f)][(a -6) +3(c-<f)] 
= (3 a - 8 6 + c - d) (a - 6 + 3 c - 3 d) . 

t. a«-9a;2 = (a + 3x)(a-3x). 
Similarly, 
(a; + 2)a-.9(x-l)« = [(aj4-2)+3(x-l)][(« + 2)-8(aj-l)] 

= (x + 2 + 3a;-3)(a; + 2-3x + 3) 

= (4aB-l)(-2a; + 6) 

= _(4aB-l)(2»-6). 

4. a» + 8 = (a + 2)(a«-2a + 4). 
Similarly, 

(a-6)8 + 8=[(a-6) + 2][(a-6)a-2(a-6) + 4] 

= (a-6 4-2)(aa-2a6 + 62-2a + 26 4-4). 

139. Tjf similar monomial terms occur in the different compound 
"WW of an expression, the fo/Ctors can usvxiUy he simplified by 
Uecting like terms. 
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Exercifle 35 

Find and simplify the factors of : 

1. 16(a + l)*-9a*. 6. (a^-l)«-9(a+2)2. 

2. 49 (c - 1)2-4. 7. 27 (a- iy-\-a^. 

3. (a + «)« 4- 10 (a + a) + 24. 8. 2 (a + 1)* + ll(aJ+l) + 12. 

4. (m-f 2)2-15(m+2)+56. 9. (2 m - 1)* - 16 (2 m + ly. 
6. (y-3)2-7(y-3)-30. 10. 8(a-2)»-27(a + l)^ 

11. 6a'-12aaj-f-6aj2-5a + 5aj-|-l. 

12. 3(aj+l)« + 7(aj«-l)-6(aj-l)«. 

(6) The Difference of Two Squares obtained by Addition 
AND Subtraction of a Monomial Perfect Square 

140. No general statement of this process can be given in a 
simple form. 

Illustration: 

Factor 9 a?* 4- 6 a* + 49. 

The first and third terms are positive perfect squares. 
Hence, if the middle term were twice the product of their square 
roots, the expression would be a perfect trinomial square. 

For a perfect trinomial square the middle term should 
be 2(3aj2)(7) = 42a2. Adding + 36 a* to the expression, we 
obtain the perfect trinomial square required, and subtracting 
the same square, + 36 a?, the expression is unchanged in value 
hut is 7U)w the difference of two perfect squares. Therefore : 

9«* + 6aja + 49=r 9«4+ 6a58+49 

+36aeg ~86ae« 

= 9a^ + 42«2 + 49-86a^ 

= (3x2 + 7)3^36 a;a 

= (3a;2 + 7 + 6a;)(3a;«4-7--6aB). 

It is important to note that a positive perfect square only can 
be added. 
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Bzercise 36 

Write the factors of : 

1. iB* + aj*H-l. 7. 25 aj*-51 0^ + 26. 

2. a*-f3a*4-4. 8. 81 m* -f 45 m^ + 49. 

3. n*-7n*-fl. 9. 36 c* - 61 c^m^ -f 25 m*. 

4. c*-28c'-f 16. 10. 64a* + 79aW + 100aJ*. 

5. 9c*-f5c*a^ + 25iB*. 11. 64 m* + 76 m V + 49 n\ 

6. 9d*-55d«aj*-f 25a?*. 12. 81a?*-169iA«-f 64 2*. 

(c) The Sum and the Difference of Equal Odd Powers 
By actual division : 






^^a^ — oN^-k- aH^ — ox* + «*. 
= a* + o^sc + o2a;a + ax» + «*. 



Hence, for the factors : 

o* + x* = (o + aj) (a* - a^x + a^ajs - aa^ + aj*) . 
0* - «» = (o - x) (a* + a«x + a^x^ + ax^ + x*). 

By Art. 121, the factors of any similar cases may be found. 

In general, therefore : 

141. (1) One of the fojctors of the sum of equal odd powers is 
the 9um of the quarUities, The other factor is the quotient obtained 
by using the binomial as a divisor, 

(2) One of the factors of the difference of equal odd powers is 
the difference of the quantities. The other factor is the quotient 
obtained by using the binomial as a divisor. 

Bzercise 37 
Write the factors of : 

1. m* — 1. 6. m* + «*. 9. 32c«-f243. 

2. (f+af. 6. 32 -n«. 10. a^W-32. 

3. ml — v!. 7. 128 -fc'. 11. m^-fn". 

4. a' + «^. 8. ar'y'- 343. 12. a'V<^-aj«y». 
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Ezardae 38 



1. 3aj»-54aj» + 243a;. 

2. (c»-f8) + 2c(c4-2). 

3. 4a« + 9aj*-(12aaj + 16). 

4. 5(c»H-l)-15c-15. 

5. (m«-12)«-ml 

6. (a-f2)«-7(a + 2)-f 12. 

7. 4 -f 2 a; — (am + a;) am. 

8. 3(a;-fl)'-19(a + l)4-6. 

9. (m«-12)«-(m*-6)*. 

10. 2aj« + 38a^-432. 

11. (a^ 4- 4)« - 125 a« 

12. (m+ic)*— 7— 3(m-fic-fl). 



14. 72m* + 94m* + 128. 

16. 2a«(a+2)-5a*-8a+4. 

16. (c« + «*)*- 4 c*aj*. 

17. (4aj»4-32)-5aj*-17a?-14. 

18. 98 aj« - 16 irV + 8 052*. 

19. m« — 3m*-f 3m' — 1. 

20. (aj« + aj-l)«-(aj*-ic-l)* 

21. 2(a^-l)+7(a^-l). 

22. m* — 9iB* + m* + 3aj«. . 

23. 12m»-m(n-l) — (n-l)"^^' 

24. 2(P«-1024d 

25. ca+wiy— maj— C2— cy+m;^^ 

26. 4mV-(m' + w*-l)«. 



13. (c24-4)«-16c*-64c'. 

27. (c-f d)(m'-l)-(m + l)(c'-(P). 

28. 1262_i8ma?-f 12a6-3aj«4-3a«-277^*. 

29. 7m2-7aj'4-7n«-14(aa;-mn)-72«. 

30. (m — l)(a^ — aa;)-|-(l — m)(aa — aj*). 

31. (a?-3)8-2(a?-3)2-15(a;-3). 

32. (a2 + 4a + 3)2-23(a« + 4a + 3)-fl20. 

33. (a?-2)(a?-3)(a;-4)-(a?-.2)+(a-2)(aj-3). 

34. a^b + b^c-{'ac' -a^c-ab* -bc)^. 

35. (3aj-f2)(9aj« + 2aj-f 12)-(27a^-f 8). 

36. 8(a-ajy-f5a'-5a:»-3(a + «)'. 

37. (c-l)(c2-9)-(c-f5)(c-3)-3c' + 9c. 

38. (aj + 2y)«-3(aj4-2y4-l)-16. 

39. m*(aj — 1)— 2maj— m + aj*(m — 1) — aj. 

40. aj«(aj-5y-i-2aj(aj«-aj-20) + (a4-4)«. 



CHAPTER X 
HIGHEST COMMON FACTOR 

142. A common factor of two or more algebraic expressions 
an expression that divides each of them without a re- 

sdnder. 

Thus : dfib^, ««&*, and a^h^ may each be divided by ah. 
Therefore, ah is a common factor of a'ft^, a^ft*, and a^h^. 

In this definition the algebraic expressions are understood 
include only rational and integral expi^ssions. 

143. Expressions having no common factor except 1 are said 
^ be prime to each other, 

Hius : 8 ahx and 7 cmn are prime to each other. 

144. The highest common factor of two or more algebraic ex- 
pressions is the expression of highest degree that divides each 
®^ them without a remainder. 

Thug, 



Oiven: < 



,, ^ a^f is the expression of highest degree that will 
... divide each of the three without a remainder. 



That is, c^l^'Sa the highest common factor of a'&', a^h^, and a%^. 

m 

f 

145. Hie highest common factor of two or more expressions is 
fte product of the lowest powers of the factoids common to the 
9^ven expressions. 

The abbreviation " H. C. F." is commonly used in practice, 
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THE H. C. F. OF MONOMIALS 

146. The H. C. F. of monomials is readily found by inspection. 

Oral DriU 

Give orally the H. C. F. of : 

1. a^b* and a%*. 8. 15 mn^ and 20 m^. 

2. m*na^ and mn^x, 9. 12 mW and 15 mW. 

3. 2 mV and 4 mV. 10. 8 c^cPm and 12 c?d*n, 

4. 3c»d«and6cW. 11. 35 o^jr'a; and 42 my . 

5. 3 a*my^ and 9 amV. 12. 51 a^s^ and 17 ayzK 

6. 10 a%V and 15 m^n. 13. 12 a^ya;, 16 a^y^z', and 20 a?y%. 

7. 16 a^ and 24 y^z. 14. 18 cdm, 24 cmn, 30 cdn, and 36 dmn. 

15. 5 c*dy, 10 cch/, 15 cdy*, and 20 c^cPy, 

16. 33 mna;^ 44 mny, 55 ma^, and 66 mmcy, 

THE H.C.F. OF POLYNOMIALS BT FACTORING 

147. The H. C. F. of factorable polynomials is readily found 
by inspection of the factors. 

Illustrations : 

1. Find the H. C. F. of 

a«-3a*-10a, a^-Saj' + lSa, anda«-25a. 

Factoring, aS _ 3^2 _ lOo = a(a - 6)(a + 2) 

a8 - 8 a2 + 16 o = a(a - 3) (a - 6) 
a* - 26o = a(a + 6)(a - 5) 



Therefore, H. C. F. =a(a — 5) Result. 

2. Find the H.C.F. of m«-27,9-m^ andm»-6m* + 9m. 

Factoring, m» - 27 = (m - 3)(m« + 8 m + 9) 

9 - w2 = -(m + 8)(m - 3) 
m» - 6 m3 + 9 wi = m(m - 3)3 



Therefore, H. C. F. = (m - 3) Result. 

The student will recall that 

(9 - m2) = (3 + m)(S - m) = {m + 3)(-w + 3)= -(m + 3)(m - 3). 
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EbcerolBe 39 

By factoring obtain the H. C. F. of : 

1. am + rrtf ax-\-x. 8. a* — 1,(1 — a)'. 

2. am-^-mymx-^-m. 9. a* -h 1, (1 4- a)'. 

3. cx — dXjCy — dy, 10. c* — !, 20*4-204- 2. 

4. mx-^-mfmx — m. 11. c^ — ccP, d^ — 2 c^d + ccP, 

5. c*4-c, c* — c. 12. 4aiB* — 4a, oa^— 6aa?4-9a. 

6. m'4-m, m*-l. 13. c8-4c2-^12c, 2c»4-4c*. 

7. aj*-9, aj*4-3aj. 14. 27m-m*, m«4-3m*4-9m. 

16. 0*4-3 04-2, c2-l,c2 4-c. 

16. 9 — ajy, 2 aj*y* — 6 jey, aV — a^y — 6. 

17. 7c*-14ccZ4-7d[*, 14c*-14d«. 

18. d«-l, c*-c, c*-l, l~c«. 

19. a*-iB*, a*4-5aW4-4aj*, a*4-aV. 

20. m* 4- 7?w? — m — a?, m* — m, m* — m'. 

21. c*-3o4-2, c*-c-2, 6-c-c*. 

22. 2 m« 4- 4 m* - 30 m, 4 m^- 20 m*4-24 m, 6 m»- 12 m*-18 m. 

23. 8a» 4-6468, 12a«4-48a«64-48ay»,96a«y»-24a*. 

24. m* — n*, m* 4- «*, m* 4- n", m* 4- 2 m*n 4- mn*. 

25. c*-(m4-l)*, (m4-c)«-l, m*-(c4-iy. 

26. 4a^-14aj4-12, 8aj*-32aj4-30, 18 ic* - 69 a? 4- 63. 

27. a^ + ax — 2a — 2x, am 4- a 4- mx 4- a?, a* — aa?. 

28. 6a*aj4-6a* — 6aj*-.6aj, 4a*m-4a*-4maj4-4aj, 2a*aj— 2aj* 

-2a*4-2aj. 

29. 3a*4-6ay4-3aaj4-6ajy, 6 a* 4- 6 ay 4- 6 aa? 4- G a^, 9 a*— 9 ay 

4- 9 aa: — 9 ajy. 

30. am -^ an •{- a -{- mx -{- nx + X, m* — n*4-wi — w^ m^ + m + n 

4- 2 mn 4- w*. 



CHAPTER XI 
FRACTIONS. TRANSFORMATIONS 

148. An algebraic fraction is an indicated quotient of two 
algebraic expressions. 

Thus : ^, ^^J=^, g' + q& + ^>^ are algebraic fractions. 
b X a—26 

149. The numerator of a fraction is the dividend; the denomi- 
nator, the divisor. 

The numerator and the denominator are the terms of a. 
fraction : 

The following principle is of importance in processes with 
fractions : 

Since, by definition, a fraction is an indicated quotient, we 
may let the quotient of a divided by b be represented by x. 

Then 

The dividend being equal to the product of the divisor by the quotient, 

a = &x. 

Multiplying by m, am = hmx, (Ax. 8) 

Considering am a dividend, hm Si divisor, and x a corresponding 
quotient, 

— = x. 
bm 

Hence, ^ = |. > (Ax. 4) 

150. That is : The value of a fraction is uncTianged when both 
numerator and denominator are midtiplied or divided by the same 

quantity, 

122 



THE SIGNS OF A FRACTION 123 

THB SIGNS OF A FRACTIOlf 

151. Three signs axe considered in determining the quality 
of a fraction. From the law of signs, 

a __ — a _ __ — a __ __ a 
b^ -h" b " -b' 

Since each fraction has the same value, -, 

b 

From the second fraction : 

If the signs of both numerator and denominator of a fraction 
are changed, the value of the fraction is not changed. 

From the third and fourth fractions : 

If the sign of either numerator or denominator and the sign of 
the fraction are changed, the value of the fraction is not changed. 

152. Consider the signs of the factors of the terms of a fraction : 

, (-fg) ^. (-a) ^1 (-g) ^. (+a) .^x 

(+&)( + c) ^(+6)(-.c) ^(-6)(+c) (-6)(-c)- ^^ 

Note that in each fraction two signs are changed and that the sign of the 
fraction is not changed. 

(+6)(+c) C+6)(-hc) (-6)(+c) (-6)(-c)' ^^ 

Note th^t in these fractions one sign is changed or three signs are 
changed, and that the sign of the fraction is changed. 

(1) We may change the signs of an even number of factors in 
either numerator or denominator of a fraction without changing 
the sign before the fraction. 

(2) W© niay change the signs of an odd number of factors in 
either numerator or denominator of a fraction if we change the 
sign before the fraction. 

The following is a common application of these principles : 

a — b 6 — a b — a 



(m — to) (x — y) (m — to) (x — y) (to — m) (x — y) 



, etc. 
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TRANSFORMATIONS OP FRACTIONS 

To reduce a Fraction to its Lowest Terms. 

153. A fractimi is in its lowest terms when the numerator 
and denominator have no common factor. 

Illustrations : 

J 46 a«6*c _ 3 X 3 y 6 a^b^c _ 3 ab^ Result. 
eOa^b^c 4x3x6a262c 4 

2^ q* — gx» __ a(a — x) (a'^ + ax + x^) __ a^ + ax-h x^ Result 
a^ — ax^ a(a — x)(a -I- x) a + x 

3. a5 + ft^ — gw> — m^ __ (g + w)(6 -- m) _ — (g 4- wt) (m — b) 

= _«±J^. Result. 
w» + 6 

For (& - w)=(- m + 6)= -(m - 6) (Art. 162). 

In general^ therefore, to reduce a fraction to an equivalents 
fraction in its lowest terms : 

154. Factor both numerator and denominxxtor. 
(jancel the factors common to both. 

To cancel is to divide both numerator and denominator by a factor 
common to both. The expression ** cancel ^^ cannot be applied to any 
other operation in algebra. The terms of an expression in a numerator 
cannot be canceZ^d with like terms in a denominator, for such an operation 
is not division. 

Oral DxiU 

Beduce orally to lowest terms : 

^ 8m' 4 35 a^ ^ 42 a^ ^^ 48c»(^V 

12m* ' 2Sxy^' ' 2Sxyz' ' 12i?d^x 

\ha(? 39 mV 19 aV^ 114 a«afe 

• 20ac* * 65m«n' ' 76aV«' ' 95a8aj«»* 

^ 14 m«n ^ 24c»(? ^ 69 m'wy ,^ 81 a«mn«a 

9. * D. » v. • 135, — • 

21m/i 36c*d 46m^V 135 m*naj 
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Bzercise 40 

Reduce to lowest terms : 



1. 



2. 



3. 



4a2-f20a * (m-xy-1 

6m»-6w»' * (0 + 1)^-0*' 

a^ + a + l * ' (3-a/-4* 



. Sc* — 8 ^g a?'4-(q + c)a?-f ac 

' 4 c? — 4 ' aj*-f(m4-c)a?-fcm 

2a»-18a - g2^4a? + 4-c' 

• 2(a-.3)2 * ' ar»_4 + 4c-c»' 

^ «» — 8iB* + 7aj ,^ 4aj*+4aar4-12a + 12aj 

7? — x 6a^ + 6aa; — 9a; — 9a 

2c»-16c^ + 30c a»a;-3a^-aa? + 3 

• 2c»-llc2 4-5c* ' 9a2-aW-94-a** 

4a«4-4a«-24a ,^ 16m*-2m 

o. : — T — • 17. 



4a»-p6a 32m« + 8m»4-2m 



To transform a Fraction to an Integral or a Mixed Expression. 

155. A mixed expression is an expression having both frac- 
tional and integral terms. 

Thus, o + i, as — 1 H , are mixed expressions. 

a 05 + 1 

The principle by which a fraction whose numerator is of 
higher degree than its denominator is transformed to an integral 
OP mixed expression depends upon Art. 75, by which 

ab±r^qb r^ r^ 
b b b ^b 
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Illustration : 

Change — i — ^ — to an integral or a mixed expression. 

afi + x^-. 2( a;« + 1 

+ a;3 - X - 2 
+ g^ +1 

Hence, 

X3+1 

By changing the sign of the numerator the form of the result becomes 
x + i+r:iL=J = aj+l+^^+^ = x + l-^±4- Result. 

X2 H- 1 X2 + 1 X2 + 1 

Therefore, to change a fraction to an integral or a mixed 
expression : 

156. Divide the numerator of the fraction by the denominator. 
Write the remainder over the denominator, and annex the result- 
ing fraction to the integral quotient obtained. If the sign of the 
first term of the remainder is negative, change the signs of the 
entire remainder, and the sign of the fraction annexed will be 
negative. 

BzerciBe 41 

Change to integral or to mixed expressions : 
, c*-hl - c8-c-3 

„ m^ + m-fl a 2w8-3ii2 4-2 

Z. • 6. — - • 

m — 1 n^-~ n-^-o 

^ a^-3a-2 ^ a^ + a'-f-a-7 
^- a-^6 ' ^' a^ + 2 

^ a*4-4a-hl ^ 3 m* — m^-m+l 

a^ + a-l m^-l 



CHAPTER XII 

FRACTIONS (Continued) — LOWEST COMMON MULTIPLE. 
LOWEST COBfMON DENOBUNATOR. ADDITION 

THB LOWBST COMMON MULTIPLB 

157. A common multiple of two or more algebraic expres- 
sions is an expression that may be divided by each of them 
without a remainder. 

Thus, 0856 Yfiji contain a^ft*, a«6*, and a^fe*. 

Therefore, cfib^ is a common multiple of a'&^, a^b*, and a^&^. 

In this definition the algebraic expressions are understood 
to include only rational and integral expressions. 

168. The lowest common multiple of two or more algebraic 
expressions is the expression of lowest degree and least numeri- 
cal coefficient that will contain each of them without a re- 
mainder. Thus : 

(3 a^h* 30 cfib^ is the expression of lowest degree and least 
2 a'M numerical coe£Bcient that will contain each of them 
5 a*6* without a remainder. 

That is, 30a'&^ is the lowest common multiple of Za^b^y2a^h*, and 

159. The lowest common multiple of two or more expressions is 
^ prodttct of the highest powers of all the factors that occur in 
the given eocpressions. 

The abbreviation "L. C. M.'' is commonly used in practice. 

127 
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THB L.O.M. OF MONOIOALS 

160. The L. C. M. of monomials is readily found by in- 
spection. 

Oral DriU 

Give orally the L. CM. of: 

1. (?m and cm?. 7. 16 a*c and 24 a^c. 

2. my and my. 8. 9 aj2^ and 18 a?y»*. 

3. 2 mhi and 3 mhi. 9. 10 c^dx and 8 ccPy. 

4. 3 ay and 6 oa?. 10. 16 mn*y and 12 m*ny. 

5. 8 my and 12 ny. 11. 15 c^z and 20 c%*. 

6. 10 mVaj and 6 mn V. 12. 25 aWc' and 20 a^V. 

THB L.C.M. OP POLTNOIOALS BT PACTOSIBG 

161. The L. C. M. of factorable polynomials is readily 
found by inspection of the factors. 

Illustrations : 

1. Find the L. C. M. of a* - a6 and oft - y. 

Factoring, a^ — o& = a (a — 6) 

Therefore, L. C. M. = ab{a— h) Kesnlt 

2. FindtheL.C.M.ofar*4-«-2,a:«-a~6, and a?— 4 a? + 3. 

Factoring, a? + a;-2=(« + 2)(a; - 1), 

a;a-a;-6= (a;-8)(x+2), 
g« - 4 a + 3 = (a; -- 3) (g - 1), 



Therefore, L. C. M. = (x + 2) (a; - 1) (a; - 3). Kesult 

3. Find the L. C. M. of 2a« + 8a» + 8a, 4 a; — a^, and 
5a*-20a-f 20. 

Factoring, 2 a» + 8 a« + 8 o = 2 a (a + 2) (a + 2) 

4 a; - a^x = - a; (o + 2)(o - 2) 
6 Qg - 20 g + 20 = 5 (g - 2) (o - 2) 
Therefore, L. C. M. = 10 ax (o + 2)2(o - 2)«. Result. 
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BzerciBe 42 

By f ax^toring obtain the L. C. M, of : 

1. a^-^x,xy-\-y. 5. 2 a (a + 1), 3 a' + 3 cr. 

2. am ^a, m^ — m. 6. mV — 9, mW — 6 mn -f- 9. 

3. (^ + c,(:)^-c. 7. c^cP-lyC^cP^l. 

4. 3^-1,(2^-1)2. 8. a3-.4a* + 4a, a*-8a. 

9. c»-6c* + 9c, c^-81c. 

10. m*-f 3m* + 2m, m«-f ^m^-f 3m. 

11. 3aj(iB* + aj-f 1), 4aJ*-f 4aj. 

12. 7a»-175a, 3a»-30a2-f 75a. 

13. (x-\-yy,(y'-xy,a^'-f. 

14. f(y-z)yy(f'-z^yy-\'Z. 

16. 3(a^ + a?y), 8(ajy-2/0,12(aj«-y«). 

16. 2c8-c»-c,2c»-3c2-2c. 

17. 5aj*-5ar*, 4a^-8iB*4-4aj. 

18. 7a»-7a, 4a(a-l)2, 3a8 + 6a* + 3a. 

19. m« + l, 3(2-f 3m-f m^), 4m — 4m* + 4m*. 

20. 18-2a^, 3a^-81, 4aJ*-324. 

21. am + a-f m + l, am^-l-am — m* — m. 

22. 5c(c-2)2, 4ca;4-12c-24-8a;, 24c*-3c*. 

23. (a + aj)2-l, a2-(aj-l)2, (a-l)2-a^. 

24. 4aj*-14aj4-12, 8iB2_32aj + 30, 18aj2-69a; + 63. 

25. 6a*aj-f 6a* — 6aj*— 6aj, 4a2m — 4a2 — 4ma;4-4ar, 

2a'aj-2a^-2a2 + 2aj. 

THE LOWEST COMMON DENOMINATOR 

162. The lowest common denominator of two or more algebraic 
fractions is the lowest common multiple of their denominators. 
The abbreviation " L. C. D." is commonly used in practice. 

BOM. EL. ALO. — 9 
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Illustrations : 

1. Change — , — , and - to equivalent fractions having a 
common denominator. 

The L. C. M. of the denominators 3, 4, and 6 is 12. L. C. D. = 12. 
Dividing each denominator into the common denominator, we have : 

12_4 12_3 12^2 
--4, ^-3, ^-2. 

Multiplying both numerator and denominator of each fraction by the 
respective quotients from the division, we have : 

§^ = ^x^ = ?0^. Result 
8 3 4 12 

^ = -f^ X ^ = ^-=: . Result 
4 4 3 12 

^=? x? = ?^. Result 
6 6 2 12 

2. Change -r and -—-— to equivalent fractions having 

Q^-\-x sr — x 

a common denominator. 

■ 

The L. C. M. of x^ + x and a^ - x is x(x + l)(x-l). Hence 
L. C. D. = X (x + 1) (X - 1). 

Dividing each denominator into the L. C. D., we have : 

x(x + l)C»-l) -3. 1. x(x-H)(x-l) ^^^ 

X2 + X X2 - X 

Multiplying both numerator and denominator of each fraction by the 
corresponding quotients obtained*: 

x^^x^^ix^^l)!. ^^^1^ 
a;2 + x x-l xix'^-l) 

^dLlx^±I = i^±i^. Result 

X2-X X+1 X(X3-1) 

In general, to change two or more fractions to equivalent 
fractions having a common denominator: 
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163. Jfneceaaary, redtice the fractions to their lowest terms. 

Find the lowest common multiple of the given denomiruitors, 
for the common denominator. 

Divide each given denominator into the common denominator. 

Multiply both numerator and denominator of ea/iih given fraction 
by the respective quotients obtained. 

Ezerdae 43 

Change to equivalent fractions having a common denominator : 

^ Sm 2m 5m ^2 3 

1- —r-j —^9 -;^' 7. 



4 ' 3 ' 2 '• ^' ^3i' 

o 6a 3a a ^ m m 



6'4'8 'm-fw'n — m 



2a' 4a' 3a ''' c^-l' (c-1)* 

4 A J- 1. ^ 5 

ax^ bx' ab * y(y — 1)' (y — l)* 

5 A J_ JL 11 q g 

* a»6' a%«' ay»* * 3a-f 4' 9a«-16 

6. ^, -^, _5^. 12. ^ 



m^y mny mny^ «* — 1 05*4-05*+ a 

3 2 



13. 



14. 



15. 



16. 



17. 



m* — m — 6' m* + 2m — 15 

1 2 

2c*-c-l' 6c*-c-2* 

a a 1 



a« + 4a + 3' a*- a- 12' a 

1 2 3 

aj+l' (a?4.1)2' (a? + l)8' 

c c 3c 



3(c + iy 4(c-iy 2(c«-f 2c-f 1) 
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m m m 



18. 



19. 



20. 



m* + in m*~m-|-l' m*-|-m' 

Sx 4a; 5x 

2aj-2'3a?-h3'4iB«-.4' 

111 



3y-15'5/-125y'7y + 35* 



ADDITION AHD SUBTRACTION OF FRACTIONS 

By Art. 75, « + * + £ = fL±M:£. 

^ ' XXX X 

That is, two or more fractions having the same denominator 
may be added by adding their numerators, and writing the sum 
over that common denominator. 

By Art. 163, any two or more fractions may be changed to 
equivalent fractions having the same or a common denominator. 

From these two statements it is clear that any given frac- 
tions may be added. 

The term " simplify '' is used to include both operations of 
addition and subtraction. 

Illustrations : 

X X 



1. Simplify 



aj — 1 aj-hl 



TheL. CD. isaj3-l. 

Dividing each given denominator into the L. C. D. and multiplying ^^ 
corresponding numerators by the respective quotients, we obtain : 

X x_ __ (x + l)z— Cx^l)x 

aj-1 aj + 1 x2-l 

_ x^ + x-x^-^x 
= g_^ Result. 
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2. Simplify -7 — T — ^ TT"^ — TT' 

Every integer may be considered as having a denominator 1. There- 
fore, in adding fractions and integers the integers are multiplied by the 
C. C. D. 

TheL.C.D. = t»8-l. 

X)ividing each denominator into the L. C. D., and multiplying as be- 
^1^, we have : 

2m» 2 tn + l _ 2m^-2(m^-l) - (m + 1) (m-l) 

_ 2 wi8 - (2 m8 - 2) - (ma - 1) 

m8-l 
In general^ to add algebraic fractions : 

164. Reduce the given fractions to lowest terms. 

Divide each denominator into the lowest common denominator, 

multiply the coi^responding numerators by the quotients obtained, 

amd write the sum of the resulting products for the numerator of 

the result. 

The sign ofeaxih fro/Ction becomes the sign of its numeraJtor in 

the addition. 

Oral DriU 
Simplify orally : 



1. 


£+1 

X X 


6. 


XXX 


11. 


2 + 3^^ 

ax ay xy 


2. 


a_b^ 
m 7)1 


7. 


a .b c 

"T" ^ ^ • 

971 m m 


12. 


X y z 


3. 


3 +4" 


8. 


3_2_a 

X X x' 


13. 


? + ! + -• 
b a 


4. 


X X 

a^2a 


9. 


2 3 
3x^2x 


14. 


m ^ u 
n m' 


5. 


2a Sa 

X 2x 


10. 


5 3 

Sx 1 X 


15. 


$-^4- 
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Ezerdse M 

Simplify : 

x—1 x+1 
1. — jr--h— 5— 12. 



a 


"4- " 


o + l 


a — 1 


4 


3 


a* + a 


a* — a 


3c 


4c 


2c-2 


3c + 3 


12 


5 



2. a+|-3_^l,::^ ,3 

3. ^-1-^. 14. 

2 6 

4 ^^ — 1 . 7/1 — 1 7m 4-1 ,g 

5 3 10 ' * 7aj«-7 3aj« + 3 

- c — 5 o c-f3 ,^ m4-3,m4-l 

5, ^ — • 16. 7 -I- — • 

12 6 m + 4 m4-2 

a*4-2 g — l . g-fl m4-9 m — 9 

^' 4a2 3a 2a ' ' m-9 m-h9' 

g — 6 , 6 — c , c — a -^ 5a;-f7 5a; — 7 

'''* a6 6c ca * " 5a?-7 5aj-h7' 

8. i^.-^. 19. '-^ ' ^+^ 



a? a;+y c* — c4-l c*+c + l 



2m • m-hl (2c-hl)' (2c-l)* 

,-5 3 oi m — Bx. lOmx 

10. -— — t: T-» «•■■. — -f- 



Sxy 5xy—l m-|-5a? m* — 25«* 

n. 1— I^. 22. '"-^ ^+2 



ao! oa*-l* ■ ai»-2a! + 4 a? + 2x + ^ 

1 



23. 



c»+7c»+12c c» + 8c' + 16c 



24. -1^+2- 3 2a:' 



a — 1 aj + 1 a* — 1 

«- aaj ggg , 2aa^ 

AO* • — ————— -f- 



g + a? g — a? a* — sc^ 

as + 1 «-l^ a!*.-! 
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27. 



28. 



29. 



SO. 



31. 



32. 



a* + m* 


a* 


m* 




ay 


ay+y* 


a* + ay 




a-1 


a + 1 


a* + 11 




2a + 2 


3a-3 


6a* -6' 




Sx-^2 


13ic-38 2aj-3 




x — 5 


iT* — 4aj- 


-5 x+1' 




4c« 
4c«+2c 


+ 2 
+ 1 ' 2c 


c St? + 2 
-1 8<*- 


c + 1 
-1 


a-1 


G 


t + 1 , 


a-7 


a* — 5a- 


4-6 o«- 


3a + 2 ' o»- 


-4o + 3 


1 




1 


3a! 



aj« + 2ic + 4 ir»-2ic + 4aj*-h4aj« + 16 



X65. The process of addition of certain forms of fractions 
B simplified by application of the principles governing the 
Agns of fractions (Art. 152). 

3 2 5a 



a. Simplify 



a + 1 1 — a a* — 1 



Changing the form of the second fraction, in order that the terms of 
^Q factors in all the denominations may be in the same order, we have 
CAjt. 162) : 

2 _ 2 _ 2 _ 2 

1 — a — a + 1 — (a — 1) a — 1* 

Therefore, -?- + -^ 6a_^3(a - 1) + 2(a + 1) - 6a 

'a + la-l d»-l a«-l 

"^ ^ Result 



2. Simplify 



(a-l)(a-.c) (l-a)(l-c) (c-a)(c-l) 

Changing the signs of both factors of the denominator of the second 
^Taction, we have changed the signs of an even number of factors, and 
^ sign of the fraction is not changed. Changing the sign of one factor 
^ the denominator of the third fraction changes the sign of the fraction. 
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Therefore, 



(a-l)(a-c) (l-a)(l-c) (c-a)(c-l) 

1 1 



(a-l)(a"C) (a-l)(c-l) (a-c)(c-l)' 

L.C.D. =(o-l)(a-c)(c-l) 

^ (c - 1) - (g - c) + (q - 1) 
(a-i)(a-c)(c-l) 

2c-2 

(a_l)(a_c)(c-l) 

2 



(a_l)(a_c) 



. Result. 



Simplify : 



1. 



Exercise 45 
3c 2 2 



l-ci c-1 c-hl 






3. 



5ic-hl 5a:-l l-25aj« 

m' 4- 3m 4- 9 m'-3m-h9 
wi -|- 3 3 — 711 

^ c — 2(f 2c -d S(cy — dy) 
c-hy y — c c* — y* 

_ m-^-n , a-4-n 

^* 7 w r "i" 



(m — a) (c — m) (a — m)(c — a) 

e. . J, .. + . A , + ^ 



(a? - 1) (a - 2) (a? - 2) (3 - a?) (1 - a?) (a; - 3) 

« a; 4- g 2(c — a) a; 4- c 

{x — a) (x — b) (c — a;) (a; — a) {b — x)(c-- x) 

8. .. V. . + ^ 1 



(6 — c) (6 — a) (c — a) (c — b) (a — 6) (c — a) 

g (1 — g — a?) a;(a; — 1 — g) g(g —1 -— x) 

(^x-l)(l-a) (a;-g)(a?-l) (g-l)(g-aj) 



CHAPTER XIII 

FRACTIONS (Contintted) — MULTIPLICATIOir. DIVISIOir. 

THE COMPLEX FORM 

MULTIPLICATION OP PRACTI0N8 

(a) A Fraction multiplied by a Fraction 
The product of two fractions is obtained as follows : 
Given two fractions, ~ and -, and let 



m 


= 5 (l)andn=^(2). 
X y 




Multiplying (1) by (2), 


a b 
tnn = - . — • 

* X y 


(3) 


Multiplying (1) by », 
Multiplying (2) l^ y, 
Therefore, mnltipljring, 


ny — b, 
mwxy = db. 


(Ax. 3) 
(Ax. 3) 


Diyiding by aey, 


-.«. ^b 
zy 


(Ax. 4) 


But from (8), 


fllW = — . — • 

X y 




Therefore, 
In general : 


a 6_a6^ 
x' y xy 


(Ax. 6) 



166. The product of tioo fractions is a fraction whose 
numera/tor is the product of the given numeratorsj and whose 
denominator is the product of the given denominators, 

(b) A Fraction multiplied by an Integer 
Since any integral expression^ b, bas a denominator^ 1 : 
FromArt.166, «x6 = ^-?=«^. 

X X 1 X 

137 
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That is: ^ 

167. Afrojdion is mvlUplied by an integral eoopreaaion if its 
numerator is umUiplied by that expression. 

The process of multiplication of fractions is simplified if 
factors common to numerators and denominators of the given 
fractions are canceled before multiplication. 

Illustrations : 

1. Multiply 4^ by ^^. 
^^ 15 am^afi ^ 16cx 

8a«ca ^ 26 fii%g* _ 8 ■ 26 a^dhiAK^ - ^ o^ Result. 



16 arnhfi 16 cas 16 • 16 acmh^ 6 m 

The cancellations are : 8 in 16, 6 in 26 and 16, a in a*, c in c^, m^ in 
•»•, and 05* in 05*. 

2. Multiply ^x (^7^)\ x4^' 

Writing each fraction with numerators and denominators factored, 

tn + 1 ^ (fii-l)g ^ fi|2-4 ^tn+l^ (m-l)(m-l) ^ (m-f 2)Cm-2) 
m-l fiia-3t» + 2 t»2-l m-l (t»-l)(w-2) (m+lXm-l) 

Canceling common factors = ^"^ • Result. 

m — 1 

In applying cancellation select factors 'for divisors from the 
numerator only. Begin at the left of the numerator and seek 
a possible cancellation for each new factor considered. 

Oral DriU 

Multiply orally: 

oojy 6 m 17 c« 2n» 

!• ;; X • O. - . X r— — '• 

om ax 6 n* 61 (T 

6 c 9y 13«% lOa^ 

O. t; — r X — * I. -T-;;; — ^ X ;rr — 3 — • 

3cd 7 cm loxy 2S an/z 

. 6m2 21^ ^ S2ot^y ^27 dW 

4. -- — ; X r-r • O. ^ - ^ X "tt; • 

3 cd 10 am 9 (rx 16 my 
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Exerolse 46 



Simplify: 



cd 



^ o + l^^zii. 4. (2±JiM£z:lI'. 

Q m*— mn ^ m*— 4mn4-3n* ^ aj" + 2aj4-4 ^ aj' + S 

7. 3(c + l)' ^ 7(c-l)3 4(0+1) , 
2(c -l)«6(c + l)« 7c 



8. 



aj«-9aJ4-18 ic*-9 



4B8-27 a^-3aj-18 



c«-.7c+12^ c«-c-2 



c«-3c-4 c*-5c+6 

V 

j^ 3--4a + a* ^ a»-16a 



a*-5a + 4 a»-7a« + 12a 

"• ^Ti25''^''+^^^^^— ^T3 — 



12. 



13. 



m* 4- 2 iwn 4- n* — aj* m* — 2 ma? -|- a* — n' 

' • ■ ' 

(m-^n-^xy m*-'2 mn + n* — a?* 

c + 3 c*-81 c»-9 (3-c)» 
(c-3)«*(c + 3)«*c« + 9*(c-.3)«* 



14 a^— 9 am '{-2 a awi — 2m — 2aH-4 ^ 
m* — 4 6aj — 36 aaj-|-3a — 2a? — 6 ' 

g'-S a?'-2a?4-4 a? + 2 
• aj8 + 8 a;« + 2aj + 4 a;-2' 

3a;8_aj-2 3a?*-.3a? lO-lOa? 



16. 



3aj« + 2aj 'Saj^- 10a;4-5 Gaj^ + eaj^ + Gaj 



14Q FRACTIONS 

DIVISION OF FRACTIONS 

(a) A Fraction divided by a Fraction 

The quotient of a fraction divided by a fraction is obtained 
as follows: 

We wUl assume that ^ ^ ^ = ^i. (1) 

X y 

Now a dividend equals the product of the corresponding divisor and 
quotient. 

Therefore, - = - x m. 

X y 

Multiplying by \, «x^ = 5x«ixt^. 

5 X h y h 

Whence, ^x^=wi. (2) 

X 

Hence, from (1) and (2), £ ^ 5 = ^ x ? • 

X y X b 

In general : 

168. The quotient of a fraction divided by a fraction is the 
prodvxit of the dividend by the inverted divisor, 

169. The reciprocal of a quantity is the quotient obtained by 
dividing 1 by that quantity. Thus : 

- is the reciprocal of a. 
a 

2 3 2 
1 -5- J = -, the reciprocal of 5- 

3 2 3 

(6) A Fraction divided by an Integer 
FromArt. 168, £-j-y = «^^ 

X X \ 

a 1 
= -x- 

X y 

a 
xy 
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In general : 



170. The quotient of a fniction by an integer is the product of 
the given fraction by the reciprocal of the integer. 

The first step in a division of any fraction is, therefore, the 
inversion of the divisor; whence the process becomes a multi- 
plication of fractions. 

Illustrations : 

1. Divide l^ by ^. 

S2cy "^ 40cy 

32 cy 40 cy 32 cy 21 a^z 12 z 

2. Divide «'-^-^ by a'-3a^4 

qa_g_2 . aa-3q~4 _ (a-2)(a4-l) . (a-4)(q + l) 
o-2-6a + 6 * a2-8a + 16 (a-2)(a-3) * (a-3)(a-6) 

^ (q + l) ^ (q-3)(a-6) 
(^^3) (a-4)Ca+l) 
a-6 



a-4 



Result. 



3. Divide ^/^-;^;^^ bya.-^3.4-9. 



05^+60^ + 905 ^ 05» + 6a2 + 9a; a;2-3a; + 9 

^ (a; + 3)(a;g-3g+9) ^^ 1 

X (aj + 3)(aj + 3) x^-Sz + 9 
1 



Result. 



X (x + 3) 

Exerolse 47 

Simplify : 

a^+-ar 3a^+-3a^ m* 

c'+-2c * c' + 3c+-2* .' aj-S ^0^-125' 
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9. 



10. 



6— 6a?H-«* ' aj2_4^^4 



-- a»~3a ^ a»-f3a4-9 a»-27 



12. 



a* + 3a a+3 (a + 3/ 

a:'-a?--12 as^-2a? — 3 . as^-^-x 
aj»-9 aj*-2ic-8"*"a?-2' 



- ^ a*'-ax — a-\-x ^ a* — 8 . 8 — a? 



2-3a + a2 a^-ai^ * a^^ax+a? 

14 a' + l ^ a'+(a-\-iy(a-iy . a*+l 
• a«-l a2(a* -fltl + l ' a'-l* 

171. Wlieii addition and subtraction with multiplication and 
division occur in tlie same fractional algebraic expression the 
ad,ditions and subtractions are first performed. 

Illustration : 

(x+1 x-l\.(^^ g 12 V r Cx + l)Cx + 2)-(x-l)(ag~2) n 
\x-2 x + 2) ' \ X + 2J L ai»-4 J 

^ r (3g~6)(a; + 2)+12 -] 
L « + 2 J 

6aj . 3aJ« 



aj2-4 X4-2 
6g ^ g + 2 

2 



a5(x-2) 



Result. 
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Simplify : 
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1. 



(X a\ fah?\ 
\a xjyx-^aj 



2. 



(-^-i5D(l5f)- 



3. 



fm S\ f 3m \ 



6m 
6a; 




\a-{-z J\a — z J c^'-T 
(c + d + 2)» \ c + 2-d) 






10. (2aj + 5 + 



i)(- 



7 + 



eS' 



jj (c+2y-(c-2V ^ 8c 



13. 



14. 



16. 



1 + 



m + 



iA6 4^12; 



2m« + 8m 
3m + 3 



a* 



[m — 

... rif-j L.") 

L2Va + 2 a--2y 



a' 



2a2 4-4 



m + 1 
-]^(a + 2). 
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[m* nr mn J [jmr ran mrnj 

\ cj\(icx-\'a-{-xj c (oca? -I- a -I- a?) 
l-d* * c*-c "*" d + 1 



FRACTIONS nr THE COMPLBX FORM 

172. A complex fraction is a fraction whose nximerator 
denominator^ or both, are fractions. 

The order of processes used in simplifying complex fracti 
varies with different types, and no general statement will co 
all possible cases that arise. The student will easily uni 
stand the following 

Illustrations: 

c»4-e? 



1. Simplify -f^x^^^. 




d c 




c3 + <P ^ c^'\-d^-cd 




d ^<S"-d2_ d 5^c^-<P 




11 c' + d* c — d c^-^d^ 




d c cd 




(^-cd-\-d^^ cd ^ 


(c + dOCc-d) 


d c-d 


{c-{-d){c^''Cd'{-d^) 


X . X 

2. Simplify * + ^ ^-^. 

X X 




X'-2 x^2 





The L. C. D. of both numerator and denominator is (x + 2)(a5 — 
Multiplying both numerator and denominator by (x + 2)(x — 2), 
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X . X 



5 4-2 x-2 __ x(x-'2) + xCx + 2) _ x^-2x + x^-\-2x _2x^ _x 
X X «(« + 2)-x(«-2) sfi + 2X'-x^ + 2x 4x 2* 

c - 2 X + 2 Result. 

3. Simplify 1 H 1- 

1 ^ (The work begins by first sim- 

-i I 2 plifying the lowest fraction, etc.) 

1+ — i,^=i+^^=i+_i^=i+ 1 



1 2 ^ 2 ^ 2-2x l+g 

2 J 2 8~x 8-x 8-x 

1— X 1 —X 

=:l+^Il£ = _t_. Result. 

1+x l+x 

Exercise 49 
Simplify: 

1. 



2. 



3. 



• 



4. 



tH/ — ^ 


x-6 




a?-3 


1 - 
x — B 




aj + 3 


2 




2 


a;+3 




1 
2 


1 
a; + 3 




c- 


-1 




2c- 


c + 3 
c + 1 




jB«_a«-l J 
2a 




1+2 


•-a!» + l 
2a 




m? — 


1 
9 3 


1^ 

m 



7. 


1- ". 

as + l 

a? a; + l jc— 1 
2 05-1 ' se+l 


5_6a!» + a!* 


8. 
9 


l + jB»(!r>_2) 
0^-4 «_2 1 
jB»+4 ' a! + 2^ 

a!*-4 J a!-2 
a? + 4 a! + 2 

c»-4 c» + 4 
c» + 4 c»-4 


10. 


c-2 c+2 
c + 2 c-2 

X — — ^ + - aj 

2 y , y 



6. ^ 

to'' + 27 m' + O ^ „ 1 „,1 „ 1 

_ n, 2-- y + - y-- 

80M. BL. ALO. — 10 



11. 



m 



^ + 1- 

1 4- m 4- m^ 



+ 1 



(l + m)«. 



m 



12. 



i+? 



2c 



3 


4 




2 + i 
c 



13. 



-1 



a4-l . <* — 1 



+1 



^ +1-1^-1 



a-1 



a + 1 



a 



a-1 
a + l 



14. 



2c + aj — 



2c + » 



2cg; 
2c-|-aj 






16. 



a + 2 o ^ a(2 - a) 
l-2a l4-2a 

2-0 



1 I 2(" + 2) 
l-2o 



o + 



1 + 



16. 



l + 2a 

f 

2 . g — 1 g + l g — 1 
g — 1 g + l g — l g-fl 



g — l 



17, 



g+l . g—l 

g+l g—l g+l 

9 3a a" 



ra« + 27 o* + 9" | . Ha-Sy + Sa (1 _ V\\ 
[a? -27 cf-9\ ' \ja+2,y-Za \9 a*)} 



18. 



La; + 2 + ^J[^ (« + 2)»J 
V (a!+2)»; U« + 2)» 



+ 1 + 



) 



CHAPTER XIV 

FRACTIONAL AJSm LITERAL LINEAR EQUATIONS 

PROBLEMS 

X73. To clear an equation of fractions is to change its form 
^ that the fractions shall disappear. This change is ac- 
^inplished by the use of the L. G. D. of the given fractions. 

Oiven: ?JL« = ^±i2. 

4 6 

Multiplying both members by 12, 

12 (a; 4- 6) ^ 12 (a; 4- 10) . 
4 6 

:Reduciiig, 8 (a; + 6) = 2 (a; + 10). 

And the original equation is merely changed in form and is 
'firee from fractions. 

In general, to clear an equation of fractions : 

174. Multiply both members of the equation by the L, CD. of 
^he fractions, remembenng that the sign of eaxih fraction becomes 
^he sign of its numefroior. Solve the resulting integral equation. 

Illustrations : 

1. Solve -^ 5- = ^-- 

The L. C. D. = 30. Multiplying both membere by 80« 
10(2 a; + 1) - 6(3x - 2)= 16(6 - z). 
20 a; + 10 - 18 X + 12 = 90 - 15 a;. 

20» - 18a; + 15a; = - 10 - 12 + 90. 
17 a; = 68. 

x = 4. Result. 
147 



148 FRACTIONAL AND LITERAL LINEAR EQUATIONI 

2. Solve ^-*±| = 2-^. 
. aj-f-1 a? — 1 ar — 1 

MultiplyiDg both members by the L. C. D., (x + !)(« — 1), 

(jK - l)«_(a. + l)(x + 2) = 2(x2 - 1)- 2x2. 
x« - 2» + 1 - a^ - 3» - 2 = 2x2 - 2 ~ 2a?. 

From which x = -• Result. 



Solve : 
1. 
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2. 



a? + l , ^ — 1 _A r 2a?— 1 4 — a? _ 2a; + l 

4^3 3 5 



a?-fl a?-1 ^14 3a?-f2 3a; + l 2a?-fl 

' 3 6 15 4 3 2 "" 

. 2x-\'l 3aj + l 7 o 3aj-|-2 a?-6 l-2x,. 
*• — i 3- = 6' ®- ~5 2- = ~3— ^^ 

9. i(aj-l)-|(aj + l) + 2=0. 

10. |(2aj-l)-3i^ = |(5 + 3aj). 

11. (aj + i)(aj-i) = a?. 

12. (aJ-i)(aJ + i) = (a^-i)(aJ-i). 
18. j(aj-2)-K« + l)-i(^-2)=0. 

14. 2i + ^ = 2aj-i^. 

3 2 6 

-^ aj — 7 aj — 6 ,^ 4aj — 1 3aj — 1 - 

»-f-o aj-|-3 aj + 1 a? — 1 

,- 2aj — 3 4a?— 5 ^^ 4:X a? o a 

17. _ = _ _ . 20. — 3 = 0. 

3aj + 4 6a;-7 x^-B aj-3 

18. 3£-2_2^zi_5^0. 21. ^^Ill + 2-?^ = 
6a; — 1 4a; + l aj + 3 aj+l 
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22. ^— 3^ + ,,-^4- ^"^ ^ 



23. 



aj + l a + 1 '^X'^'^ 3a; + 3 6 
aj-f.2 4 — aj* a? — 2 



24 g ^ ^ =0 

2aj4-3 3-2aj 4aj*~9 

3a?-4 18a^ + a? ^ 3a? + 4 ^ 
3aj4-4 9aj*-16 4-3aj' 

9a?^4-3a?-f 1 g j.^ 9g^-3a? + l . 
3a4-l l-3aj 



26. 



26. 



«* + 3aj4-2 a* + 4aj4-3 a»4-5aj4-6 

28 ^ + 1 . a?-l __ a? + l 

2«*-aj-l 2a»-3aj-2 a^-3aj-|-2 



SPBCIAL FORMS OP FRACTIOITAL LINBAR BQUATIOITS 

(a) The Independent Monomial Denominator 
^ilustration : 

\75. Solve ^^±i— ^lzl-2^^7 

3 2aj4-l 2 6 

llie L. C. D. of the monomi'aZ denominators, 3, 2, and 6, is 6. Multi- 
P^^ying both members of the equation by 6, we have, 

^(3» + 4) -5iEjzI}_3(2x-l) = 7. 
^ "^ 2a; + l ^ 

From which 6 a; + 8 - ^^^-^) - 6 a + 3 = 7 • 

2x+l 

At this p<5int note that all z-term8 outside of the fraction disappear. 

In any simple equation of this type the unknown term 
similarly disappears when the equation is cleared of monomial 
denominators. If the unknown term does not disappear except- 
ing from the fraction having the binomial denominator, error 
has been made in the work. 
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Transposmg and collecting, — 



Dividing by — 2, 
Clearing of fractions, 



6 (g - 1) 
2a; + l 

2a; + l 
8(a;-l) 
3a;-3 



= -4. 



= 2. 



x = 



2(2x + l). 
" 6. Result. 



Solve: 
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*• — zz T^ — :;: — * 

3 aj-f 1 3 

^ 3aj— 1 aj-fl 2aj-|-l 
3 oj-f 2 2 



3. 



4a?+g a? + l _ 2a? — 1 
4 oj-l"" 2 



2a?4-l a;— 1 5a?-f-l _^ 
2 a?4-10 5 

^ 2a? — 1 , aj — 2 a? — 1 rv 

5* r ~ r — "-^z — = "• 



6. 



2aj + 4 2 
3aj — 4 9a?-4 aj + 11 



X 



12 



12aj-27 4 



-? = 0. 



^ 2a; + 7 x 3a; — l _ 5a;-f 6 
3 ■*"12 4 3a;-3' 

3a;-f-5 4a?— 1 2a;4-1 ^75 
' 2a?-5 6 3 6' 

8a?-5 24^ 16a? + 3 ^ a?-H 
8 "2" 16 x^6' 



10 2 a?- 5 3a? + 1 ^ 3a?4-^ , 3a? — 7 
4 8 a?-i 24 
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Forms having Four or More Dissimilar Denominators 

^6. Illustration : 

x — S x — 2 x — T 05—6 



Dive 



05 — 2 x — 1 x — 6 « — 6 



3 avoid the use of a common denominator having four binomial 

)r8, each member of the equation is first simplified independently of 

)ther. 

ombining separately, 

1) (a; - 3) - (g - 2) (a; - 2) ^ (g - 7)(x ~ 6) - (a; - 6) (a; - 6) 
(x-l)(g-2) (g-6)(«-6) 

mphfying, ^^ _ j) (^p _ 2) ^ (« - 6) (x - 6) ' 

* 
1.6 fractions being equal and having the same numerators, it follow^ 

the denominators must be equal. Therefore, 

(z - 1) (x - 2) = (a; - 6) (x - 5). 
x2 - 3 X + 2 = x2 - 11 X + 30. 
8 X = 28. 
X = }. Result. 



olye: 
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1. 



2. 



3. 



4. 



6. 



6. 



1 


1 


1 


1 


aj-5 


aj — 4 


aj-3 


x-2 


1 


1 


1 


1 


OJ + l 


x-\-2 


x + S 


aj + 4 


2 


1 


1 


2 


2aj-3 


aj-4 


«-! 


2aj-7 


11 


11 


7 


7 


x + S 


aj^4 


x + 2 


aj-9 


x-\'2 


aj-f-3_ 


_aj-|-4 


aj + 6 


aj+5 


x+6 


a; + 7 


a! + 8 


x-S 


x-7 


a- 5 


a!-4 



a;-10 x-9 a?— 7 a — 6 
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(c) Literal Fractional Equations 

177. In literal equations either a portion or all of the assumed 
known quantities are represented by letters, the first letters of 
the alphabet being ordinarily chosen for these known quanti- 
ties. * 

Illustration : 

Solve ^±5+1 = 1^^. 

Multiplying both members of the eqaation by L. C. D. (ao — d)(2x — a), 
we have, 

(aj + a)(2»-a) + (»-a)(2«-a) = (4a;-a)(a;-a). 
2a? + (ix-a*+2aj2~3(ia; + a2 = 4»«-6<ia; + a*. 

3 oa; = a*. 

X = =. Result. 



Solve : 



Exercise 53 

1. 3a — 4caj = 7a — 6ca5. 

2. (c + d)aj-f (c— (f)aj=s4c*. 

8. m(aj-f-n)4-n(a;-f m) = l + 2mn, 

4. (x + a)(x + l)=z(x + a-\-iy. 

6. (cc-3a-c)2 = (ic + a + 3c)*. 

6. (m — nx)(n — mx) = mn(a5' — 1). 

971 9/ S/ 91 

8. — |-a = - + dm. 

0? a? 

X X , X , 

9. H =m—n+p. 

mn mp np 



10. 



x + m x-\-n 
aj + n aj + m 
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2flg + 5c _ 5a?-f-4c 
2a5 — 5c 5a5 — 4 c' 

n-\-x x+p 

,« 26 3aj 26 3aj 

A-A A+A 

3b 2x 3b 2x 
-.a? c a? 

14« 



a + 1 1-a a«-l 

-- aj-f-c aj + c-f-2 

05— C 05 — C — 2 

a?— c aj+c 

-- a? — a + 2 aj — a-hl 

17. Zi -T'* 

X^c2 05— C + l 

18. ^ d c-d 



35 — c a? — d X 



»• (-«-^H«+.-fi)-'- 



21. 



d .1 



d— 2 aj + 1 d + 2 a?— 1 



22. £iil, 2(l-n) ^g-n^ 
a? — w n-f-l — a? a?— 1 

28 a? — ^ _ a? + 2m _ 5 ma? + 9 m* 
a? — 3m 05— 4m a?*— 7ma;+12m* 



24. — = = — = — i — 

x — 2c 05 — 6c aj — 4c a? — 8c 
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PROBLEMS LBADHf 6 TO PRACTIOITAL LUffEAR EQUATIOHS 

Ezeroise 54 

1. The difference between the fourth and the ninth parts 
of a certain number is 2 more than one twelfth of the number. 
Find the number. 



Let X = the required number. 

4 9 



Then - — -=:the difference between the 



Hence, from the conditfous, 



fourth and ninth parts. 

^ + 2 = one twelfth the number in- 
creased by 2. 

4 9 12 
Clearing, 9x-4x = 32; + 72. 

2a; = 72 
X = 36, the required number. 

Verification: ?-? = §?-^ = 9-4 = 6. 
4 9 4 9 

^ + 2=1 + 2=3 + 2=6. 

2. Find that number the difference of whose fifth and sixth 
parts is 3 less than the difference of its third and fourth parts. 

3. When the sum of the third, eighth, and twelfth parts of 
a number is divided by 2 the quotient is 1 more than one fourth 
the number. Find the number. 

4. Find three consecutive numbers such that the first 
divided by 6, the second by 5, and the third by 2, give quo- 
tients whose sum is 4 less than the greatest number. 

5. The first digit of a number of three figures is two thirds 
the second digit and 4 less than the third. If the sum of the 
digits is 18, what is the number? 

6. The sum of two numbers is 38, and if the greater number 
is divided by the less increased by 2, the quotient is 3 and the 
remainder 4. Find the number. 
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Let X = the smaller number. 

Then 88 — a; = the greater number. 

Now Dividend - Remainder ^ f^^^^^j^ 

Divisor 

Hence, i§8-xilli = 8. 

• aj + 2 

Or, 88-»-4=3aj + 6. 

From which x = 7, the smaller number ; 

and 38 — a; = 31, the larger number. 

VeriiEying: (38-a.)-4^38^7^^^^3, 

^ ^ x + 2 7+2 9 

7. The sum of two numbers is 57, and if the greater num- 
ber is divided by the less, the quotient is 3 and the remainder 9. 
Find the numbers. 

8. The difference between two numbers is 23, and if the 
greater is divided by 4 less than twice the smaller, the quotient 
is 3. Find the numbers. 

9. The sum of the third, fifth, and sixth parts of a number 
is divided by one half the number, and the quotient is 1 and 
the remainder 6. Find the numbers. 

10. If the sum of three consecutive numbers is divided by 
the smallest number increased by 7, the quotient is 2 and the 
lemainder is 6. Find the three numbers. 

11. In 3 years a certain man will be half as old as his 
brother, and the sum of their present ages is 69 years. What 
is the present age of each ? 

Let ' X = the man's age in years at the present time. 

Then 09 — x = the brother's age in years at the present time. 
Hence, x + 3 = the man's age after 3 years, 

and 72 — OS = the brother's age after 8 yean. 

Then ' ac + 3 = ^^""^ « 

2 

and X = 22, the man's present age. 

09 — a; = 69 — 22 = 47, the brother's present age. 

Verification: 2(22 + 3) = 47 + 3. 

60 = 60. 
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12. A is one third as old as B, but in 8 years he will be 
only one half as old. Find the present age of each. 

13. A's age is one fourth that of B, but in 6 years A will be 
one third as old as B. Find the present age of each. 

14. A child is 1^ tiroes as old as his brother, but 2 years 
ago he was 1\ times as old. How old is each now ? 

15. The sum of the ages of a father and son is 72 years, and 
if the son were one year older and the father one year younger, 
the son's age would be one third that of the father. Find the 
present age of each. 

16. If the length and the width of a certain rectangular field 
were each increased by 10 feet, the area of the field would be 
increased by 800 square feet. -If the length is now 10 feet 
more than the width, what are the dimensions of the field ? 

Let X = the width of the field in feet. 

Then a; + 10 = the length of the field in feet. 

Since the area of the field equals the product of the length by the width, 

X (a; + 10) = a^ + 10 as = the present area of the field in 

square feet. 
In like manner, 

(a;+10)(x + 20) = x24.30x + 200 = the area of the field in square 

feet if length and width are 
increased. 

Hence, (a;^ + 30 a; + 200) - («« + 10 a;) = 800. 
a;2 + 30x + 200-x2_iox = 800. 

20x = 600. 

X = 30, the present width of the field; 
and X + 10 = 40, the present length of the field. 

Verification : (x + 10) (x + 20) - x (x + 10) = (40) (60) - 30 (40) 

= 2000 - 1200 • 
= 800. 

17. The length of a certain rectangle is 10 feet greater, and 
the width 5 feet less, than a side of an equivalent square. Find 
the dimensions of the rectangle. 



iw jLa,j:%\J 
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18. A square has the same area as a certain rectangle whose 
iength is 20 feet more, and whose width is 12 feet less^, than 
'the side of this particular square. Find the dimensions of the 
^rectangle. 

19. The length of a certain rectangle is 12 feet greater than 
t:;he width. If each dimension is increased by 3 feet, the area 
€Z)f the rectangle will be greater by 225 square feet. Find the 
cSimensions of the rectangle at present. 

20. A square is cut from a certain rectangular field, the length 

said width of the field being respectively 50 feet and 30 feet 

greater than the side of the square cut out. If 9500 square 

-Eeet remain in the field, what was the original length? the 

original width ? the original area ? 

« 

21. A can do a piece of work in 5 days, B the same work in 
6 days, and C the same in 7 days. How many days will be re- 
quired for the work if all three work together ? 

Let X = the namber of days all three together require. 

I = the portion done by A in 1 day. 

^ = the portion done by B alone in 1 day. 

I = the portion done by C alone in 1 day. 
Hence, i + 1 + ^ = the amount all together can do in 1 day. 

Therefore, M + \ = l- 

42x + 36a; + 30x = 210. 
107 X = 210. 

X = 1^ days. Besolt. 

22. A can do a piece of work in 4 days, B in 5 days, and C 
8 days. How many days will be required if all three work 
'ether ? 

8. A and B can together build a wall in 7 days, and C 
le can build the wall in 15 days. How many days will be 
dred if all three work together ? 
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24. A and B can paint a house in 8 days, A and G to- 
gether in 9 days, and A alone in 12 days. In how many days 
can B and C together do the work ? 

25. Two pipes enter a tank, the first of which can fill it in 
7 hours while the second pipe requires 9 hours to fill. How 
many hours will be required to fill the tank if each runs alone 
1 hour, and then both run together until filled ? 

26. At what time between 4 and 5 o'clock are the hands of 
a clock together ? 

At 4 o^clock the hour-hand is 20 minute-spaces ahead of the minute- 
hand. Hence, 

Let X = the number of spaces the minute-hand passes over, 
and X — 20 = the number of spaces the hour-hand passes over. 
Now the minute-hand moves 12 times as fast as the hour-hand. 
Therefore, 

12 (x — 20) = the number of spaces the minute-hand passes over. 
Hence, 12 (x — 20) = x. 

12 X - 240 = X. 
11 X = 240. 
X = 21^. 
That is, the hands of the clock will be together at 21^ minutes after 
4 o'clock. 

27. At what time between 3 and 4 o'clock will the hands 
of a clock be together ? 

28. At what time between 7 and 8 o'clock will the hands of 
a clock be together ? 

29. At what time between 10 and 11 o'clock will the hands 
of a clock be at right angles to each other ? (Hint : In this 
case the position of the minute-hand will be 16 minute-spaces 
behind the hour-hand.) 

30. Find the time between 4 and 5 o'clock when the hands 
of a clock are at right angles to each other. (Hint : Two pos- 
sible positions may be found in this case, for the minute-hand 
may be 15 minute-spaces ahead or behind the hour-hand.) 
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31. The denominator of a certain fraction is greater by 2 
than the numerator. If 1 is added to both the numerator 
and denominator, the fraction becomes ^. Find the original 
fraction. 

32. Out of a certain sum a man paid a bill of $30, loaned 
^ of the remainder, and finally had left $56. How much had 
he at first ? 

33. The largest of three consecutive odd numbers is divided 
into the sum of the other two, the quotient being 1 and the 
remainder 9. Find the numbers. 

34. The sum of the ages of a father and son is 80 years, 
but if each were 2 years older the son's age would be f the 
father's age. How old is each ? 

35. A certain number is decreased by 12 and the remainder 
is divided by 4 If the resulting quotient is increased by 7, 
the sum is the same as if the original number had been in- 
creased by 7 and then divided by 3. Find the number. 

36. A man gave f of a certain sum to relatives, -^ to each 
of two churches, ^ to a library, and the remainder, $ 6000, to 
a hospital. What was the total bequeathed ? 

37. In a certain baseball game a total of 13 runs was made 
by both teams. If the winning team had made 2 more runs, 
and the losing team 3 less, the quotient obtained by dividing 
the winning runs by the losing runs would have been 5. How 
many runs did each team make ? 

38. The distance around a rectangular field is 96 rods, and 
the length of the field is f the width. Find the length and 
the width of the rectangle, and the number of square feet it 
contains. 

39. In eight games a certain fielder made 2 less runs than 
hits. If 6 times the number of hits he made is divided by the 
number of runs increased by 3, the quotient is 4. How 
many hits and how many runs did he make ? 
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40. Find three consecutive even numbers such that 3 less 
^ than one half the first, plus 2 less than one half the second, 

plus 1 less than one half the third equals 15. 

41. In going a certain distance an automobile moving 20 
miles an hour required 3 hours less time than a second auto- 
mobile making 16 miles an hour. What was the distance in 
miles ? 

42. A number is composed of two digits whose difference 
is 4. If the digits are reversed, the resulting number is -^ the 
original number. Find the number. 

43. A can run 10 yards in 1 second, B 8 yards in 1 second. 
If A gives B a start of 3 seconds, in how many seconds will 
A overtake B ? 

44. The length of a rectangle is 9 rods more than its width. 
If the length is increased by 6 rods and the width decreased 
by 3 rods, the area is unchanged. Find the length and breadth 
of the rectangle. 

45. An automobile going 25 miles an hour is 40 minutes 
ahead of one going 30 miles an hour. In what time will the 
second automobile overtake the first ? 

46. At what time between 8 and 9 o'clock do the hands of 
a clock point in opposite directions ? 

47. A freight train goes from A to B at 15 miles per hour. 
After it has been gone 4 hours an express train leaves A for B, 
going at a rate of 45 miles per hour, and the express reaches 
B ^ hour ahead of the freight. How many miles is it from 
A to B ? 

48. In traveling a certain distance a train going 45 miles 
an hour requires 5^ hours less time than an automobile going 
the same distance at 27 miles per hour. What is the distance 
between the two points ? 



CHAPTER XV 

APPLICATIONS OF GENERAL SYMBOLS. REVIEW 

STATEMENTS. PHYSICAL FORMULAS. DERIVED 

EXPRESSIONS 

THB gbubral statbmbut op a problem 

178. From the following illustrations it will be seen that 
-when the given numbers of a problem are literal quantities, 
tlie statement and the solution result in a formula or general 
expression for that particular kind of problem. 

Illustrations : 

1. If A can mow a field in m days, and B can mow the 
same field in p days, in how many days can both together 
mow the field ? 

Let X = the number of days both working together require. 

Then - = the portion of the work both together can do in 1 day. 

X 

Also •— = the portion of the work that A alone can do in 1 day. 

m 

•-- = the portion of the work that B alone can do in 1 day. 
P 

Hence, — + — = the portion of the work both together can do in 1 day ; 
m p 

and — h - = i is the required general equation for the condition, 

m p X 

Solying, mx+px = mp, 

(m +p)x = mp, 

x=-5»£_. Result. 
m +p 

This expression is, therefore, a formula for finding the time 
in which two men whose individual ability is known, can, work- 
son. EL. ALG. — 11 161 
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ing together, accomplish a given task. By substituting in this 
formula, any problem involving the same condition can be 
solved. For example : 

A requires 4 days to do a certain task, and B requires 5 days 
for the same work. In how many daya can both working to- 
gether complete the work?, 

Here we have A's time alone (or m) = 4 ; B's time alone 

(ori>) = 5. In the formula a; =-^^ = i^ = ^ = 2* days, 

m+jp 4 + 5 9 

the time in which both together can do it. 

2. Divide the number a into two parts such that m times 
the smaller part shall be contained q times in the larger part 

Let X = the smaller part. 

Then o — x = the larger part. 

From the conditions, 

a — x „ 
mx 

and a—x — mqx. 

mqx + X = a. 
(mq + l)x = a. 

X = — - — the smaller part required. 
mq + 1 

Also, a-x = a «_ = «Mjil«^i^ = _««_, the larger part 

mq+1 mg + 1 mg + 1 ^^^^^ 

To use this formula : Suppose we are required to divide 60 
into two parts such that twice the smaller part shall be con- 
tained 7 times in the larger part. We have 

^ ~ ^ ■ X = — — — = 4, the smaller part required. 

w = 2. 2.7 + 1 

a — X = ^^ — — = 66, the larger part required. 
And, verifying, 56 -r- 2(4) = 7, 



GENERAL STATEMENT OF A PROBLEM 163 



Bzercise 55 

1. Divide the number c into two parts such that m times 
the larger part shall equal n times the smaller part. 

2. Divide a into two parts such that the sum of -th of the 

n 

larger part and -th of the smaller part shall be q, 

T 

3. The sum of two numbers is s, and if the greater number, 
gr, is divided by the less number, the quotient is q and the 
remainder r. Find the numbers. 

4. If A and B can together mow a field in t days and B 
alone can mow the same field in h days, find the number of 
days that A working alone will require to do the work. 

6. Show that the difference of the squares of any two con- 
secutive numbers is 1 more than double the smaller number. 

6. m times a certain number is as much above A; as d is 
above c times the same number. Find the number. 

7. A and B are m miles apart, and start to travel toward 
each other. If they start at the same time and A goes at a 
rate of A; miles an hour while B goes at the rate of s miles, how 
far will each have gone when they meet ? 

8. When a certain number is divided by a, the quotient is 
c and the remainder m. Find the number. 

9. The front wheel of a wagon is m feet in circumference, 
and the rear wheel n feet in circumference. How far has the 
wagon gone when the rear wheel has made r revolutions less 
than the front wheel ? 

10. A and B can together build a barn in r days, B and C 
the same barn in s days, and A and C the same in t days. In 
how many days can each alone build it ? 
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THB USB OP THB LABORATORT FORMS OP PHT8IC8 

179. Density is defined as mass per unit of volume, and may 

M 

be calculated by the formula Z>=r=^ in which D is the density 

of the body under examination, M its mass, and V its volume. 

Volume is another name for cubical contents. The mass of a 

body may be found by weighing it, and the formula for density 

W 
may be written Z> = — , in which TTis the weight of the body 

to be considered. 

Bzerclae 56 

1. A block of iron 3 feet 6 inches long, 2 feet wide, and 6 
inches thick weighs 1706.25 pounds. Calculate its density in 
pounds per cubic foot. 

2. The density of water is approximately 62.6 pounds per 
cubic foot. What is the volume of a ton of water? 

3. A cubical block of wood 9 centimeters on an edge has a 
mass of 371.79 grams. Calculate its density in grams per 
cubic centimeter. 

4. A block of iron having an irregular cavity weighs 3.265 
kilograms. When the cavity is filled with mercury, the whole 
weighs 3997 grams. The density of mercury being 13.6 grams 
per cubic centimeter, calculate the volume of the cavity. 

5. The density of a certain substance being a grams per 
cubic centimeter, calculate the mass of this substance necessary 
to fill a vessel of 1000 cubic centimeters' capacity. 

180. To change a reading on a Centigrade thermometer to a 

corresponding reading on a Fahrenheit thermometer use is 

made of the formula 

2?'=|G+32, 

In which F is the reading in degrees on the Fahrenheit scale, 
and C the reading in degrees on the Centigrade scale. To 
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change Fahrenheit readings to Centigrade readings we use the 
formula 

G=|(i^-32). 

Bzercise 57 

1. Change the following Centigrade readings to correspond- 
ing Fahrenheit readings : 20°; 40°; 0°; -15°; -273°; -180°. 

2. Change the following Fahrenheit readings to correspond- 
ing Centigrade readings : 212°; 32°; 70°; -10°. 

3. At what temperature would the reading on a Centigrade 
thermometer be the same as the reading on a Fahrenheit 
thermometer? 

4. The Centigrade scale is marked 0° at the freezing point 
of water, and 100° at the boiling point of water. The E^auraur 
thermometer is marked 0° at the freezing point of water and 80° 
at the boiling point. Prepare (1) a formula for changing Reau- 
mur readings' to Centigrade readings, and (2) a formula for 
changing Centigrade readings to E^aumur readings. 

181. In the figure, we have a straight bar whose weight is 
urn ^ to be neglected. The bar is sup- 

j T^~-^^^ \zrJL. I ported at the point C and is 

— ' . ! 1 acted upon by the several forces, 

y Q ^ /} fi r\ ©tc, in the directions 

' ' indicated by the arrows. These 

' * forces tend to cause rotation of 

the bar about the axis C The tendency of a force to produce 
rotation is called its moment, and the moment is calculated by 
multiplying the magnitude of the force by the distance of its 
point 9f application from the axis. Moments tending to rotate 
a body clockwise are given a positive sign ; those tending to 
produce rotation in the opposite direction are given a negative 
sign. In order that a body under the influence of moments 
may be in equilibrium, i.e. stationary, the algebraic sum of the 
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moments acting on it must be 0. Thus in the figure, if the 
bar is in equilibrium, 

or, better : 

(f'yf'if'", etc., are read *»/prime," **/second," **/tliird" etc.) 

Bzerclae 58 

» 

1. Two weights of 4 and 12 pounds respectively are bal- 
anced on a bar, the distance from the support to the further 
weight being 6 feet. What is the distance from the support 
to the nearer weight ? 

2. A bar 11 feet long is in equilibrium when weights of 
15 and 18 pounds are hung at its ends. Find the distance of 
the point of support from each end. 

3. If weights are distrib- , 
uted upon a bar as in the 
figure, where must a weight 
of 40 pounds be placed to keep O 
the bar in equilibrium ? ' — ' 

4. A 10-pound weight hangs at one end of a 12-foot bar, 
and a 15-pound weight hangs at the same side of the Aipport- 
ing point, but 2 feet nearer it. If a 40-pound weight at the 
other end keeps the bar in equilibrium, at what distances from 
the ends is the point of support located ? 

THB VALUB OP ANY ONB BLBMBNT OP A PORMULA Df TBRM8 OF THB 

OTHBR BLBMBNTS 

182. The statement of a mathematical law by means of a 
formula always gives an expression for the value of the par- 
ticular element to which the law refers. By transpositions 
and divisions we are able to derive from any formula another 
expression or formula for any one of the other elements. 



.9* — 






B 
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niustrations : 

1. Given the formiila, B = — 2?_. Derive a formula for «. 

g + 8 

Clearing of fractioiis, (g + 8)B = gs. 

Multiplying, Bg-^ B8 = gs. 
Transposing, Bs — g8 = '- Bg, 

Dividing by — 1, fir« - JBs = Bg, 

Ck)llecting coefficients, {g — B)8 = Bg, 

Dividing by ((;r — i?) , s= ^ , the required formula for «. 

g — B 

2. Given the formula, Z = a + (n — 1) c?. Find an expression 
for n. 

Z = a + (n-l)<l. 
Multiplying, l^a + nd — d. 

Transposing, l — a^-d^nd. 

Dividing by d, w= ~"<^+» ^ the required formula for n. 

d 



THE TRANSFORMATION OF FORMULAS 

Bzerclae 59 
PHTSICAL FORMULAS 

1. Given v = erf, find the value of t in terms of a and v, 

2. Given /8 = ^ gr(2 ^ — 1), find a formula for t in terms of « 
and g. 

3. Given G = , derive a formula for S in terms of E, 

h, P, C, and B, 

4. Given - = - + --, find an expression for each element, /, 

f P P 
p/andjp'. 
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6. Given F =^C-\-32f derive a formula for C in terms of F, 

6. Given F = — , v=^gt, and w = F8, find a value for w 

V 

in terms of m, g, and 8, 

7. Given ^^ = ^^, derive expressions for 2i and Vj. 
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8. Given G= 2ir22, obtain a formula for R, 

9. Given Z = a + (n — 1) d, derive an expression for a in 
terms of Z, n, and d, 

10. Given /S = - (a + Z), find the value of a in terms of Z, n, 

and /S. 

11. Given T= nR(B + 2y), find 2y in terms of the elements 
involved. 

12. Given S = ^ "^ y fii^d ©swsh element in terms of the 

r — 1 

others. 

13. Given cZ =?!^^^^1^, find a formula for /». 

14. Given a =jp +i)r^, find each element in terms of the 
others. 

GENERAL REVIEW 
BzerclBO 60 



1. Simplify 2a- [3-2 {a--4(a-a + l)}]. 

2. Solve (aj-l)(a; + 3)-2(aj-l)(3aj+l)=(3-aj)(2+5aj). 

3. Show that /^1+-A_^ 12 Y^ i^+l\ 1=0. 
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4. Simplify 



8 



a' 



a 



a 



^H-1 1 + -H--. 



I 8 



a a' 



fl 
a 



2 



a 2J 



6. Factora*-8(a*-iB«)-a?a^. 

6. What number added to the numerators of the fractions 
^ and -, respectively, will make the results equal? Is there 

an impossible case ? 

7. ractor6aj* + 6a*aj-37aaj*. 



8. 



si„p,i^ («+fff)(i-?5f)+(?=|)' 



9. Solve 



+ 



l-_2a; l-4a; 1-Sx 



10. Factor (a*-9)(aH-2)-a-(4-ha)(3+a)-3. 

11. Solve ^±^ 3_^5-:m 

3 aj + m 3 

12. By three different methods factor (aj* — 6)* — aj*. 

13. Solve y^-gj^.^— .ly 5 

y-1 4Vy-.l 3; 6(l-y)- 

14. For what value of ais a?* — 3aj'H-2aj*-|-21 a; + 3a divis- 
ible by a^ H- a? - 3 ? 

16. The sum of the numerator and the denominator of a 
certain fraction is 39. If 3 is subtracted from both numerator 
and denominator, the result is ^. Find the original fraction 

16. Factor 225 - 4 a^ (9 H- a;) (9 + «). 

17. Find the H. C. F. and the L. C. M. of «* - aa/- 2 a^a?, 
2a^-2a% and 3 «» + 12 aaj* + 3 a*a;. 
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19. Solve and verify ^^zil + ^^1 = §4=1 . 

■' 7 2x + 2 28 

20. Prove that —i^j i— + — i— = cd. 

1+^ 1-;^ '^-h 

cd cd cd 

22. Solve -^ + 



aj + l «H-2 aj + 3 

23. A boy has a dollar, and his sister has 28 cents. He 
spends three times as much as she spends, but has left four 
times as much as she has left. How much did each spend ? 

24. What is the value of m if ^'^^^^^ = i when n = - 1. 

m — n 

2 3 7 

X X 

26. Solve -__^+ * 3 _1 

I 

26. Prove that the sum of any five consecutive numbers 
equals 6 times the middle one. 

27. Factor (a^ + Ba- 10)* + 2(a« + 6 a - 10)a - 8 a^ 

28. Find three consecutive numbers such that if the second 
and third are taken in order as the digits of a number, this 
number will be 7 more than four times the sum of the Ist and 
3d given numbers. 

29. If a = 2, 6 = 3, and c = — 4, find the value of 

(a^ + c')(3 a - c) V(7 a + c)(4 b - a). 
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30. Simplify - 



1__ 3 

3 3a;-hl 



2x 



—2x 



2z 



31. At what time between 8 and 9 o'clock are the hands 
of a watch 5 minutes apart ? 

32. Find the H. C. F. and the L. C. M. of 

a^_4, S-o^^ _4 + 4aj-a^, (2-a;)*, and (x-2)(l-x). 

Qu — fjfh 1 X 

33. Solve and verify •^— ^ h t = ?. 

4ar--m 4 2x-\-m 

36. What value of a? will make (4aj-|-3)(3aj — 1) equal to 
(6a; + 5)(2aj-l)? 

36. Simplify (^-^X^-^X^"^) +^::i^H-^^^H-^!^> 

•^ (6 + c)(cH-a)(a + 6) 6 + c c + a aH-6 

37. By what must iC*H-2a^ + 3a5*H-4a; + 5 be divided to 
give a quotient of a^ + 4 a; + 14 and a remainder of 44 a; + 47 ? 

38. Simplify Sa^-1 

2-a; — 



1- 



X 



1+a; 



39. Show that'if a = — 1, 



4 K-i)-T 

40. Factor mV - mV - 27 mW + 27. 



K"-)-i 



•8 
3' 



41. Solve ^ ^ " ^ — ca? = a — 3 ca?. 

n a 

42. Factor 6a^ — Grip — (4n — 9jp)a. 
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43. The head of a certain fish weighs h pounds, the tail 
weighs as much as the head and \ the body, and the body as 
much as the head and tail. What is the weight of the fish 
in terms of h ? 



44. Simplify 



6a2-6 



4a 



g + l 
"^48^' 



46. In how many years will s dollars amount to a dollars 
at r per cent, simple interest ? 

46. Solve form: (2 m + 2)(3 6 --c).+ 2 00 = 2 c(a-m). 

47. If a certain number of wg-gons is sold at $80 each, 
the same amount is received as when 10 less are sold at $ 100 
each. How many are sold in each case ? 

48. Find the value of 

\ar aj [^ or a^-\-l J a^—l m 

49. Factor a^ -\- a* — 2(1 — ax) — (x + a). 

60. Two bills were paid with a 10-dollar bank note. One 
bill was 25 % more than the other, and the change received 
was ff the smaller bill. Find the amount of each bill, 

61. Solve for s : 

(s - a) (s H- 6) — (« + a)(« - 6) — 2(a — 6) = 0. 

62. Factor a^ - ir» - 2 (3 aj» + 4). 

63. Solve for n, Z = (n — 1) (a — Z) + a. 

64. An orderly is dispatched with an order, and 3 hours 
after he leaves a second orderly is sent after him with instruc- 
tions to overtake the first in 6 hours. To do this he must 
travel 4 miles an hour faster than the first traveled. How 
many miles an hour does each travel ? 

66. Factor 50 a? + 2 aj* - 38 aj8. 



CHAPTER XVI 
SIMULTANEOUS LINEAR EQUATIONS. PROBLEMS 

183. If X and y are two unknown quantities and their sum 
equals 7, we may write 

Clearly, an unlimited number of values of x and y will satisfy 
this equation. For example : 

K ic = 2, y = 6. 

If a; = 1, y = 6. 

If a; = 0, y = 7. 

If a; = - 1, y = 8. 

If a; = — 2, y = 9, etc. 

184. Such an equation in two unknown quantities, satisfied 
by an unlimited number of values for the imknown quantities, 
is an indeterminate equation. 

185. If, however, we have with this equation a secoind equor 
Hon stating a different relation between x and y, as 

a; - y = 8, 
then the. pah: of equations, 

« + y = 7, 

X - y = 8, 
is such that each is stxtiafled only when x = 6 and y = 2. 

For a; + y = 5 + 2 = 7. 

And x-y = 5-2 = 8. 

178 
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Ko other values of x and y will satisfy this pair of equatioivB. 
Hence,' 

186. Simultaneous equations are equations in which the sanc^e 
unknown quantity has the same value. 

187. A group of two or more simultaneous equations is a 
system of equations. 

188. Two possible cases of equations that the beginner msLj 
confuse with simultaneous equations must be carefully noted. 

(a) Inconsistent Equations. 

Given : x + y = 9, 

x + y = 2. ' 

It is manifestly impossible to find a set of values for x and y that 
shall satisfy both given equations. The equations are inconsistent. 

(b) Equivalent Equations. 

Given : a; + y = 4, 
3« + 3y = 12. 

If the first equation is multiplied by 3, it becomes the same as the 
second equation, and every set of values that satisfies the second satis- 
fies the first as well. The equations are equivalent. 

189. For a definite solution of a pair of simultaneous' equa- 
tions we must have a different relation between the unknown 
quantities expressed by the given equations. 

Equations that express different relations are independent 
equations. 

190. Simultaneous equations are solved by obtaining from 
the given equations a single equation with but one unknown 
quantity. This process is elimination. Each of the three 
methods of elimination in common use should be thoroughly 
mastered. 
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BLmmATION B7 SUBSTITUTION 

Illustration : 



Solve the equations : | 



5x + 2y=:ll, (1) 

3a; + 4y = l. (2) 



From (2), x = ^ "^V - 

o 

Substituting in (1), ^( ^""^^ ) + 2 y = 11. 
From which 5--20y ^ 2 y = 11. 

Clearing, 5 - 20y + Oy = 33. 

- 14 y = 28. 
y=-2. 
Substituting in (1), 5« + 2(- 2) = 11. 

6x-4 = ll. 
x= 3. 
x= 3, 



:-J}^ 



•Result. 

y 

Check: 

Substituting in (1), 5 (3) + 2 (- 2) = 15 - 4 = 11. 

Substituting in (2), 3 (3) + 4 ( - 2) = 9 - 8 = 1. 

From the illustration we have the general process for elimi- 
nation by substitution : 

191. From one of the given equations obtain a value for one 
of the unknown quantities in terms of the other unknown quan- 
tity. Substitute this value in the other equation and solve. 

The method of substitution is of decided advantage in the 
solution, of those systems in which the coefficients of one equa- 
tion are small numbers. In later algebra a knowledge of this 
method is indispensable. 

In applying this process of elimination care should be taken 
that the egression for substitution is obtained from the equa- 
tion whose coefficients are smallest. The resulting derived 
equation will usually be free from large numbers. 
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BUMIHATION BT COHPARISOH 

Illustration : 



Solve the equations : \ 



5aj + 2y = 9, (1) 

2x + 3y = S. (2) 

From(l), g^ ^-^y - From (2), x = ^szl^. 

By Ax. 6, 9-2j^^8-3i^. 

5 2 

Clearing, 2 (9 - 2y) = 6(8 - 3y). 

18 - 4 y = 40 - 15 y. 

11 y = 22. 

y = 2. 

Substituting in (1), 5 a; + 2 (2) = 9. 

5« + 4 = 9. Hence, x = x,. ^^g^^^^ 



y = 2.J 



x = 1. 

Check: 

Substituting in (1), 6 (1) + 2 (2) = 6 + 4 = 9. 
Substituting in (2), 2 (1) + 3 (2) = 2 + 9 = 8. 

In general, to eliminate by comparison : 

192. From each equation obtain the value of the same unknown 
quantity in terms of the other unknown qtiantity. Place these 
values equal to each other and solve. 

The method of comparison is particularly adapted to those 
systems of simultaneous equations in which the coefficients are 
literal quantities. 

ELIMINATION BT ADDITION OR SUBTRACTION 

Illustrations : 

1. Solve the equations : \l^~'t^'^^l ^^^ 

^ l6a?H-3 2/ = 18. (2) 

Choosing the terms containing y for elimination, we seek to make the 
coefficients of y in both equations equal ; for, if these coefficients were 
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equal, adding the equations would cause y to disappear. The L. C. M. 
of the coefficients of y, 3 and 4, is 12. Dividing each coefficient into 12, 
we obtain the multipliers for the respective equations that wiU make the 
coefficients of y the same in both. 

Multiplying (1) by 3, 9 a; - 12 y = 16 (3) 

Multiplying (2) by 4, 20x+12y = 72 (4) 

Adding (3) and (4), 29 » =87 

X =3. 

Substituting in (1), 3 (3) - 4 y = 6. 

9-4y = 6. Hence,a;_3,l j^^^^^ 



y = l. 



y 



It is to be noted that the signs of y, the eliminated letter, being unlike, 
the process of addition causes the y-term to disappear. 

2. Solve the equations : H^^l^^]' ^^^ 

^ l3a; + 7y=13. (2) 

Multiplying (1) by 3, 6 a; - 9 y = 3. (3) 

Multiplying (2) by 2, 6 a; + 14 y = 26. (4) 

Subtracting (4) from (3), - 23 y = - 23. 

y = l. 
Substituting in (1), 2 « -^3 (1) = 1. 

2x- 3 = l.,H«^^»«' = 2a Result. 
x = 2, y = l*J 

In this example since the signs of the x-term are like, the equations 
are subtracted to eliminate the o^term having the same coefficients. 

In general to eliminate by addition or subtraction : 

193. Multiply one or both given equations by the smallest num- 
bers that will make the coefficients of one unJcnoum quantity equal. 
If the signs of the coefficients of the term to be eliminated are 
unlike, add the equations ; if like, subtract them. The necessary 
multipliers for the elimination of a letter may be found by dividing 
each coeffi^cient of that letter into the lowest common multiple of the 
given coefficients of that letter. 

The method of addition or subtraction is of advantage when 
it is desirable to avoid fractions, and is used in the solutions 
of systems involving more than two unknown quantities. 

SOM. EL. ALG. — 12 
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Ibcerciaa 61 



Solve : 



1. a;4-y = 3, 10. 3«4-Ty = — 8, 
3aj4-2y = 7. 5 + y = 0. 

2. a? — y = 4, 11. 5a;4-3y = 10, 
2a;4-3y = 13. 8aj-5y=16. 

3. 4aj4-3y = 7, 12. 7aj-3 = 4y, 
3aj-y = 2. a;4-y-2 = 0. 

4. 6aj-5y = 7, 13. 5aj4-8y-2=0, 
x + 9y = ll. 7^4- 72 -3 a; = 0. 

6. 3aj4-42; = 2, 14. 10m4-llw = 32, 

4a;-2; = 9. 15 m + 31 = 23 to. 

6. 35-5^ = 13, 16. 3y-4aj = 77, 
2 5 + 7« = -12. 6y4-« = l. 

7. 3aj4-y = -10, 16. 55 + 3^ = 112, 
2aj-5y = -l. 4«-5«-49 = 0. 

8. 41; — 3w = 0, 17. 6n + 13v = 4, 
2v + 5w = 26. 7 n + 19^ = 4. 

9. 6aj + 7y = 24. 18. 12p-7<-9 = 0, 
aj-y = 0. 15<-7j9 = -300. 

simultahbous liubar bquations contaxnino thrbb or morb 

uhknown quantitibs 

194. A system of three independent equations involving 
three unknown numbers is solved by a repeated application 
of the process of elimination. The method of addition or sub- 
traction is most commonly used with systems having three or 
more unknown quantities. 



THREE OR MORE UNKNOWN QUANTITIES 179 

Illustrations : 

r3a?-2y4-32; = ll, (1) 

1. Solve the equations : \2x-'Sy + 2z = 9y (2) 

l3aj4-5y4-42; = 6. (3) 

Multiply (1) by 3, 9x-6yH- 90 = 33 (4) 

Multiply (2) by 2, 4x-6y4-4g=18 (6) 

Subtract (6) from (4), 6x +6^ = 16 (6) 

Divide by 6, x-\-z = S, (7) 

Multiply (2) by 6, 10 » - 16 y + 10 a = 46 (8) 

Multiply (3) by 3, 9x + 16y + 12g = 18 (9) 

Adding (8) and (9), 19 x + 22 2 = 63 (10) 
Multiply (7) by 19, 19x H-19g = 67 
Subtracting, 3^ = 6 

« = 2. 
Substituting in (7), x + (2) = 3, x = 1. «= 1, 

Substituting in (1), 3(1) -2y + 3 (2) = 11. ^^=-1, }. Result. 

y = -l. 



«=1, ] 
«=2. J 



■a?4-2y = l, (1) 

2. Solve the equations : ^ 3 a; — 2; = — 8, (2) 

,y-^2z=0. (3) 

(4) 
(6) 



Multiply (1) by 3, 


3x+ 6y = 3 


Subtracting (2), 


3x- z=-8 




6y+ 2 = 11 


Multiply (6) by 2, 


V2y + 2 z = 22 


Subtract (3) from (6), 


, y + 2z= 




11 y =22 




y =2. 


Substituting in (3), 


(2)+2« = 0, i 


Substituting in (1), 


x + 2(2)=l, J 



Result. 



196. It is important to note that if three unknown quanti- 
ties are involved, three independent equations must be given. 
Similarly, with four unknown quantities, four independent 
equations are necessary, etc. 
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From the illustrations we may state the general process: 

196. Eliminate one unknown quantity from any convenient pair 
of equations, and the same unknown quantity from a different pair 
of equations. Solve the resulting equations by any of the methods 
already given, 

Ezerdaa 62 



Solve : 

1. x + y-{-z = 9, 
aj — ^4-2 = 3, 
a5 — y — 21 = 1. 

2. a? — y + 2 = 6, 

y — x-^z-'-ly 
24-y4-aJ = 19. 

3. x + y-z = 4:, 

y — a5 — 21 = — 10, 
2 4- y — a? = 0. 

4. tt + 2v4-w; = 4, 
u — v-^2w = 2, 
2u+v-'W = 2. 

5. r + 2»4-3« = 14, 
3r — 25--« = -4. 

6. 3a; — 2y— 2=— 8, 
5a; — 3y4-2 = l, 
2a; + 7y4-32!=38. 

7 4a; — 3y + 62; = — 16, 
42;-3a;-f 2y=3, 
4y + 7a; — 321 = 4. 



8. 10m-|-3n-2p = 22, 
3m — 5n-|-7jp = — 1, 
8 m — 9 n — Sj) = 21. 

9. a;4-2;=10, 
y-2; = 2, 
a; — y = 2. 

10. 2a;4-y = 3, 
32;-a; = -3, 
4y-32; = -12. 

11. a;4-y4-2 = 0, 
6a;-3y = 50, 
22; + y = -20. 

12. y = 6a; + 17, 
32-2y + 37 = 0. 

71 = -72 + 2a;. 

13. a; + y4-2=24, 
x + y-\-u = 25 y 
x + z + u = 26, 
y 4- 2; + 1* = 27. 

14. a; + y=18, 
y + 2; = 14, 
z+w— 10, 
w + u = 6, 
a;+ w=12. 
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FRACTIONAL FORMS OF SIMULTAlTBOnS LUTBAR EQUATIONS 

(a) When the Unknown Quantities occur in the Numera- 
tors OF the Fractions 

197. Systems of simultaneous linear equations in which the 
fractions have unknown quantities in the numerators only, 
are solved by first clearing of fractions and then eliminating 
by either of the three methods. 

Illustration : 



Solve the equations : 



y — x -i __ a?-— 4 
~3 J""""- 



From (1), 
Simplifying, 
From (2), 
Simplifying, 

From (3), 
Therefore, 



3y-3a;-6 = 2a;-8. 
6x-3y:^2. 
4(2y+l)-3(x + 3) = 0. 
3x-8y = -6. 

From (4), 



(1) 

(2) 
(3) 



6 



"^- 



3y+2 _ 8y-6 
6 8 



(5) 



Solving (5), 
Substituting in (1), 






Result 



198. Bxtraneotts Roots. In fractional simultaneous equa- 
tions we may reject any solution that does not satisfy both 

given equations. 

Bzeroifle 63 



Solve: 
1. 



3 4 ' 

54-2 = 7 



^- 5 3" "^^ 
4-7-2. 



3 ^4.12-17 



3 2 



13. 



4. V--2J = 12, 
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a? + 3 y + l_^ ft x + l 2-y _ 6 

5 3' 326 

0? — 2 y-2 _j^ 3a; — 1 y~3 ^ 1 

6 2 * 2 3 4* 

e. 2^4-^ = 6, 10. f-4 = |+6, 

3a; — 1 . 2y — 1 _2 ^ + y i ^ — 2y _35 a; 

2 "^ 5 "■ ' 10 8 "■ 2 6" 

5y-2 a;-9_5 ,, 3a; + l 4y4-l _ 1 

^* ""3~ 2 ~2l 3 2 "" 2' 

3a;-l y4-4 1^^ 2a;-l 4y-l _l 

2 3 6 * 2 3 2* 

g+i y-i ^g 5_y ?_y- 

2 3 4' 3 2 3 2 3 

5jzl-3H:i = -5. 3 "^ 4 "8' 

3 2 6* 5(a;-t-y) =« — y. 

,, 2y-a;-3 y-2a;-3 _, 
^3- 4 3 ^' 

^ 4y-3a;-3 2y-4a; + 9 ^(^ 
4 3 ■ 

14. 5 + 2 + ^ = 10, 15. ?i?-^ + ^ = 0, 

2 3 4 3 2 6' 

?4.2 — ^==8 4a; . 2y 3g_l 

3 2 8 ' 3 3 2 2' 

5_^4.i— 2 ^-^j-l? = I 

6 5"^4 * 4 6 "^ 3 4* 

16. j + 3-2, 17. 2-3-12' ^®- 3 2 72' 

?_^— 5—^— A If— ^=Jl 

2 3"" * 3 4-24' 4 3""48' 

^-1-^=4 ^-^ = 1.. 5-5.= !. 

3 2 * 2 3 12 2 5 24 
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(6) When the Unknown Quantities occur in the Denom- 
inators OF the Fractions, giving Simultaneous Linear 

Equations in - and - 

X y 

199. A solution of this type of simultaneous equations is 

obtained by considering the unknown quantities to be - and -, 

X y 

and the process of elimination is carried through without clear- 
ing of fractions. Much difficulty is avoided by this method. 

Illustrations : 



1. Solve the equations 


• 


'3 2_ 31 

x^y 40' 

6 10 11 








X y ~ 8 


Multiplying (1) by 6, 






15 , 10 _ 31 

X y 8 


Adding (2), 






5_10_ 11 
X y 8 
20 _ 20 
X 8 


Dividing by 20, 






1 _ 1^ 
X 8* 


Clearing of fractions, 






a; = -8. 


Substituting in (2), - 


6 
8 


10 

y 


11 10 16 
"8' y"8' 



(1) 

(2) 



(8) 



— ^r» 



-80 = 



= -6. 



Hence, 



05= — 



::^.} 



Result. 



200. If the coefficients of a; or ^^ are greater than 1, the 
equations may be changed in form by multiplying each equa- 
tion by the L. C. M. of those coefficients. The resulting equa- 
tions will be of the same form as the equations just solved. 

f 6 . 7 



2. Solve the equations : , 



2a? '"Sy ^' 
X oy 



(1) 

(2) 
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Multiplying ( 1) by 6, 15 + If = _ 12. (3) 

X y 

Multiplying (2) by 12, ?i + 15 = 12. (4) 

z y 

From the system (3) and (4), 

»=-andy= — -. 
2 8 



Bzeroiae 64 



Solve : 



1 Ij.^ 9 A 3 5 7 ,, 6 2 _11 

X y . X y 6 2x 3y o 

5 — 5 — 2 5-§ = I. 9y-8aj = a:y. 

ay' a y 2* 1117 

12. i^-i-i^ ' 

4_3^1 J^ jL = -l.. ^ ^ ^ -^^ 

a? y 2' 3aj 2y 12* i_l_l = _i, 

a; y 2; 12 
a 3 .6_2 - 1 1 7 

3 10_. 1 _L 1 _1 « y « 6 

^~7~ 2^''"3^~2' 2_^3_2^17 

a? y 2; 30 

' X y * ' Sx 2y 6 x y z 60' 

1 1_A 3 2k 

«', y 2« 3y 14. I— #- = j, 

2a; 2z 4 

K 4 3_ 2 10 ± + A * 2 3 _1 

ay 3a; 2y 3 Sx 2y 6 

5 2^13 ^ A = ^. A 51=-?^. 

sc y 2* 5x 2y 5' 3y 2z 36* 
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UTBRAL SIMULTAirBOnS UNBAR EQUATIONS 

Illustration : 

Solve the equations : ] . i ;2 

lma? + ny=d. (2) 

From(l), x = ^-^=-^. From (2), z = ^—^' 

a m 

Therefore, c^^M = §^iM. 

a m 

Clearing, cm — hmy = ad— any. 

Transposing, any — bmy =zad — cm. 

Therefore, (an — bm) y =:ad — cm, 

J ad — cm 

and y = -— — — -• 

an — bm 

The labor of substituting a root found for one unknown and reducing 
the resulting expression for the value of the other unknown, is frequently 
as great as that of making a new solution f6r the value still undeteimined. 
Therefore, in practice it will be well to make a separate elimination for 
each unknown. 

From (1), y = ^^zJE. From (2), y = luL^. 

b n 

Therefore, c_:^ax ^ d^^mx. 

b n 

Clearing, en — anx = bd — bmx, 

Transi>06ing, bmx — anx = bd — en. 

Therefore, (bm — on)a5 = bd — en, 

bd-^ en 



and X = 



bm— an 



201. As in other fractional forms of simultaneous linear 
equations, solutions that do not satisfy both given equations 
are rejected. 

Exercise 65 

Solve: 

1. aj-fy = m, Z. 7nx+ ny =lj 

x — y = n, nx — my = l. 

J^ 2a?-f 3y = c, 4. mv + nw; = 3, 
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5. aj-fy = a-fl, 7. m(X'[-y) = 5, 
x — y = a — l. n(x — y)=10, 

6. x-{-y = 2a + b, 8. ax-\-cy = a-\-2cy 
a? — y = a-f2 6. ex •i-ay = a-~2c. 

9. (a + l)aj — (a— l)y = 4a, 

(a + l)aj+(a-l)y = 2(a* + l). 

10. (m-{-2)x=(m-2)y; 
x^n = y. 

11. (a + m)x-'(a — m)y = 4: am, 
(a — m) a; — (a — m) y = 0. 

12. caj + my = c(c-f m)*, 
maj -f cy = m (c -f m)*. 

13. £-^=1, 18. £±1±B = 2, 
m n aj — y + w 

n m h y—x—n 

14. -J- + _i4=C, 19. ^=1, 

a? — y __ j^ (g + m)a? ^^ _ a 

c (m — a)y m — a 

16. ^ + 2=1, «£±^=2, 

ay c 

Vl — V:=st 6y -f Qg _ Q 

X y ' a "" ' 

5 + ?=:44-al 21. «y4.^ = S? + ^ = ^. 

a? y 66993 

a-fl a — 1 a* — 1 a — c a— 1 

a? I y ^ 2 a?-l ^ y-f 1 ^1 

a — la + la^ — 1 1 — c a a 
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PROBLEMS PRODUCmG SIMULTAHBOUS LmBAR EQUATIONS WITH TWO OR 

MORE UHKNOWN QUANTITIES 

202. A problem may be readily solved by means of a state- 
ment involving two or more unknown quantities provided that 

(1) there are as many given conditions as there are required 
unknown numbers, and 

(2) there are as many equations as there are required un- 
known numbers. 

Ezercise 66 

1. If a certain number increased by 3 is multiplied by 
another number decreased by 2, the product is 9 more than 
that obtained when the first number is multiplied by 1 less 
than the second number. The sum of the first number and 
twice the second number is 30. Find the numbers. 

Let X = the first number, 

and y = the second number. 

Then (a; + 3)(y-2) = the product of (the 1st no.+3) by (the 2d no.- 2). 

Also, x(y — 1) = the product of (the 1st no.) by (the 2d no. — 1). 

Therefore, from the condition, 

(a; + 3)(y-2)-9 = x(y-l). (1) 

Also we have, a; + 2y = 30. (2) 

From (1), -a; + 3y = 16. (3) 

From (2) and (3), y = 9, the second number. 

a; = 12, the first number. 
Verifying in (1) : 

(12 + 3) (9 - 2) - 9 = 12(9 - 1). 

(16) (7) -9 = 12(8). 

106 - 9 = 96. 

96 = 96. 

2. If the larger of two numbers is divided by the smaller 
increased by 5, the remainder is 1 and the quotient 3; but if 
their product decreased by 43 is divided by 1 less than the 
larger number, the quotient is 1 more than the smaller number. 
Find the numbers. 
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3. If A gives B $ 30, each will have the same amount; but if 
B gives A $ 30, the quotient obtained by dividing the number 
of dollars A has by the number of dollars B has will be J. 
Find the amount each has. 

4. If 1 is added to both the numerator and the denominator 
of a certain fraction, the result is f ; but if 2 is subtracted 
from the numerator, and 2 is added to the denominator, the 
fraction becomes ^. Find the fraction. 

Let X = the numerator of the fraction, 

y = the denominator of the fraction. 

Then, 

By the first condition, 



By the second condition, 
Solving (1) and (2), 



7 
The required fraction is, therefore, -. 



- = the required fraction. 

y 




x + l 8 

y + 1 9' 


(1) 


x-2 1 

yH-2 2* 


(2) 


X = 7, and y = 8. 





6. A certain fraction becomes ^ when 3 is subtracted from 
its numerator and 4 is added to its denominator. The same 
fraction is increased by 3^5- if |^ is added to its numerator only. 
Find the fraction. 

6. If a certain fraction is divided by 3, and the result is 
increased by 2, a new fraction, |^, is obtained; but if the 

lOriginal fraction is multiplied by 2, and then both numerator 
and denominator are decreased by 2, the result is f . Find the 
fraction. 

7. A certain number is made up of three digits. The 
hundreds' digit equals the sum of the units' digit and the tens' 
digit; the units' digit is 3 more than the tens' digit, and the sum 
of the three digits is 14. Find the number. 
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Let X = the digit in the hondreds' place, 

y = the digit in the tens^ place, 
;? = the digit in the units' place. 
Then 100 a; + 10 y + « = the number. 

From the Ist condition, x =y + z, (1) 

From the 2d condition, « — y = 3. (2) 

From the 3d condition, x + y + z = 14, (3) 

Solving the system (1), (2), and (3), x = 7, y = 2, « = 6. 
Therefore, the required number is 726. 

8. The sum of the two digits of a certain number is 13, and 
if 45 were added to the number, the digits would be reversed. 
Find the number. 

9. If a certain number is divided by the difference of its two 
digits, the remainder is 1 and the quotient 18; but if the 
digits are interchanged and the new number is divided by the 
sum of the digits, the quotient is 3 and the remainder is 7. 
Find the number. 

10. A certain sum of money placed at simple interest 
amounted to $1400 in 3 years, and to $ 1500 in 5 years. What 
was the sum at interest and what was the rate of interest ? 

Let X = the number of dollars in the principal, 

y = the rate of interest. 

The interest for 1 year = -^ths of the principal, = -^ dollars. 

100 100 

Therefore, — ^ = the interest for 3 years, 

100 

— ^ = the interest for 6 years. 
100 

Hence, « + ^ = 1400. (1) 

100 

ajH-^=1500. (2) 

100 ^ ^ 

From (1) , 100 X + 3 ay = 140000. 
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From (2), lOOxH- Say = 150000. 

600 X + 15 a^ = 700000. (Multiplying (1) by 5.) 

300 X + 15 xy = 450000. (Multiplying (2) by 3.) 

200 X = 250000. 

X = 1250. 

Substituting in (1), y = 4. Principal = $12501 Result 

Rate =4% J 

11. A sum of money at simple interest amounted to $336.96 
in 8 months, and to $348.30 in 1 year and 3 months. Find 
the sum at interest and the rate of interest. 

12. A banker loaned $15000, receiving 5% interest on a 
portion of the amount, and 4 % on the remainder. The income 
from the 5 % loan was $ 60 a year less than that from the 4 % 
loan. What was the sum in each of the loans ? 

13. Two loans aggregating $ 6000 pay 3 % and 4 % respec- 
tively. If the first paid 4 (Jo and the second paid 3 % the total 
income from the loans Would be $ 12 more each year. What 
is the amount of each loan ? 

14. There are two numbers whose sum is 10, and if their 
difference is divided by their sum the quotient is \, Find the 
numbers. 

15. The two digits of a certain number are reversed, and the 
quotient of the new number divided by the original number is 
1^. The tens' digit of the original number is 4 less than the 
units' digit. Find the number. 

16. If the greater of two numbers is divided by the. less, 
, the quotient is 2 and the remainder, 1. If the smaller number 

is increased by 20 and then divided by the larger number de- 
creased by 3, the quotient is 2. Find the numbers. 

17. Find two numbers such that the first shall exceed the 
second by m ; and the quotient of the greater by the sum of the 
two shall be s. 
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18. A certain number of two digits is 9 more than four times 
the sum of the digits. If the digits are reversed, the resulting 
number exceeds the original number by 18. Find the number. 

19. A rectangular field has the same area as another field 6 
rods longer and 3 rods less in width, and also has the same 
area as a third field that is 3 rods shorter and 2 rods wider. 
Find the length and width of the first field. 

20. Two automobilists travel toward each other over a dis- 
tance of 60 miles. A leaves at 8 a.m., 1 hour before B starts 
to meet him, and they meet at 11 a.m. If each had started at 
8.30, they would have met at 11 also. Find the rate at which 
each traveled. 

21. Three pipes enter a tank, the first and second together 
being able to fill the tank in 3 hours, the second and third 
together in 4 hours, and the first and third together in 5 hours. 
How long would it require for all three running together to fill 
the tank? 

22. The numerator of a certain fraction is the number com- 
posed by reversing the digits of the denominator. If the 
denominator is divided by the numerator, the quotient is 2 and 
the remainder, 5. If the numerator is increased by 18, the 
value of the fraction becomes 1. Find the fraction. 

23. A man seeks to purchase two different grades of sheep, 
the whole to cost $210. If he buys 12 of the first grade and 
13 of the second grade, he lacks $3 of the amount necessary to 
buy them. If he buys 13 of the first grade and 12 of the sec- 
ond grade, he still lacks $ 2 of the necessary amount. What is 
the cost of each grade per head ? 

24. A tailor bought a quantity of cloth. If he had bought 
5 yards more for the same money, the cloth would have cost $1 
less per yard. If he had bought 3 yards less for the same 
money, the cost would have been $1 more per yard. How 
many yards did he buy and at what price per yard ? 
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26. Ad automobile travels over a certaiii distance in 5 hours. 
If it had run 5 miles an hour faster, the run would have been 
completed in 1 hour less time. How far did it run and at 
what rate ? 

26. If the length of a certain field were increased by 6 rods, 
and the breadth by 2 rods, the area would be increased by 102 
square rods. If the length were decreased by 7 rods, and the 
breadth increased by 4 rods, the area would be unchanged. 
Find the length and breadth of the field. 

27. A company of men rent a boat, each paying the same 
amount toward the rental. If there had been 3 more men, each 
would have paid $ 1 less ; and if there had been 2 l^ss men, 
each would have paid f 1 more. How many men rented it, 
and how much did each pay ? 

28. A boat runs 12 miles an hour along a river with the cur- 
rent. It takes three times as long to go a certain distance 
against the current as it does with it. Find the rate of the 
current and the rate of the boat in still water. 

29. 144 voters attend a meeting and a certain measure is 
passed. If the number voting for it had been ^ as large, and 
the number voting against it had been ^ as large, the vote 
would have been a tie. How many voted for and how many 
against the measure ? 

80. The total weight of three men is 610 pounds. The first 
and third together weigh 340 pounds, and the second and third 

together 350 pounds, and the first and 
second 330 pounds. Find the weight 
of each of the three. 




31. The sum of the three angles of 
a triangle is 180®. The angle at A is 
^ of the angle at B; and the angle 

at (7 is ^ the sum of the angles at A and B. Find the number 

of degrees in each angle. 
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THB DISCUSSION OP A PROBLEM 

203. Since a problem is solved by means of equations based 
upon given conditions, it follows that a tme solution can result 
Jrom possible conditions only. Briefly, 

(a) Impossible conditions result in m) solution ; or, 

(6) An impossible answer indicates impossible conditions. 

Some important cases are considered under the following 
heads : 

(a) A Negative Result may indicate an Impossible Problem 

1. If af dealer doubles the number of horses he owns and 
also buys 9 additional head, he will then have \ the number 
he might have possessed by adding 20 head to 5 times the 
original number. Find the number he originally possessed. 

Let X = the original number of horses. 

2 X + 9 = the number under the first condition named. 
X + 20 = the number under the second condition. 

Then 2x + 9 = ^*±20. 

6x + 27 = 6x + 20. 
6x-6x = 20--27. 

x=-7. 

And the negative result indicates an impossible problem, due to a fault 
in the statement of the conditions. 

If the statement had been ** and then sells 9 head*' instead of *^ and 
also buys 9 additional head *' the problem would have been possible. 

For 2x - 9 = S-^,. 

6x- 27 =6x + 20. 

X = 47. Result. 

(6) A Statement in a Problem may be Reversed 

2. A certain man 42 years of age has a son 18 years old. 
How many years ago was the father twice as old as the son ? 

80M. EL. ALG. — 13 
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Let X = the number of years since the father was twice as 

old as the son. 
Then 18 — x = the son's age x years ago. 

42 — X = the father's age x years ago. 
From the condition, 

42 -X = 2(18 -X). 
42 - X = 36 - 2 X. 
2 X - X = 36 - 42. 

X = — 6. Result. 

The result indicates that 6 years have still to elapse before the condi- 
tion named will hold. (That is, in 6 years the father will be 48 and the 
son 24 years of age.) K the problem were changed to read '* In how 
many years will the father be twice as old as the son ? " the solution 
would be possible. 

(c) A Fractional Result mat indicate an Impossible Problem 

3. If the number of boys in a certain schoolroom is de- 
creased by 5, there will be left 2 more than one third the 
original number. How many boys were there at first ? 

Let X = the number of boys at first 

From the given condition, 

X - 6 = I + 2. 

3x-16 = x + 6, 
3 X - X = 6 + 16. 
2x = 21. 
X = lOi. 

Clearly, the fractional result indicates an impossible condition. 

(rf) Possible Discussions of Given Values and their Relations 

TO EACH Other 

A general problem admits of discussion by assuming differ- 
ent relations between given values. 
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4. Two trainS; an express and a mail, pass along the same 
railroad in the same direction, the express train traveling m 
miles per hour, and the mail n miles per hour. At 12 o'clock 
the mail is k miles ahead of the express. In how many hours 
will the two trains be together ? 

We may assume that they are together x hours after 12 o'clock, the 
express having traveled mx miles, and the mail nx miles. But, by the con- 
ditions, the express has traveled k miles more than the mail at 12 o'clock ; 

hence, 

mx — nx = k. 



x = 



Discussion: 

1. Suppose m is greater than n. 

The value of x will be positive. 

The express toill overtake the mail after 12 o^clock, 

2. Suppose m less titan n. 

The value of x will be negative. 

(For, if n is greater than tti, the rate of the mail was the faster rate.) 
The trains were together before 12 o^clock. 

This assumption, therefore, is impossible, for we are going contrary to 
the condition that the trains are to be together after 12 o'clock. 

3. Suppose m equal to n. 

h 
The value of x will become _. 



If the rate m equals the rate n, the trains have not been together, are 

moving at the same constant distance apart, and will never be together. 

In this case, therefore, the supposition has led to the impossible con^ 

h 
dition denoted by the symbol -. 

This symbol is usually denoted by oo, and is read " infinity." 

4. Suppose m equal to n, and k equal to 0. 

If k equals 0, the mail and the express started together ; and since m 
equals n, the trains have been, and will continue to be, together. 
Expressing this final condition in symbols, we have, 

X = — - — = - = any finite number. 
m — n 
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c 

That is, there is an infinitely great number of points at which the two 
trains are together. In this case, therefore, - is the symbol of inde- 
terminate value. 

In general, therefore : 

From (2), A negative result indicates an error in statement. 

k 
From (3), A result x = ~ = qo indicates no possible solution. 

• 
From (4), A result x = — indicates an infinitely great number of solu- 
tions. 
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Discuss the following problems and interpret the solution 
for each : 

1. A is 12 years old, and B is 17 years old. In how many 
years will B be twice as old as A ? 

2. The total number of boys and girls in a certain school 
is 32, and four times the number of boys plus twice the num- 
ber of girls equals 95. How many boys and how many girls 
are there in the school ? 

3. A and B can together paint a sign in 8 hours, and B 
alone can paint the same sign in 5 hours. How many hours 
will A require if working alone ? 

4. A boy has 45 coins, the value being in all 78 cents. 
A portion of the number consists of nickels, and the remain- 
der of cents. How many are there of each kind ? 

5. A group of 6 boys bought a boat, agreeing to pay d dollars 
each, but / of the boys failed to pay their shares, and each 
remaining boy had to pay e dollars more than he had agreed. 
Find the cost of the boat in terms of 6, e, and/. 

Ana. (^-/)^. 



CHAPTER XVII 



THE GRAPHICAL REPRESENTATION OF LINEAR 

EQUATIONS 

TEB GRAPH OF A POINT 

In the figure two straiglit lines, XX' and TY', intersect at 
right angles at the point 0, the origin. These lines, XX' and 
YT', are axes of reference. 
From measore on OX 
the distance, OA = a. From 
measure on OT the dis- 
tance, OB = b. Through A 
dra^ a line parallel to OY, 
and through B draw a line 
parallel to OX. These lines 
intersect at P. And P is 
the graph of a point plotted 
hj means of the measure- 
ments on OX and OY, 



204. OA and OB, or 
their equals, a and b, are 
the rectangular cotfrdlnatea of point P. 

20S. A coordinate parallel to the XX' axis is called an 
abscissa. 

A coordinate parallel to the YT' axis is called an or- 
dinate. 

306. Abscissas measured to the right of ace positive, to 
the left of 0, negative. 
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Ordioatea measured upward from are positive, downward 
from 0, negative. In the accompanjiug diagram it will be 
seen that 



The abscissa of Jf fs — 4 ; Ui« 
ordinate, + 3. 

Tbe absciHsa of Nia — i-.Oie 
ordinate, — 5. 

The abscissa of 7* is + 2 ; tha 
ordinate, ~ 3. 



207. It will be seen that 
the axes of reference di- 
vide the plane of the axes 
into four parts or quad- 



imnts, and these quadrants are named as indicated, I, II, III 
and IV. From the principle governing the signs (Art. 206), 
we observe that in 



Qnadrant I : absciaM + ; ordi- 
nate +. 
Qoadrant II ; abscissa — ; oidl- 



Qoadnat nii abs^saa — ; ordU 



In naming the coordi- 
nates of a point, the ab- 
scissa is always named first, 
and the ordinate last. 



? 









































In the illustrations of this chapter the scale of the graphs is 
80 chosen that one unit of division on the ases corresponds to 
one numerical unit in a solution. In later chapters the student 
will easily apply other scales as occasion requires. 



THE GRAPH OF A POINT 



In the diagram let the 
student name the location 
of each of the several points, 
making a table in which 
the position of each is re- 
corded. 



s=(-5, 1), e=c 

C=(-3,-5), S=( 
V = (7, -7), K=(_ 



). 



" " " "5 : : 
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On properly ruled paper plot the following points : 

1. (2,6). 6. (-3,4). 11. (4,0). 

2. (,3,4). 7. (5, -2). 18. (0,4). 

3. (7,1). 8. (3,3). 13. (-5,0). 

4. (1,7). 8. (-2,-1). 14. (0,-6). 
B. (-2,6). 10. (-4,-7). IB. (0,0). 

16. In what quadrant does (—3, 5) lie? (2,-4)? (-3,-5)? 
(4, 7)? 

17. In what quadrant does (5.6, 7.5) lie ? (— 4.8, - 9.75) ? 
(- 5.4, 8.7)? (- 14.75, - 6.1) ? 

18. Usii^ two divisions on your paper for one given unit of 
measure, plot the points; (4,3), (2,5), (-2,3), (3,-2), 
(0, 4), and (7, 0). 

19. . Using one division on your paper for (mo given units of 
measure, plot the points ; (4, 6), (10, 18), (- 8, 14), (20, —16), 
(_18, _18), (0,-24), (10,15), (-17,-21), (-3,26), 
(26, -3), and (-19, -12). 
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THE SRAPB OF A LUTEAR BQUATIOIT a TWO UHKHOWIt VOIISSIB 

206. A TorUble is a number that, during the same diacus- 
may have an indefi- 



's, 



nitely great number 



209. 

number that, during the 
same discussion, lias one 
and only one value. 

If, in the given linear 
equation, ic-|-^ = 4, we as- 
sume a succession of differ- 
ent values for y, the corre- 
sponding values of X are as 
follows ; 

,=i, x=0, Pt=(0, 4). 
1=5, x=-l,P,=i-l,5). 

1=6, a;=-2, P,=(-2, 6). 
etc., indefinitely. 

Begatding the respective pairs of values as the codtdinabes 
of points which we may designate by P, Pi, Pa et«., we plot 
these points and draw through them the line AR Therefore, 
the line AB in the figure is the graph of the linear equation, 
x + y = i. 

An indefinite number of points might have been obtained by 
assuming fractional values for y, and finding the corresponding 
Yaluea of x. 
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Plot the graphs of the linear equations : 

1. x + Sy = 7. 3. x + 3i/ = i. 5. !r-|-y = 0. 

8. 3x + y = 2. 4. 2x + 7y = S. 6. a; — 4y = 0. 



If y=0, x=i, P=(i,0). 
y=l, x=3, P,= (3, 1). 
y=2, x=2, P,= (2,2). 
y=3, x=:l, Pj=(l, 3). 
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A Shortbb Method for Obtaimiitq the Graph or a 
LiNRAR Equation in Two Variables 

210. It can be proved that the graph of every linear equa-' 
tion in two variables is a straight line. (This fact justifies the 
use of the word "linear" in naming so-called equations of 
the first degree.) Now a straight line is determiued by two 
points, hence the graph of a linear equation should be deter- 
mined by the location of any two points that He in its graph. 

The two points most easily determined are those where the 
graph cuts the axes. Therefore, 

(1) Find the point where the graph cuts OX by placing y = 0, 
and calculating x. 

(2) Find the point where the graph cuts OFby placing a; = 0, 
and oalonlating y. 

Illustration: 
Plot the graph of ' 
3a!-2y = 6. 
Ifp = 0,x=:2. 
Ploti^ f2,0). 

Plot P, (0-3). 
Join FiPf 

AB is the required graph of 
8a;-2v = 6.' 

EXCEPTIOKS TO THE SHORTER MrTHOO 

(a) A Linear EqtuiHon mhose Graph passes through the Origin. 

211. If a given linear equation has the form of oz =^ by, it is 
evident that when x = 0,y = also. That is, a graph of such 
an equation passes through the origin. Therefore, to plot the 
graph of an equation in this form, at least one point not on 
either axis of reference must be determined. 



V- 
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(6) A Linear Equation aihose Graph ia Parallel to Either Axis. 

212. If a given linear equation is in form of x=7, it is evident 
that the value of a; is a constant. That is, the abscissa of ever/ 
point in the graph is 7. Therefore, the graph of this equation 
is a straight line parallel to the axia, Yy and 7 units to the 
r^ht of it. 
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Plot the graphs of the following : 

1. x+2y = 5. 6. 2=4. 9. 3x — 5y = ~3. 

2. y = 3x + i. 6. y + 5 = 0. 10. 6!C + 3y = 0. 

3. x=2y + 3. 7. 3x-2y = -10. 11. 12a: — 17y=lfi. 

4. x + 4:y = S. 8, y = 7x. 12. iy = 16—13x. 

i TJB- 



-/- 



(n) Independent Equations 

In the figure, the line AB 
ia the graph of the linear 
equation, x + y = 5. The 
line CD is the graph of the 
linear equation, 4as— 3y=6. 
It will be seen that the 
graphs intersect at the 
point P, (3, 2). That is, 



the point, (3, 2), is c 
to botk0rijph^. Solving the 
given linear equations, 
x + y = 5 and 3 x — iy = l, 
we obtain as a result, x=3, 

y = 2. And, clearly, the values obtained for x and y are the 

coordinates of the intersection of the graphs. 

213. The coordinates of the point of intersection of the graphs 

of two simultaneous linear equations form a eolvti&n of the two 

equations represented by the graphs. 
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Solve the following Bimultaneoua linear equations and verify 
the principle of Art. 213 by plotting their graphs: 



1. 6«-3s = l, 
3ai + 5y = 21. 


12 a: + fly = 16 


2. 6«-3j-36, 


4. 4ri: + 6j=- 


(6) INCONSIBTENT EQUATIONS 


Given two equations 


2» + 3!, = 8, 



Multiply (1) tj 2, 



ix + 6y= -25. 
4x + ey = l0. 



(1) 

(2) 



The equations are therefore inconsistent, for it is impossible 
to find any values of x and y that will satisfy both equations. 
Plotting the graph of 
2a: + 3y = 8(..4B),andthe -_ 
graph of ix + 6y= — 25 
(CD),ve obtain two parallel 
lines, and as parallel lines 
never meet, we find no point 
common to the graphs. 
Thus the graphical repre- 
sentation of the linear 
equations in this case shows 
with great clearness the 
real meaning of inconsist- 
ent equations, and serves 
to emphasize more than 
ever the need of independent equations if a solution is to be 
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(c) Indbtrbhihatb Eqpatiowb 



" " " * 
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simultaneous equations by n 



Given two equations 
2x-3y = 10, (1) 
4a:-6ff = 20. (2) 

Multiply (l)by2. 

That is, the first equa- 
tion is put in the form 
of the second, and their 
graphs are found to coin- 
cide. Here, also, we fful 
to find independent equa- 
tions; and we are ^ain 
assisted to a clearer con- 
ception of indeterminate 
of the graph. 



Apply the principle of graphical representation to the follow- 
ing, and determine the pairs of independent, inconsistent, and 

indeterminate equations. 



1. 5a; + 2y = 7, 
BiB+2 j/ = -3. 

2. 3x-iy = 7, 
9 ai - 12 y = 0. 

3. 3x + 7y = -4, 
ix-3y~7 = 0. 

4. ix + y = 9, 



2x-5y=3, 
6ic = 18 + 15y. 



7. 2x-3y = l, 
16 a; -24^^ = 8. 

8. 3! + 9y = 19, 
ny-3x=19. 

9. 4aj-3y = 8, 
16-8aj = — 6y. 

10. 3x — 5=Sy, 
9x = 15 + lSy. 



CHAPTER XVIII 

nrvoLUTiON and evolution 

mVOLUTION 

214. Involution is the operation of raising a given expression 
to any required power. All cases of involution are multiplica- 
tions, the factors in each case being equal. In all elementary 
work the exponents of the powers are positive and integral. 

THB 6BITBRAL PRmCIPLBS FOR INVOLUTION 

(a) The Power op a Power 

When m and n are both positive integers : 

By Art. 61, a"» = a x a x a ... to m factors. ' 

Therefore, (a~)*» = (a x a x a ... to m factors) (a x a x a ... to 

m factors) ... to n groups of factors, 
= a X a X a ... to mn factors, 
= a"w». The Third Index Law. 

Hence, to obtain any required integral power of a given 
integral power : 

215. Multiply the exponent of the given power by the eoaponent 
of the required power. 

(h) The Power op a Product 

When n is a positive integer : 

(ahY = ab X ab X ab '" to n factors, 
= (a X a X a ••. to n factors) (6 x 6 x 6 — to n factors), 
= (a")(6»), 

= a"&**. The Fourth Index Law. 

206 
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Hence, to obtain any required power of a product : 

216. Multiply the factors of the required jprodvAst, first raising 
each factor to the required power, 

(c) The Power op a Fraction 
When n is a positive integer : 

__ (g X g X g "- to n factors) 
~ (6 X 6 X 6 ••• to w factors) 

Hence, to obtain any required power of a fraction : 

217. Divide the required power of the numerator by the same 
required power of the denominator. 

These laws are general for unlimited repetitions of the 
powers or of the factors. 

Thus : [(a")"*]^ = g"»***, etc., (gftc ••• w)"» = g»»6«»c» ... n"*, etc. 

THE SIGNS OP POWERS 

218. All even powers of any quantity, positive or negative, are 
positive. 

Thus, (+g)2=;:H-g2. (+ g)* = + g*. (-g)«=H-g2. (-a)*=+g*. 

219. All odd powers of any quantity, positive or negative, have 
the same sign as the given quantity. 

Thus, (H- g)8 = + g8. (H- g)^ = + g^. (-g)»=-g8. (-a)«=-g*, 

(g) The Involution of Monomials* 
Illustration : 
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In general, to raise a monomial to a required power : 

220. Determine the sign of the jxywer. Raise each factor of 
the given quantity to the required power , the numeriml fojctiyrs by 
actual multiplication, and the literal factors by muUiplying each 
eonpon^rvt by the exponent of the required power. 



Oral Drill 



Give orally the value of: 
1. (2a^l 



7. /^2a^Y. 13. ( ^^^y 

\3mnj '\ xy ) 

^•<--^'- ^-m ..(-^j. 



\3 m'z) 



16. 



/ 5 mwV 
V Zed)' 



6. (2mn7 



» ^ ^ 17. -(|m«»»j/')«. 



■■ -iM- 



6. (3a'xf)\ ^^' \4.(^dJ 18. - (-faVm'^n)*. 

(h) The Involution of Binomials 

The process of raising a binomial to a required power, or, the 
expansion of a binomial, is best shown by comparative illustra- 
tions. 

By actual multiplication : 

(a + 6)2 = a2 + 2a6 + 62. 

(a + by = (fi + Sa^h + 3a62 + h^. 

(a + 6)* = a* + 4a8fc + 6 a^b^ + 4a68 + 54. 

(a + &)^ = a^ + 6 a*6 + 10 a^h^ + 10 aSfcs ^ 5 a6* + ft^. 
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221. From a study of the form of each product we note: 

1. The number of terms in the eocpansion exceeds by 1 the ex- 
ponent of the binomial, 

2. The exponent of a in the first term is the same as the expo- 
nent of the power to which the binomial is raised, and it decreases 
by 1 in each succeeding term, 

3. b first appears in the second term with an exponent 1, and 
this exponent increases by 1 in each succeeding term until it is the 
same as the exponent of the binomial. 

4. The coefficient of the first term is 1, and of the second term 
the same as the exponent of the binomial, 

5. The coefficient of each succeeding term is obtained from the 
term preceding it, by multiplying the coeffi>cient of that term by 
the exponent of a, and dividing the product by the exponent of b 
increased by 1. 

6. If the second term of the given binomial is positive, the sign 
of every term of the expansion will be positive; and if the sign of 
the second term of the given binomial is negative, the signs of the 
terms of the expansion will be cUtemalely positive and negative. 

Illustrations : « 

1. Expand (a — a?)*. 

'For the o-f actor : a^ a^ a^ a 

jK-f actor: x ac^ sc* ac* 

coefficients: 4 6 4 

signs: - + - + 

Combining, a* — 4 a*a; + 6 a^^ — 4 ox* + x^. Result. 

2, Expand ( 3 a — | j . 

By observing the formation of the expansion of (a — by, we write : 
(a - by = flS - 6a*6 + lOa'd* - lOa^h^ + 5a6* - 6«. 
(3a - fj'=(Say - 6(3a)4Q + 10(3a)8gy - 10(3a)«(|]* 
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Simplifying, 



= 243a^-^5^ + 136a»xa-^5j^ + l^-^. Result. 

A polynomial is raised to a power by the same process, if 
the terms are so grouped as to express the polynomial in the 
form of a binomial. 

3. Expand (l-x-{-a^)\ 

(1 - a: + a;2)8 =[(1 - x)+x^Y 

= (1 - «)« + 3(1 - a;)2x2 + 3(1 - x) (x^y + (a;2)t 

= (1 _ 3a; + 3a;2 - a» + 3x2 _ 6a» + 3a:* + 3x* - 3a:« + x6) 

= (1- 3aj + 6aj« - 7«« + 6x* - 3x6 + ^6). Result. 
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Expand : 

1. (m + w)» 8. (Sx-iy. 

2. (m + w)*. 9. {ax-2yy. 

3. (m-«y. 10. (c'-Sxy. ^*- (aJ« + «+l)'. 

4. (c + 3)*. ^ ^V 16. (m*-2m + 3)*. 



... (a.-|Y. 



• ("^i 



5. (a-2)^ "• V 27 16- (c* + c + l)^ 

6. (Sx-2yy. ^^_2Y 17. (a:«-a; + l)». 

7. (2c«-3)» ^^^ [^^ 3^ 18. (2aj-a:« + 2)». 



EVOLUTION 

222. Evolution is the process of finding a required root of a 
given expression. 

223. The symbol for a required or expressed root is the 
radical sign, -y/. 

Thus : Va = the square root of a ; -y/a = the cube root of a. ; etc. 

224. The number written in the radical sign and indicating 
the root required is the index of the radical. 

BOM. BL. ALG. — 14 
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Thus : 3 is the index of the indicated cube root above. It will be noted 
that in the case of a square root the index ia not usually written, the 
absence of an index being an ** understood '' square root. 

The vinculum ia commonly used to inclose the expression affected by a 
radical. 

225. From the definition of root (Art. 60) it is clear that 

^/a means ** Required : One of the two equal factors of a." 
v^ means ** Required : One of the three equal factors of 6.'* 
y/c means '* Required : One of the four equal factors of c." 
y/x means " Required : One of the n equal factors of ac," etc. 

THB GBlffBRAL PRINCIPLBS OP BVOLUTIOir 

In the discussion of these principles both m and n are posi- 
tive and integral numbers. 

(a) The Root of a Power 

By Art. 216, (a*)* = a«". 

Therefore, by definition (Art. 60), 

a* is the nth root of a*". 

For a« is one of the n equal factors of (a**)*. 

That is, 0* = v'^. The Fifth Index Law. 

The conclusion is a direct result of a division of the exponent of the 
given quantity by the index of the required root. Or, 



mn 



Hence : - 

226. Any required root of a power is obtained by dividing the 
exponent of the power by the index of the required root. 

(h) The Root op a Root 

By Art. 226, ("^)"^ = a. 

Extracting the nth root, ("Va)"* = Va, 
Extracting the wth root, ("v^a) = -Jy/a. 
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I 

r 

Hence : 

227. The mnth root of an expreasdon is equal to the mth root 
of the nth root of the expression, 

(c) The Root op a Product 



By Art. 226, ( y/ahy = ah. 

Therefore, (v^a x y/ly = ( VS)" x ( v^)*. 
Or, ( Vdby = ( v^a X Vly, 

Hence, y/'o^ = .Va x Vft. 

Therefore : 

Si28. Any required root of a product of two or more fa/ctors is 
equal to the product of the like roots of the factors, 

(d) The Root of a Fraction 
By Art. 217. (|)" = g. 

Therefore, a|^ = ^. 

Hence : 

229. Any required root of a fraction is obtained by 'finding the 
like roots of its numerator and denominator, 

THE SIGNS OF ROOTS 

(a) Positive Even Powers 

By Art. 218, (+ a)(+ a) = ■\' a^ and (- a)(- a) = + a* 

Therefore, V+a^ = + a or — a. 

Hence : 

230. Every positive number has two square roots whose abso- 
lute value is the same, but whose signs are opposite in kind. 

The double sign, ±, is used to indicate two roots. Thus, y/a^ = ±a. 
The sign ± is read, "plus or minus." 
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(6) Negative Even PowEBa 
Since — a^ = (+ a)(— a), we have a product of unequal factois. 

Hence : 

231. It is impossible to obtain an even root of a negative 
number. 

(c) Positive and Negative Odd Powers 

BtArt.219, (+a)(+a)(+a) = + a«. Also, (_«)(- a)(-a) = -(i^, 
etc. 

Therefore, V+a' = + a, V— a' = — a, etc. 
Hence : 

232. The odd roots of a positive quantity are positive, and the 
odd roots of a negative quantity are negative; or, briefly, the odd 
roots of a quantity bear the same sign as the given quantity. 

THE BVOLUTIOir OP MONOMIALS 

233. Illustrations : 

1. Eequired the cube root of 8 a%V. 

The root is odd ; the given quantity, positive ; the sign of the result, + . 
Dividing each exponent by the index of the root, 

v^8 cfib^c^ = \/2^cfib^c^ = 2 a^b(fi. Besult. 

2. Eequired the fifth root of - 243 a^^y". 

The index is odd ; the given quantity, negative ; the sign of the result, — . 
Dividing each exponent by the index of the root, 

v'- 243 ajioyi* = ^- S^x^^y^ = -3 a;V- Result. 

3. Required the fourth root of 16 a%*c". 

The root is even ; the given quantity, positive ; the result bears the 
double sign. 

Hence : \/lQ~M^ = \/¥a^b^ = ± 2 a^bc^. Result. 
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4. Eequired the square root of 1587600. 

A root of a large number may frequently be obtained from its prime 
factors. 

Hence , V1587600 = V2*.3*.62.7a = ± (22 . 32 . 6 • 7 ) = ± (4 . 9 . 6 . 7) 
= ± 1200. Result. 

In the consideration of numerical quantity we shall consider only the 
positive roots in our results. 



Find the value of 

1. V121 aV. 

2. V64m*w^. 

3. ^27ajy. 

4. ■v^-27«y. 
6. ^-343 (^d». 

6. -v^ie m«n^. 

7. a/ST^WV. 



Oral Drill 



10 



8. A/-32m*n 



9. ^-64aj^«. 



0. 
1. 
2. 
3. 
4. 
5. 
6. 

i 

7. 



625 a?" 



16 2 



^81c^cZi«m«>. ^ 

</-10247/i%». 19. -'HZ. 

A/64(P 



V64 a%^. 
-v/729a^. 
^128 c««(P*. 
-v/266w?V«. 



V 



81m* 
64 n« 



21 



22 



■i 
■4 
■4 



32a^Q 
243 m^« 

I25^ 
27 c» ' 

243 n^* 



1024 aj» 



23. VT296. 



24. V3375. 



THE SQUARE ROOT OP POLYNOMIALS 

234. If a binomial, (a + b), is squared, we obtain (a* + 2ab 
+ 6*). We have in the following process a method for extract- 
ing the square root, (a + 6), of the given square, (a* + 2ab + 6^. 

a* + 2 a6 + 62 [ g + 6 square root. 27ie first term of the root, 
a^ a, is the square root of the 

first term of the given ex- 
pression, a2. 
Subtracting a^ from the 
given expression, the remainder, (2 ah + h^), results. Dividing the first 
term of this remainder, 2 ah, by twice the part of the root already found. 



2ab + b 
h 



+ 2 a6 -f 6* 
+ 2ah + h^ 
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2 a, the quotient is h, the second term of the root. This second term, 6, is 
added to the trial divisor, 2 a ; and the sum, 2 a + &) is multiplied by h. 
The result, (2 a + 6) 6, = 2 a6 + 6'*, and completes the process. It will Iw 
seen that much of the work depends directly upon the trial divisor ^ 2 a. 
I'he reason for this prominence of the trial divisor will be seen from the 
following 



Graphical Representation of a Square Root 

235. In the accompanying figure we have a graphical repre- 
sentation of a square constructed upon a given line, a+h. If 

the square whose area is a* is subtracted 
from the whole area, there remain the areas 

(Note that this corresponds with the sub- 
traction above.) Now the length of the 
side of the square removed being a, we are 
to provide for a remaining area built upon 
two sides of that square, or a'\-a = 2a 
(the trial divisor). Now 

^^^^ = Width. Hence, |5^ = 6. 



a* 


ab 


a// 


>** 




Length '2a 

That is, b is the width of the remaining 
area whose length is known. Now, because 
of its position in the original square, there 
still remains unprovided for the square 6^, 
whose side is b in length. Hence the length of the total area 
necessary to complete the square is 2 a -{-b. (This explains 
the addition of the second term of the root to the trial divisor 
above.) Multiplying our known length by the width ascer- 
tained by division, we have, as above, 

(2a^-6)6 = 2a6^-6^ 

which area completes the square required. 
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236. By the principle of Art. 234, we obtain the square root 
of any polynomial, the trial divisor at any point being in every 
case twice the part of the root already found. 

Illustrations : 

1. Extract the square root of oJ* + 6 iB» + 19 a?* 4- 30 a? -f 26. 

A x)olyiiomial must be arranged in order if its root is to be found 

witliout difficulty. 

x*+6«8+19x2+30a;+26[^+3£+6 

X* Result. 



First Trial Divisor, 2(«2)=2«2 
First Completion, (2a;g+3a;)(3g)= 



+6jc8+19«« 
+6x8+ Ox* 



Second Trial Divisor, 2(a2+3a;)=2a;-^+6x 
Second Completion, (2x^+6 g+ 6) (+5) = 



+ 10x3+30 a;+25 
+ 10x2+30x+26 



2. Extract the square root of 1 — 2 a to 4 terms. 

The approximate squ&re root of expressions not in themselves perfect 
squares is obtained by the principles of Art. 101. 



l-2a 
1 



d' 



a* 



2 2 



Result. 



2(1) = 2 
(2-a)(-a) 


-2a 
- 2 a + a' 


1 

2 

4 


2(l-a)=2-2a 

(— f)(-?) 


-a 
-a' 


2/l-a--W2-2a-a2 

(— ^-?)(-f)= 


-a. + <^ + f + f 



In extracting the square root of fractional expressions care must be 
taken that the expression is properly arranged. The descending powers 
of a letter occui-ring in both numerator and denominator of a fraction are 
written thus : 

a« + a« + a + l + i + i+i + i. 

a €r or* a* 



3. Extract the square root of — + 11 H H — « H 



a^ 



X 



a' 



a 
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In descending powers of a : 



a2 . 6a 



6 a; . x2 



:i. + iLL* + ll + ^ + - 



a 



a^ 



X a 



Result 



x^ 






+ ^ + 11 

z 

as 






a a* 



Ezercise 74 

Extract the square root of : 

1. aJ* + 4aj*+6aj^+4a?+l. 

2. aJ*-4iB» + 10a:'-12aj + 9. 

3. a*-6a*+12a + 4 + 5a«. 

4. aj« + 4aj*-2i«*-16aj* + aj« + 12a? + 4. 
6. 13m*-30m + 4m*+20m« + 9. 

6. 4aJ* + 4ajV + 9aJ^2^ + 4ajy' + 42^. 

7. 9a*-12a»6 + 34a%*-20a6» + 256*. 

8. 25c*- 20 c^cZ- 4 c(i»H- 14 c*(? + cZ*. 

9. 4-12« + 17aj*-32aj» + 34aJ*-20aj« + 26a^. 

10. 16aj«-16aj*2^-28aY + 30ay-20a?y+29aj»3^ + 252/*. 

11. ^ + 3a; + 9. 
4 

12. aJ* + 2aj»+2aj2 + aj+^. 



- « a* a^ , 13 a^ 



-3a +9. 
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14. ^%2a^3^2c^^ 

cr c a a" . 

_ 4a^ 4iB» , 7a^ x , 1 
16. 1 — • 

-^ 9aj* 6a^j 13aj« x , 1 
26 6 ^ 10 2^16 

4 a' 2 a ar* 19 a; 
■ 9a!» Sas'^'a* 12 a" 

,- 4a^ „. 17a!« , 9a! , 4a^ , 9 , To;' 

Find three terms of the square root of : 

19. l+9a?. 21. Qp-^ax. 23. 9a? — 1. 

20. aj2-8. 22. 4:0?— 5 x. 24. 36 -12a?. 



THE SQUARE ROOT OP ARITHMBTICAL NUMBERS 

237. Since an arithmetical square integer is the result of 
the multiplication of some integer by itself, we are assisted in 
obtaining arithmetical square roots by noting a certain relation 
that exists between such numbers and their squares. 

1^ = 11 A number of one place has not more than two 

9^ = 81 j places in its square. 

10^ = 100 1 A number of two places has not more than four 
99^ r=- 9801 J places in its square. 

100^ = 10000 1 A niunber of three places has not more than six 
9992 = 998001 J places in its square. 

Conversely, therefore : 

If an integral square number has two figures, its square root has one 
figure. 

If an integral square niunber has four figures, its square root has two 
figures. 

If an integral square niunber has six figures, its square root has three 
figures. 
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Hence : 

238. Separate any integral 'square number into groups of tm 
figures each, and the number of groups obtained is the same as 
the number of figures in its square root. 

Illustrations : 

1. Find the square root of 1296. 

Beginning at the decimal point, 
separate into periods of two figures 
Pa&allbl Alosbbaic Process each. 

a + b 

a^ + 2ab + b» \a + b 1296 |80 + 6 Result 

(a)«= jfi 80a= 900 

2(a) = 2 a 
(2a + 6)(6) = 



+ 2 a6 + 62 2 (30) = 60 
+ 2 o5 + 6^ (00 + 6) (6) = 



306 
396 



In the square root of 1296 : The greatest square in 1296 is 900. 

The square root of 900 is 30. 

The trial divisor is 2 (30) = 60. 

The second term of the root is (396 ^ 60 =6). 

For the completion, (60 + 6) (6) = 396. 
The process is repeated in the same order if the given integer is of a 
higher order. • 

2. Find the square root of 641,6%. 

The following process is given in a form commonly used in practice. 

Separating into periods of two figures each : • • . 

Explanation : • — 

The greatest square contained in the first period * ^^^ <* 

(64) is 49. The square root of 49 is 7. 7 is, there- o 

fore, the first figure of the root. Subtracting 49 ^^^^ 
from 64, and bringing down the two figures of the ^ 

next period, we have 616, the remainder. Annex- 



616 
429 



8796 
8796 



ing a to the first figure of the root, 7, our trial divisor is 2 (70) = 140. 
Dividing 616 by 140, we obtain 3, the second figure of the root. 
(140 + 3) 3 = 429, which product is subtracted from 616. With the 
remainder (87), we bring down the last two figures (96), and the new 
remainder is 8796. Annexing a to the figures of the root already found, 
our trial divisor is 2 (730) = 1460. Dividing 8796 by 14^, we obtain 6, 
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the third figure of the root. (1400 + 6) 6= 8796, which product, sub- 
tracted from 8796, gives a remainder of 0, and the square is completed. 

The addition of the to the figures of the root already obtained gives 
a trial divisor of the same order as the remainder, or of the next lower 
order. The process gives fewer figures and less likelihood of error. 

If a given square number has decimal places^ we point off by 
beginning at the decimal point, first separating the whole 
number as before, finally separating the decimal into periods 
from left to right. Ciphers may be annexed, if necessary, to 
complete any period. 

If a given number is not a perfect square, its approximate 
square root can be found to any desired number of places. 

The square root of a common fraction is best found by chang- 
ing the fraction to a decimal and extracting the square root of 
the decimal to the required number of places. 

Illustrations : 

1. Find the square root of 2. Find, to three decimal 
19920.4996, places, Vi2f . 



20 + 4 
4 
280 + 1 
1 
. 2820 + 1 
1 
28220 + 4 
4 



i9fe6.4996 [ 141.14 
1 Result. 



99 
96 



820 
281 



3949 
2821 



112896 
112896 



f = .376. 12| = 12.376. 
The required throe decimal places 
necessitate six decimal figures in the 
square. Hence, with three ciphers 
annexed, we have to obtain the 
square root of 

12.376000 13.617+ »»» 
9 Result. 



The decimal point in the result 
is located easily by noting betweisn 
which periods of the given example 
the given decimal point lies. In the 
example above there are two periods 
to the right of the decimal point 
given; therefore, there will be two 
decimal places ifi the root obtained. 



60 + 6 
6 


337 
326 


700 + 1 

1 


1250 
701 


7020 + 7 

7 




54900 
49189 
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Bxercise 75 

Find the square root of : 

1. 9216. 6. 186624. 9. .717409. 13. .00002209. 

2. 67081. 6. 4202500. 10. 9617.7249. 14. .0001752976. 

3. 32761. 7. 49.434961. 11. 44994.8944. 16. .009409. 

4. 182329. 8. 9486.76. 12. .00119716. 16. .0000879844. 

Find, to three decimal places, the square root of : 

17. 3. 19. 7. 21. .5. 23. f 26. .037. 

18. 5. 20. 10. 22. .05. 24. |. 26. .0037. 

Find, to three decimal places, the value of : 

27. 5 + 3 V2! 29. 2V3-V5r 31. Ve+VSi 

28. V7 + V10. 30. 3V7-7V3. 32. yj^-y/2. 

33. How many rods in the side of a square field whose area 
is 2,722,500 square feet? 

34. Simplify and extract the square root of 

aj2(10aj2 + 13)-2(2i«* + 3 + 7ic*)aj + (aj«-fl) (oJ* - a^-[-l). 

35. Simplify and extract the square root of 

(aj2 - 2aj - 3) (aj« - a? - 6) (aj2 + 3a? + 2). 

36. Show that the required square root in the preceding 
example can be readily obtained by factoring and inspection. 

37. If a, &, and c are the sides of a right triangle, and a lies 
opposite the right angle, we may prove by geometry that 
a* = 6' + c*. Find the length of a in a right triangle in which 
b and c are 210 feet and 350 respectively. 

38. Applying the principle given in the preceding example, 
find, to three decimal places, the distance from the " home '^ 
plate to the second base ; the four base lines of a regulation 
baseball diamond forming a square 90 feet on eac]^ side. 



CHAPTER XIX 

THEORY OF EXPONENTS 

239. The Index Laws for Positive Integral Values of m and 
n have been established : 

(1) For Multiplication: oT'y.a^- a«+* (61) 

(2) For Division (m greater than n) : a"» -i- a* = a"»-* (79) 

(3) For a Power of a Power : (a"»)* = a"»* (^16) 

(4) For a Power of a Product : (a6)» = a'^d* (216) 
(6) For a Root of a Power : Va«» = «"• (2^6) 

240. The extension of the practice of algebra requires that 
these laws be also extended to include values of m and n other 
than positive integral values only; and the purpose of this 
chapter is to so extend those laws. We shall, therefore : 

1. Assume that the first index law (cT X a" = a"^*) is true for 
aU values of m and n, 

2. Define the meaning of the new forms that result under this 
assumption, m or n, or both, being negative or fractional, 

3. Show that the laws already established stW, hold true with 
oar new and broader values for m and n. 

THE ZBRO BZPOirBNT 

If m and n may have any values, let n = 0. 

(61) 



Then, 




= a"* 


Dividing by a**, 






That is, 




aO = l. 


Hence, we d^ne aP 


as 


equal to 1. Or : 
221 
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241. Any qvxmtity with the eoffponerU equals 1. 

Illustrations : 

1. a^ = l. 2. (wn)o = l. 3. 3m0 = 3.1=3. 

4. 4aP + (2y)o = 4. 1 + 1=6. 

Oral Drfll 

Simplify orally : 

1. a^x, 4. 4a%V 7. BaP-^B. 10. 3 a® -|- 3° -}- aW. 

2. 2aaj^. 6. 3a^4-l. 8. 2aj^-}-3a». 11. 2 a^ + (a^ - 1). 
8. 30^3^. 6. 4a^-3. 9. 4:aP-&f. 12. 4^x+(a+3xf, 

THB HBOATIVB BXPOBBHT 

If m and n may have any values^ let n be less than and 
equal to — m. 



Then, 
whence, 


= ao 
0* X a-*» = 1. 


(61) 
(241) 


Dividing by a"*, 


a-» 




Dividing by <r*, 






Uence, we define a-* 


as 1 divided by <r*. 





From this definition we obtain an important principle of con- 
stant use in practice : 

242. Any factor of the numerator of a fraction may he trans- 
ferred to the denominatory o?' any factor of the denominator may 
he transferred to the numerator , if the sign of the exponent of the 
transferred factor is changed. 

Illustrations : 
1. a6-« = ^. 2. «^«-i = :|-. 3. i=J?^ = |^- 
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Oral DxiU 

Transfer to denominators all factors having negative 
exponents ; 

1. aQS-\ 4. 2a^b"\ 7. a-^bc-^, 10. 2cr^c-^x-\ 

2. cd'^ar^. 6. 2-*a-%-». 8. arhr^^- 11. Bar^jr^si*, 

3. 2a6-«. 6. Sar^a^K 9. 3-^a-%»c-^ 12. Sr^ar^marh/. 

Bead the following without denominators : 

a' cd 3 a c* 1 

13. ^. 16. 17. T-.' 19. -^7-5. 21. 



6« mn o^y* a-*6-^ 2-2ary 

14. -^. 16. -J- 18. -37- 20. ~r—i' 22. »_, g^.. 

Bead the following with all exponents positive : 

3 ar^ 3-^06 

23. Bar^bc. 27. ^ . _i * 31. 



2aj2y-i . *' • 2-im2n-^ 

^« , 1 1 ■ Smrhi-^ 

24. 12arV-^. 28. ^^z,^,- 32. 3^^^. 

25. -5a^. 29. 3^^=i^,. 33. p^. 

26. 3a-^6(r^d. 30. 1^. 34. -2a-^6-^ 



S-HbVij - 3 m-^ar ^2 jr'ar-^ 

THB FRACTIONAL FORM OP THB BXPOlffBNT 

If the expression a» can be shown to conform to the first 
index law, we may find a definition for the fractional form of 
exponents. By the first index law, 

(ai)a = a* X a* = a^^* = a. 

Hence the meaning of a^ is established, and the exponent in 
this form still agrees with the fundamental index law. 
That is: 
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a> = Va is one of the two equal factors of a. 

Similarly, (a')« = a* x a» x a^ = a^'^^i = a^ = aK 

That is, a* is one of the three equal factors of a^. 

In like manner, a* = y/a = one of the three equal factors of a. 

a* = V<? = three of the four equal factors of a. 
Therefore : 

* 

243. In the fractional form of an exponent we may define the 
denominator as indicating a required root, and the numerator 
as indicating a required poioer. 

Illustration : 

v^ =8* = 2* = 4. And 4 contains two of the three equal factors of 8. 
\/8l« = 81* =38=27. And 27 contains three of the four equal factors of 81. 
In general : 



tn III IK IB TO w 



a^ 'a^ • a* ••• to n factors = 0* ** ** ... to n terms 



nrn 

= a'' 

m 

That is, a** is an expression whose nth power is a"*. 

TO 

And a** is the nth root of a"». 

m 

Or, as above, a* is one of the equal factors of a"*. 

It is understood that while a^ must equal either + yfa or — Va, we 

consider the positive value only ; and a^ is defined as + Va, the principal 
square root of a. 

In future operations we may apply the definition of Art. 243 
to expressions given in radical forms, observing that 

244. The index of a radical may he made the denominator of 
an exponent in the fractional form, the given eooponent of the 
power of the quantity becoming the numerator of the fractional 
form. 
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Illustrations : 

1. \/m6 = wi 2. ^/x^ = Q^, 3. v^ = 6 V 

And in the converse operation of the principle of Art. 244 : 

4; aj* = v^. 6. a* = y/'c^. 6. c^= y/^. 

In the reduction of numerical forms : 

7. v^ = (\^)«=(2)«=32. 8. \/^^ = (\/^)« = (-26) = -32. 

It is to be noted that the root is extracted first. 

Oral DrlU 

Express with radical signs : 

1. a*. 4. a^aji. 7. yM. 10. x^y^z^. 

2. 05*. 6. m^y^. 8. cw. 11. n^p^^y. 

3. c*. 6. «»«'. 9. a»ml 12. m^n^xK 
Express with exponents in fractional form : 

13. V?. 16. -v^. 19. ^-V?. 22. V4?-V9^. 

14. Vm«. 17. Vr?. 20. V^-\/?. 23. \/27V.V362*. 

16. Va^ 18. \/^. 21. -t^.^i?. 24. Vi6a*C* • "v/S?. 
Give the numerical value of : 

26. 4*. 28. 64*. 31. 4*. 34. 81*. 37. 32*. 

26. 9i 29. 4*. 32. 8*. 36. 25*. 38. 64*. 

27. 27*. 30. 8*. 33. 27* 36. 49*. 39. 128*. 
Having established a meaning for the new forms>of ex- 

m 

ponents, a®, a"^, and a» , we must show that the index laws hold 
true for these new forms; thus fulfilling the third and final 
clause of our agreement in Art. 239. 

SOM. BL. ALO. 16 
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Proof op the Index Laws for Negative, Fractional, and 
Negative and Fractional Values of m and n 

« 

245. In the following proofs, m and n are rational integers 
or rational fractions. 

The Law a^x a'' = a:^\ 

1. When m and n are negative and integral. 

a-"» X a-* = — X -=- = = a-*-». 

2. When m and n are po^iiivc and yraciw>naZ. 

Let m = ^ and n = -, p, g, r, and « being positiye and integral. 

q 8 

p t ?^ 9H pf+flf 



3. When m and n are negative and fractional. 






Let m = — ^ and n = — -, j?, g, r, and s being positive and integral. 
q 8 

-^--11 1 -^+(-0. 

E H €+1 
a* a* a« • 

Let the stadent discuss this law when m is a positive and n a negative 
fraction. 

The Law (a*)* =s a"*. 

1. When m and n are negative and integral. 

Let m= — p and n = — g, p and g being positive and integral. 

2. When n is positive and fractional. 

Let n =^ , p and g being positive and integral. 

p 5P ^ p 



(a-)''=(a-) ^ ^^ 
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3. When n is negative and fractional. 

Let n = —?.,p and q being positive and integral. 
Q 

The Law (a6)* = a*6*. 

1. When n is negative and integral. 
Let n = — J), p being positive and integral: 

(a6)p aiPbf 

2. When n is positive and fractional. 

Let n = -yp and g being positive and integral. 

E __ p p 

3. When n is negative and fractional. 

Let n = — -, p and g being positive and integral. 

-£ 1 1 _£ .P. 

(a6)-»=(a6) f = ; = "rp'^" ^^ ' 

(a6)« a* 6* 

Let the student discnss this law (1) when m and n are both positive 
and fractional, and (2) when m and n are both negative and fractional. 

APPLICATIONS OP THB PRIH CIPLBS OP BXPOlffBNTS 

(a) Simple Forms involving Integral Exponents 

246. In processes with exponents no particular order of 
method can be said to apply generally. Experience with dif- 
ferent types will familiarize the student with those steps that 
ordinarily produce the clearest and best solutions. As a rule, 
results are considered in their simplest form when written 
with positive exponents. 
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247. Illustrations : * 

1. Simplify ar~* • a?* • a?"'. 

X-* . a^ . ar-7 = a;-4+6-7 -, x-«=-i. Result. 

2. Simplify mhr^ • wrH'^. 

m*n-^ . m-^n-* = m»-%-a"« = mn-^ = ~ . Result. 



3. Simplify-^^.i-L^. 



= ^. Result. 

Crfn 



Ezerclse 76 

Simplify : 

1. a**x a~\ 6. m* • m""* • m*. 9. a?"* -^ a?"*. 

2. c"* X c^ 6. aj* . a^ • x'*. 10. m~* -5- m"'. 

3. m"^Xm'. 7. a"2aj"^-a"V. 11. a~^nr^ -i- a^m'^, 

4. aj-*.a^. 8. c-^d'C^d'\ 12. aj-^j/"* -t- aj"^r^. 

13. — . _ . .* 10. 






17. (a-^«. 22. (m-«n)-^ 27. (a« + aj«y»)-«. 

18. (c-»)-. 23. {a'^c-y. 2«- (^Vx(3a0'. 

19. (a)-». 24. (a->»-')«. 29. (^^j 



20. (a-»)». 26. (<^a«a-»)-». /c-'d-'N"" 

21. (a-»6)'. 26. (c-»d! • d>d-y\ 
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(h) Types involvino the Fractional Form 

248. In the following illustrations attention is called to 
Bach important feature of the process, and the order of the 
principles that is emphasized in each is such as will, under 
similar conditions, produce the best form of solution. 

Illustrations : 

1. Simplify (a%~*aj-i) -I 

(a^h'^or^) -^ = a-^b^x'^ = ^ • Result. 

Note (1) that the first step is the application of the law (a"*)" = a*"", 
and (2) that the result is given with all exponents positive. 

2. Simplify (c«VFi)«. 

(c2 Vc^)« = (<J8 • c~*)» = (c*)8 = A Result. 
Note that the law a^ x a^ = a'»+'* is first applied so as to unite c-factois. 

3. Simplify {V(^^)-*)"*. 

Result. 
Note that the reduction is accomplished outward. 

4. Simplify (ll^) . 

/ 9^CT^ \~^_/ 9t»~* \~*_/ 9 \"*_/' 86TO^ \^_ 26^TO^ _ lg6m^ . 

UVm/ VaSmi/ V26m*/ V » / 9» ^7 

Result. 

Note that in the third step inverting the fraction changes the sign of 

the exponent of the fraction. In general, ( - ) =^^ = — = (-]*. 

\b/ b-» a* \a/ 



6. Simplify ——=+\-—=. 
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= m^. Result. . 



Exerciia 77 

Simplify : 

1. (8 a -!- 2 a-»)-*. 6. (-{^Tl?)-* +(</«!?)-*. 






2. ^(a»ar»V^y. ''• ^"'^(p) "^^ 

3. [m'V^m-»(m-J)']*. g -^^^^ . J^^^. 

, a-Wm m}a}*^'^ 

4. [Va->c*(c-*ol)i] . , 

r «/ i — n-« 8. A/ — ; 1-\ • 

6. L VoarVoas-'J * ^ c*d-« c Vd 

jj V^ (8 g -v^-i- 27 a;T Va=¥)-F ^ 

(9 a;* -4-4 a*) 

13. rjm»a!-^-^;^Sar*VmV=»T- • 
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(c) Types involving Numerical Quantities Only 

249. The Exponents of a numerical expression must be 
made positive before reduction is attempted. 

Illustration : 

Simplify 9*-|-27-*-|-5»-8-*-f-l. 

9* + 27"* + 60-8"^ + l = 3»H--L+l-i+l 

27* 8* 

= 27 + i + l-l + l 

= 28}^. Result. 

Exercise 78 

Simplify: 

6. (t)-^-a)' + (Ari + (128)-». 
2 V^ 4-» 

(</) Types involving Literal Exponents 

250. Illustration : 

Simplify [a» -a"" -s-a"^] . 

an"*" .a» -^-anj =:La« •a*»H-a«J 



an n n J 

= a". Result. 
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Ezerciia 79 

Simplify : 



7. f 5±.J . A_y;i. 



2. (m*)^^^m*H ^ -- ^1 

4. (m'-^y (m^-'Y -^ m'^'+'K 



X _a ax _6_ 

6. (ai6 2c"6)«». 



«• [^*(^9^)^P^] 






(e) Miscellaneous Processes involvinq the Principles of 

Exponents 

251. Illustrations: 

1. Multiply a-3a*-2a* by 2-a'* + 3a"* 

a - 3 a4 - 2 a J 
2--a"iH-3o"l 

2a-6ai-4ai 

- a* + 3ai + 2 

H-3ai--9~6a"i 

2a- 7 a? + 2 ai- 7 -6a"i Result. 

2. Divide 9a*-3ai + l + 7a~i-6a~* by 3 + a"*-2a'i. 

9ai-3ai + l + 7a"i-6a"i ( 3 -f g't - 2 a~^ 
9giH-3qi-6 3ai-2ai + 3. Result. 

-6ai + 7H-7a"i 

-6ai-2+4a"i 



H-9 + 3a~i-6a'4 
+ 9H-3a"i-6a~i 
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3. Simplify «(l + «r + «-^(l- 
*^ ^ a(l + a)-»-a-»(l- 






a 



g CI + g)"^ H- q-^l - a) -l+_g 



+ 



a 



a _q(l4-a)_ 1_ 



a 



1-a 2a2_i 2a«-l 



Result. 



1 + a a a (1 + a) 



4. Expand (a^-2a-«)*. 

(a2-2 a-a)*=(a2)4_4(a2)8(2 a-2) + 6(a2)2(2 o-2)2-.4(a2) (2 a-2)»+ (2 a-2>* 
= a8-8a*H-24-32a-* + 16a-8. Result. 

5. Extract the square root of 



X 



a;-i-4a;"'-2a;"i+8a:"i+17 + 12aji+4xi 



ac 



-1 



- 4 x"t - 2 x'i 

— 4 x"t 4- 4 x"i 



2 x"i - 2 x"i 
-2x-i 

2x~i-4x"i-3 
-3 

2x-i-4x-i-6-2xi 

-2xi 



X 



ri - 2 x"l- 3 - 2 xJ. Result. 



-6x-i-\- 8x"iH-17 
-6x~iH-12x"i+ 9 



- 4x"iH- 8H-12xi + 4xi 

- 4x"iH- 84-12xiH-4xi 



6. Find the value of x in the equation a? » = 8. 

(Give to both members the exponent necessary to make the exponent 
of X equal 1.) 

x"* = 8, (x-i)"* = (8)"4, x = 8"i, x = — » x = J. Result. 



7. If a?"* = y^y and y"^= —8, what is the value of a? ? 

We first require the value of y~^ from the second equation. 
Hence, if y^ = -8, Then, x-« = (-8)2. 

(jri)2=(_8)2, ^ 

r^ = (-8)2. 

= J. Result. 



x = [(-8)2]-i 



= -8-1 



-ki 
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Exercise 80 

Multiply : 

1. aj-*-f-3ar^-2by aj-*-2a?-i — 4. 

2. a* + 2ai6i + 2>* by ai-2a*6i + &*. 
. 3. 4ar** + 6ar**-6aj-"'-3by 3aj-** + 2aj-"»-l. 

4. at-9ai + 27a~i-27a"*by ai-6 + 9a"* 

6. V^ ^ + 2Va^^-2Vaby -4=^+Va + -4:. 

Divide : 

6. c-*-c-»-8c-* + llc-^-3byc-" + 2c-i-3. 

7. 2a — a*4-4a4 + 4ai — 3by a*-al+3. 

8. 35+4a-*-16a-*»+19a~*»-6a-*» by 7 +5 a—— 3a 

9. a^ + 2aj4-7aj"i-8aj"i4-12aj-»by a?-3a?"i + 2aj"*. 

10. a-?^' + ^^- — + -by VS-^+^. 

"v/c Vc V? ^ Vc Vc 

Simplify : 

11. [(a?-}.3)(a;-3)-i-(aj-3)(aj+3)-^]^[l-(aj«+9)(aj+3)-»> 

Expand : 

13. (Vi-a!)». 16. (2^^-3VF"V. ^ 

14. (VFr+2^iy. ^«- (3^^'-!J- "' \^~2^^' 

Extract the square root of : 

18. 4aj-*-|-12aj-« + iC"*-12a?-i + 4. 

19. 9a-2'»-6a-"'-ll+4a"' + 4a*". 
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Find the value of a? in : 

22. aj* = 3. 26. y'^ = 4. 28. a?~*=f 

23. aj* = 2. 26. 2;"* = 9. 29. af =2. 

24. x^=:26. 27. a?"* = -8. 30. aj" =3*. 

Multiply by inspection : Divide by inspection : 

31. (3a-»-2ay. 35. (a-«-9) by (a-*4-3). 

32. (2 aj-i -h 3) (3 aj-i 4- 7). 36. (a - 81) by (a* + 3). 

33. (3a-i-2a)(5a-^-3a). 37. (a-»-86-«)by(a-i-2&-i). 

34. (2a-« + a-^ + 3)^ 38. (27a-*-hl25)by(3a-i+5). 

Find the value bf x in each of the following : 

39. ar^ = y, and y* = 9. 42. a?* = y-^ and y = 3. 

40. X = y-\ and y* = 3. 43. x^ = y* and y* = 9. 

41. a?-^ = y, and y-* = 2. 44. a?"^ = y"', and y^ = 9. 

Simplify : 

45. (a-i -aj-i)«-(a-^ + «-')(«"' ~a^"')- 

46. (a— + 3 a-/ -(a-* -3 or)*. 

47. (a-» + l)a-«-(a-»-l)«+(l-a-»). 

48. fd»+#.Vd»--^,V^^^-^ 

49 r a?^ + 13 a; V _ g?^ 4. 4 yi "l ^ r 5a?^ + 2y^ | 
Laj*-f 2a?V-33/* aj* + 3yij La?* -92/* J 



CHAPTER XX 
RADICALS. IMAGINARY NUHBERS. REVIEW 

252. A radical expression is an indicated root of a numbei 
or expression. 

Thus : V2, -J/?, VIO, and Vx + 1 are radical expressions. 

253. Any expression in the form V^ is a radical expression, 
or radical. The number indicating the required root is the 
index of the radical, and the quantity under the radical is the 
radicand. 

8/- • 

In v7, the index is 3, and the radicand, 7. 

254. A surd is an indicated root that cannot be exactly ob- 
tained. 

255. A radical is rational if its root can be exactly obtained, 
irrational if its root cannot be exactly obtained. 

Thus : v^ is a rational expression ; VIO is an irrational expression. 

256. A mixed surd is an indicated product of a rational 
factor and a surd factor. 

Thus : 3V6, 4V7x, ahy/a + h are mixed surds. 

267. In a mixed surd the rational factor is the coefficient of 
the surd. 
Thus : In 4\/5x, 4 is the coefficient of the surd. 

258. A surd having no rational factor greater than 1 is an 
entire surd. 

Thus : V5ac is an entire surd. 

236 
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259. The order of a surd is denoted by the index of the 
required root. 

Thus : \/6 is a surd of the second order, or a quadratic surd. 
V7. is a surd of the third order, or a cubic surd. 

260. The principal root 

Since (+ ay = + a^ and (—ay = + a', we have V+a^= ± a. 

That is, any positive perfect square has two roots, one + and 
the other — , but in elementary algebra only the + value, or 
principal root, is considered in even roots, 

THE TRANSFORMATION OF RADICALS 

TO RBDUCB A RADICAL TO ITS SIMPLEST FORM 

261. A surd is considered to be in its simplest form when 
the radicand is an integral expression having no factor whose 
power is the same as the given index. There are three com- 
mon cases of reduction of surds. 

(a) Wlien a given radicand is a power whose encponent has a 
factor in common with the given index. 

By Art. 244, y/i^ z= a^ = a^ = Va. 

Hence, to reduce a radical to a radical of simpler index : 

262. Divide the exponents of the factors of the radicand by the 
index of the radical, and write the result with the radical sign. 

Illustration : 

V^^fi^ = Wifi^ = 2iaM = Wc^- Result. 

Ezercise 81 

Simplify : 

1. -v/oW. 6. -W^, 9. ^/243. 

2. -VgM, 6. VWm^ 10. -W^^. 

8. VrrM, 7. y/M, 11. ■v/144 mW. 

4. a/^^». 8. -^/I2b. 12. ^/216aV. 
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(6) WTien a given radicand has a factor that is a perfect pot 
whose exponefiit is of the same degree as the index. 

By Art. 244, Vo^S = {a^b)^ = ah^ = aft* = aVS. 

Hence, to remove from a radioand a factor of the same po\r«i' 
as the given index : 

263. Separate the radicand into two factors^ one factor the 
product of powers whose highest exponents are multiples of the 
given index. Extract the required root of the first factor aid write 
the resvU as the coefficient of the indicated root of the second fwicr. 

Illustrations : 

1. Vl2a? = V4aax 3a = 2 ay/Wa. Result 



2. 2\/72 oMy^ = 2\/36 a«x*y» -2 ay- 2(6 ax^) \/2 aiy 

= 12 a3^y/2ay. Result 

Exercise 82 

Simplify : 

1. V28. 8. Vi92. 14. fV^. 

2. Vis; .3 2V1M. !«• i^^^' 

'' ^ 10. 3Vi62: ''' i^' 

4. V9Sr 17. V9o». 



11. 3</8o: 



6. -^^io: ''°"' 18. vieiy. 

6. VI8O. 12. ^I^VtIO. 19. |vl6o^. 

7. -v^. 13. 2^v''243. 20. ■v''64^. 

21. -^Vl62a!y. 23. -^,</54 m'n". 
Sy* 9 m' 

22. V676 mW. 24. \/48 c^cP'a;". 
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26. ^^^. 26. ^^^. 27. -^. 

-„ 6 tll25 aMs 16a!» »/ 



16m^ 
81 



686 
125 a^' 



/250(a + ajy «, / . ix V 



aj« 



(aj + 1)^ 



(c) TFAen <^c given radicand is a fraction whose denominator 
is not a perfect power of the same degree as the radical. 

If the denominator of a fractional radicand can be made a 
perfect power of the same degree as the index of the radical, 
the fractional factor resulting may be removed from the radi- 
cand as in the previous case. By multiplying the denominator 

by a particular factor we produce the desired perfect power. 

• 

Multiplying both numerator and denominator by this particular 
factor introduces 1 under the radical, and the value of the 
radicand is unchanged. 

Illustrations : 

2. A|^ = A|?4^=Aig = Ag7^ = ^^^. Result. 

Hence, to reduce any fractional radicand to an integral 
radicand: 

264. Multiply both numerator and denominator of the radicand 
by the smallest number that will make the denominator a perfect 
power of the same degree as the radical. By the method of the 
preceding case remove the fractional power thus formed. 
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Simplify : 

-4 
-4 
-4 
'■4 
■4 



Ezeroisa 83 



6 



'■4 



■4 



9 



"■ v? 




2^ tJ Bim* 






21 1 8/ (m-l)«(m + 2y 



2a^-r2x-{-lH 






2 

2 



6. 6y 



/5¥ 



24. 



a? — 



« + 



1 /aj« + 2aj + l 



TO CHAN6B A HIXBD SURD TO AN BNTIRB SURD 

The process is the reverse of that of Article 261, Section (a). 

In general : a V» = a'X^=: a^x^ = -Va^x. 

Hence, to change a mixed surd to an entire surd : 

265. Eaise the coefficient of the surd to the same power as the 
degree of the radical, and multiply the radicand by the result. 
The indicated root of the product is the required entire surd. 

Illustrations : 

1. 3 \/6 = V3276 = v^oTB = Vis . Result 

2. 2 v^ = v^^«T4 = v'STi = ^{/^. Result. 
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% 

' EzeroiM 84 

Change the following to entire surds : 

1. 2V3. 

2. 5V2. 

3. 3^. 

4. 2</2. 
6. S</i. 

6. 2ajV2a. . — 

8. Sa^</3i. ^^ / a^-1 

9. 3a</3a?. ' aJ-l^'aJ«-f-4a? + 4' 

TO CHAITGB RADICALS OF DIFFBRBNT HfDICBS TO BQUIYALBIfT RADICALS 

HAVING THB SAME HfDBX 

We have Va = a^ 

and -K/a = a*. 

Expressing the exponents as equivalent fractions having a 
common denominator, a^= a* = -v^a*, 

Hence, to change radicals, of different indices to eqxdvalent 
radicals having the same index : 

266. Express the given radicals with exp(ment8 in fractional 
form aiid change these fro/ctions to equivalent fractions having a 
common denominator. Rewrite the results in radical form. 

Illustrations : 

1. Change V5 and \/lO to radicals having the same index. 

) Result, 
v^ = 10* = 10* = \/l02 = v^lOO. 

SOM. EL. ALO. — 16 
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2. Arrange Vll, V6, and V90 in order of magnitude. 

v^ = 11* = 11* = vlP = -s/Wl. 
V6= 6*= 6*=\/6» =\/l25. 

The order of magnitude is, therefore : V6, \^, \^. ReBolt 

Exercise 85 

Change to equivalent radicals of the same index : 

1. V2, Vs. 4. ^v^, Ve. 7. V2, v^, Vb. 

2. V3, </7. • 6. <^6, ^8. 8. V5 -v^, ^. 

3. </2, Vs. 6. ^/a, ^S. 9. -v^i, Vf, VS. 
Arrange in order of magnitude : 

10. VS, ^/io. 12. Vn, V5. 14. V3, Vs, ^/75. 

11. </4, V3. 13. </5, -v^. 16. V2, ^, ^5^. 

OPERATIONS WITH RADICALS 

267. Radicals that, when reduced to simplest form, differ 
only in their coefficients are similar radicals. 

ADDITION AND SUBTRACTIOlf OF RADICALS 

268. Similar radicals may be added or subtracted by add- 
ing or subtracting their coefficients. 

Illustration : 

Find the sum of 2 Vl2 + 2 V27 - 9 V^+ 6 VS. 

2>/l2= 4\/3 

2^/27 — 6V3 ^ *^® given radicals are diflfiimilar, such afl 

. ^ are similar may be added as illustrated, the ex- 

— »vv = — 1^ V d pression for the sum being indicated. 
5\/3 = bVS 

Sum = 3V3 Result. 
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Ezercise 86 

Simplify : 

1. ^^ + V8-V32. 6. ^-■v^+-v/250. 

2. V75-V48 + V27. 6. ^/32 - ^/5i2 -{- ^/l62, 

8. 2V3-2V27 + 2Vi08. 7. V| + V6 - V| - i V6. 
4. 3V98-2V75-3V32. 8. v^- V|+iV|-iV|f. 

9. V45a^- V20a¥- V5a¥- V80aS+ V180 a^x. 

10. V8 oaj + V32 oaj — I Vl8 oa? — V16 oa. 

11. 2 V7 - V86 4- V63 - Vll2 -f V45. 

12. 44^-2^v^ + ll^-3\/i92. 

13. 10VJ-5Vif + 24Vi-7V2 + 16v9;. 

14. 3-v^-4-v^ + A^l28-2^/J + 6^i-9^. 
16. 8Vf + 14V|-V75-iV5l2 + 5VH-6V||. 

MULTIPLICATIOlf OF RADICALS 

269. Any two radicals may be multipliecL 
Illustrations : 

1. Multiply 3V6 by 2V15. 

(3>/6)(2 Vi6) = (3 . 2)( V6 . ViS) = 6V90 = 18VlO. Result. 

2. Multiply V28 X V42 X Vl5. 
Ezpressmg each radical in prime factors, 

V^)(Vi2)(Vi5) = V (7. 22) (7. 2. 3) (6. 3) = VC7a • 22 . 32) (5 . 2) 

= (7.2.3)Vi0=42\/l0. Result 

3. Multiply 2\/4 by 3a/^. 
Changing to radicals of the same index, 

2v^= 2 .4* = 2 . 4^ = 2\/5*. 
3\/8=3.8i = 3.8A = 3 v^. 

(2v^*)(3v^) = {2'S)(y/¥TW)=6\/¥^=zQy/W=^Qy/¥^W-=zl2y/M. 
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Hence, to multiply two or more monomial radicals : 

270. Multiply the product of the given coefficients by the prod- 
uct of the given radicands, first changing the radicals to radicals 
having a common index. 

The principle is in no way changed in application to frac- 
tional radicands. It is usually best to multiply fractions in the 
form given, reducing the product to its simplest form. 
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Multiply : 

1. V3by V6. 6. |V6by|Vi5. 9. fV^ by |\/28?. 

2. Vi2 by V8. 6. -v/i by ^/2, 10. VMac by VUaa. 

3. 2V7by|V2i. 7. V6 by a/9. 11. V^^iiiWhy-s/Sim^. 

4. 3\/4by-v/i2. 8. VJfbyVJ|. 12. ^v/2mn by Vi2^. 

13. (2V3 + 3V6-2Vi2)(2V3). 

14. (4^-3-v/4 + 2</12)(^i2). 
16- (Vf+iVf~3V|)(Vi). 

16. (2V6)(2V3-3V6 + ^Vi5 + iVl0). 

MULTIPLICATIOlf OF COMPOUirD RADICALS 

271. Illustration: 

Multiply 3 V2m-2V6m by 2V2m + 3V6m. 

SV2m-2y/6m 

2y/2m + SVQm 
Q-2m-4VWn? 

+ 9Vl2m2-e.6w 



12w+ 6 Vl2w?-36w = 6\/l2w2-24fii = 10wV3-24TO. Result. 
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Ezerdse 88 

Simplify : 

1. (2 + V2)(3 + V2). 6. (4V3 + 2)(2V3-2). 

2. (3+V5)(2 + V5). 6. (3-v/3-.2-v^)(2^3 + 3v^). 

8. (4 + 2V3)(3 + 2V3). 7. (4 VS - 2 V3) (5 V5 + 3 V3). 
4. (5-2V2)(2-V2). 8. (2^+V2)(3^/4-V2). 

9. ( Va + -Vx) ( Va + -y/x). 

0. (2Vm-3Vn)(3A/m-2Vn). 

1. (4ajV2~yV3)(2ajV2+yV3). 

2. (3V2«-2V5^)(2V2^ + 4V5y). 
8. (3V3-2V2-4V5)(2V3 + V2-2V5). 
4. (3V6 + V2-V3)(4V2 + V6 + V3). 
6. (V2 + V3)(V3 + V6)(V3-V2). 

6. (V6-V3)(V2-V6)(V3-V2). 

7. (Va + l-Va^^)(Va + l-2Va^ri). 

8. (2Va + l-3Va^^)(3V«+i + 2V^^^). 

9. (3Va2 + a + l-2v^i3)(2VaJ* + aj + l + 2V«Tl). 

DIVISIOlf OF RADICALS 

272. As in multiplication of radicals we may divide any 
two radical expressions of the same index. 

Illustrations : 

1. Divide -v^ by ■v/2. 

:^ = ^=^ = 2^. Result. 

2. Divide </i by V6. 

i^ = i^ = ifli: = i/I=l^. Result 

Ve W ^216 >'27 3 
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3. Divide VW ^7 "v^M- 

Exercise 89 
Divide: 

1. V8 by Vi2, 6. 6V5 by 2Vi5. 9. ^/36 by </64. 

2. V6by Vl8. 6. 4^ by 3^&l2. 10. ^^i by VJ. 
8. V27 by Vl2. 7. ^ V72 by f VJ. 11. V|| by -v^. 

4. 4Vi5 by 2 VS. 8. ^75 by ^60. 12. V^ by -y/W- 

DIYISION BT RATIONALIZATIOlf 

273. If a given divisor involves quadratic surds only, a 
division is really accomplished by the process of rationalization ; 
or, by multiplying both dividend and divisor by the expression 
that mil free the divisor from surds, 

(a) When the Divisor* is a Monomial. 

Illustrations : 

1. Divide 8 by 2 Vs. 

2V3 2V3 VS 2.3 6 3 

2. Divide 2 VS by </4. 

2jg^2^x ^^ 2(^i^^rir2^ ^2C^p r) ^^^ 

The process of rationalization of the divisor simplifies 
numerical calculations with radical expressions. 

8. Find, to the three decimal places, the value of — ^' 

3V6 3V6 X \/3 3Vl8 9>/2 3^3 
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Exercise 90 

BationaJize the denomi- Find, to three decimal places^ 

nators of : the value of : 

1. — -• 4. —• 7. • 10. 



V2 3V2 V5 V75 

12 2 2 2V3 

V6 \/2 3V2 3V2 

3. -^. 6. A. 9. ?V5. ,, 2 . 

2V3 ^/9 • 3V3 \/4 



(h) When Either or Both of the Terms of a Binomial Divisor 

are Quadratic Surds. 

By Art. 104, (a + 6)(a - 6) = a^ - ft^. 

Similarly, (Va + Vh)(,y/a - Vb) = a-b, 

274. Two binomial quadratic surds differing only in sign 
are called conjugate surds. 

(Va + V6) and (Va — Vb) are conjugate surds. 
From the multiplication above we may conclude : 

275. The product of two conjugate surds is rational. 

Illustrations : 

2V3-3V2 



1. Bationalize the denominator of 



2^/'6^-V2 



2\/3~3v^ _ 2V3 -3v^ ^^ 2>/3+ V2 . 
2V3-V2 2V3-V2 2V3+V2 

^ 6~4V6 ^ 2C3-2V6) ^ 3~2V6 ^^3^1^, 
16 10 6 

Two successive multiplications will rationalize a trinomial 
denominator in which two quadratic surds are involved. 
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* 

2. Batdonalize the denominator of — — ^^^ — i— • 

V3+V2-1 

V3+V/2-1 V3+(V^-1) V3_.(V2_l) 

2V2 

_ 8~V6+ V3- \/2 
V2 

S-Vg+Vs-yg ^^ V2__ 3v^~2V8+ Vg-2 
v^ V5 2 

Exeroifle 91 

Rationalize the denominators of: 

1 -1—. 4. V2+V3^ ^^ 2V5--4 

2 + V2' ' V2-V3' ' 3V2+2 



2. 



3. 



3 g 5iilV2. g 4V3-3V2 

V2-2* ' 2+V2' ' 2V3 + 3V2' 

5 g 3V2 + I 9^ 5V6->2V3 

V7-V2' ' V2-1 3V2 + 3 ' 

Va— Vi VaJ — 2 + VS 

-, 2Vm + Vn -^ Va+1 + V2o-l 

3Vm— Vn Va + 1 — V2 a — 1 

2Va + V2a ^ 17. V3 + V2-1 . 

3Va-V2a V3-V2 + 1 

,0 aV« + cV» 3- V 2+ V3 

aVx-cVx 3 + v2 — V3 

^^^ V^+T-l-2. ^3^ 4-V3 + V5^ 

V»+T-2 4-V3-V5 



12. 
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mvoLUTioir and byolution of radicals 

276. By the aid of the principles governing exponents, we 
may obtain any power or any root of a radical expression. 

Illustrations: 

1. Pindthe valueof (2v^*. 

(2 v^)2= (2 a^)2 = 2%^ = 4 a* = 4 VS^. Result. 



2. Find the cube root of VaV. 

« 

8. 



^/Vcfis^ = "^aW = a^x^ = Vcafi = xVcuc. Result. 
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Find the value of : 

1. (Va)«. 6. V^. 9. </^(a + 6)24. 

2. (^C/^)«. 6. </^, 10. ^:j7^^). 

3. (-^^3. 7. V^/^, 11. .y^;;^ 

4. (-Vrioy. ». ^v^<?i^. 12. c^/^^^ 

PROPERTIES OF QUADRATIC SURDS 

277. A quadratic surd cannot equal the sum of a rational ex- 
pression and a qtuidratic surd. 

That is, Va cannot equal b + Vc, 

If 6 is a rational quantity and Va and Vc are quadratic surds, 

If Va = 6 + Vc, 

we may square, and a = b^-\- 2 b Vc + c. 

From which, 2 b Vc = a — b^ — c. 



Or, Vc = 



a-b^-c 



26 

That is, we have a quadratic surd equal to a rational expression, an 
impossible condition because of the definition of a surd. Therefore, 

Va cannot equal b + Vc. 
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278. CHven, a'\'^^=c + ^s/d, -y/b and V5 being surds. 
Then a=iC and b=sd. 

If a is not equal to c, we have,' by transposition, 

a = c+ y/d- VS, 

which, by Art. 277, is impossible. Therefore a most equal e. Hence it 
follows that Vb = VS. 



279. Given, Va+ V6 = v^+Vy. 

Then, Va— V6= Va— Vy, 

when a, b, x, and y are rational expressions. 

Squaring, a + Vft = « + 2 y/ocy + y. 

By Art. 278, a = « + y. (1) 

And \/6 = 2v^. (2) 

Subtracting, a — -x/ft = x — 2 Vicy +y. 

Extracting sq. rt, Va — VS = Vx - Vy. 

THB SQUARB ROOT OF A BIH OMIAL SURD 

The square root of an expression consisting of a rational 
number and a quadratic surd is obtained by application of 
the principles of Arts. 277, ^78, and 279. 

(a) The General Method 

280. Illustration: 

Find the square root of 11 + V96. 

We may assume that, Vll + V96 = Vx + Vy. (1) 

Then (Art. 279), Vll- \/96 = v^ - \^. (2) 

Multiplying (1) by (2), V121 - 96 = x - y. 

Or, . x-y = 6. .(3) 
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Squaring (1), 11 + V96 = x + 2v^ + y. 

Hence (Art. 278), 11 = x + y. (4) 

From (3) and (4), x — y = 6. 

x + y = ll. 
Whence, x = 8, y = 3. 

Therefore, V5+ Vy = V8 + V3 = 2 \/2 + V3. 

That is, Vll + Vm = 2 V2 + Vs. Result. 

(ft) The Method of Inspection 

281. If a binomial quadratic surd can be written in the form 
a -f 2 Vft, its square root may be obtained by inspection. 

Illustration : 

1. Find the square root of 23 + 6 VlO. 

6 ViO may be written thus: 6 VlO = 2 (3 VlO) = 2 VSO. 

Then 23 + 6 VlO = 23 + 2 VOO. (The required form of a + 2 Vft.) 

The factors of 90 whose sum is 23 are 18 and 6. 

Hence, the square root of (23 + 2 V90), or the square root of 

(18 + 2 V9b + 6) = Vl8 + V6 = 3 V2 + VS. Result. 

4 
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Find the square root of : 

1. 7 + 4 V3. 9. 146-56V6. 

2. 11-6V2. 10. 124-30 Vli. 

3. 17 + 12V2. 11. 3aj + 2ajV2. 

4. 28 + 6V3. 12. (^-\-m + 2cVm. 
6. 33-8V2. 13. 2m + 2Vm*-l. 

6. 30-12V6. 14. 2m*-l+2mVm*-l. 

7. 67 + 16V3. 16. c* + c + l-2cVc+T. 

8. 138 + 30V2i. 16. a2+4a+l+(2a+-2)V2a^ 



252 RADICALS. IMAGINARY NUMBERS. REVIEW 
BQUATI0N8 nfYOLVIirG IRRATIONAL BXPRBSSIONS 

282. Equations in which the unknown number is involved 
in radical expressions are called irrational equations. 

283. An equation containing radicals is first rationalized by 
involution. If there are two or more radicals in the given equar 
tion, it may be necessary to repeat the process of squaring 
before the equation is free from radicals. 

284. Roots of Irrational Equations. It can be shown that 

(1) The process of squaring may introduce a root that is not 
a root of the given equation. 

(2) An irrational equation may have no root whatever. 

Hence, we conclude : 

285. Any solution of an irrational equation m'ust he tested^ ard 
a root that does not satisfy the original equation must he rejected. 

Illustrations : 



1. Solve a? + 3 = VaJ* + 16. 

Squaring, xa + 6a; + 9 = a;2+15. 

Transposing, oc^ — x^ + 6 a; = — 9 + 16. 

Uniting, 6 a; = 6. 

Whence, x = \. 

Substituting 1 in the original equation, and taking the positive value of 
the square root, we have, 

1 + 3 = vT+Ts. 

4 = 4. 
Therefore, the solution, x = 1, is a correct solution. 



2. Solve ^x — 2 4- y/x + 6 = 7. 

Va;-2+ Va;+5 = 7. 
Transposing, Vac — 2 = 7 — Vx + 5. 



Squaring, x-2=49-14Vac + 5 + x + 5. 

Whence, 14 Va; + 6 = 66. 

Dividing by 14, Vx-f6 = 4. 

Squaring, a; + 6 = 16. 
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And, X = 11. 

In the original equation, Vll — 2 + Vll + 6 = 7. 

\/9+ Vl6 = 7. 
7 = 7. 
Hence, x = 11, is a solution of the given equation. 



3. Solve Vaj4-3 — 6= Va — 2. 

Va; + 3-5 = Va;-2. 
Squaring, a; + 3 - 10 Va; + 3 + 25 = a; - 2. 

Transposing, a; — x - 10 VxTS = -3-25-2. 
Collecting, -10 Va; + 3 = -30. 

Dividing by - 10, Vx + S = 3. 

Squaring, a; + 3 = 9. 

Whence, a; = 6. 

Substituting in the original equation, • 

Ve + s - 5 = Ve^. 

V9-6 = Vi. 
3-6 = 2. * 

Since the original equation is not satisfied by the solution x = 6, this 
solution must be rejected. 

It will be found by trial that the solution, x = 6, satisfies the equation 

6 - Vx + B = Vx-2. 

Exercise 94 

Solve and test the solutions of : 
L VaTl = 2. 8. V7 4-a?-7+ Va = 0. 

11. Vaj — 1— Vi = 2. 

^12. v« — 1 = V4: a? + 1 — V a?. 

6. v^^^=T=V6. 13^ 3VS4-V^^=r2=V4aj-l. 

6. 2a/^4-3=V« + 2. 14. Va?4-a4- Va? + 2a= V4a?-a. 

7. V?T3 = a;-l. 15. V5^=^- V4a- 2+ Vaj + 3 = 0. 

16. V4:a; + c = V25aj — 3 c — V9aj — c. 
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17. V36a-l = V4aj-H-Vl6aj-l. 



18. VaJ4-l4- VaJ + 2= VaJ — 1 — VaJ — 3. 

19. V« — 6 4- V« + 8 = VaJ — 3 + Vaj-f 2. 



21 



21. V2^H^ -ig-=V2i. 23. ^^^^^+^ = -1. 

V2a!+1 Vas-9- v^ 



- >g?l-Ag=|-«- 



aj— 5 \aj-|-5 

2Vg + 3 4Va-|-l A 
3Va-l 6Vaj-2 

26. V2a-V3«=V3a? + 2Va[6aj-(4-a)']. 

IMAGINARY AND COMPLEX NUMBERS 

286. The factors of 4-a* are either (H-a) and (+a), or 
(—a) and (—a). The factors of —a' are (+a) and (—a). 
Clearly, therefore, no even root of a negative number is pos- 
sible. Hence : 

287. An imaginary number is an indicated even root of a 
negative number. 

V— 2, V— 6, V— 10, are imaginary numbers. 



288. The symbol, V--1, is the unit of imaginaries. 

289. The rational and irrational numbers hitherto con- 
sidered are known as real numbers in contradistinction to this 
new idea of imaginary numbers. 

290. Imaginary numbers occurring in the form of V— &, 
where & is a real number, are pure imaginaries. 
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291. An imaginary number occurring in the form of 

a + V— 6, where a and b are real numbers, is known as a 
complex number. 

292. The Meaning of a Pure Imaginary. 

By definition, Va is one of the two equal factors of a. Or, 

(\/a)2 = V(a)2 = (a)* = a. 
In like mamier, (>A=1)« = V(- 1)2 = (- 1)1 = - 1. 

OPERATIONS WITH IMAGINARY NUMBERS 

293. The fundamental operations with imaginary number3 
are based upon the principles gaveming the same operations 
with radical expressions. 

294. A pure imaginary number in which the real factor is a 
perfect square may be changed to the form aV— 1, in which 
form the elementary processes involving imaginary numbers 
are greatly simplified. 

Thus, (1) V^^ = V(4)(-l) = 2\/=l. 

(2) 2V=^ = 2V(49)(- 1)= UV^. 

(3) a V=^ = aV(«*)(--l) = aa;2\/3T, etc. 

ADDITION AlTD SUBTRACTION OF INAGINARY NUMBERS 

We assume that the principles underlying the addition and 
subtraction of real numbers will still hold true in the addition 
and subtraction of imaginary numbers. 

Illustration : 

Find the sum of 6 a/^ + V^^^ - 3 V- 16. 

5v^^^ = 15\/^=n; 






Hence, 8V— 1 Result. 
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Exercise 95 
Find the sum of : 

4 2V^^25-3V^=49-2V=:64 + 3V^=81. 

6. Vi:^-|-V^ITa*-V-16a2-V-25a*. 

7. V34^_ V-(a + 2)2+V'=^. 

8. 3V^+6V^:^-2V^+6V^=7;. 

a d c a 

10. cV^=^4-V^^16?4-V^=^--V^^. 

c 

11. (24-5V^:^) + (7-2V^ri)_(8-2V^^). 

12. (a?4-yV^) + (aj-2V^=n[)4-(y-ajV^^). 

MULTIPLICATION OF INAGmARY NUMBERS ' 

296. The positive integral powers of the imaginary unit, 



By Art. 292, (v^^)2=-l. 

Therefore, (v'^)8 =(>A=^)2(\/irr) = (- 1) (V^Ti) = ^ y/ZTi 

(\/^=T)6 = (>/3i)4(V3i) = (+ i)(Vzri)= vn. 

That is, the first power of V— 1 = V— 1. 

the second power of V— 1 = — 1. 



the third power of V— 1 = — V— 1. 
the fourth power of V— 1 = 1. 

And this succession repeats itself in order for the following higher 
powers. 
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the multiplication of imaginary numbers it is helpful to 
imber that 

6. The product of two minus signs under a radical is a 
IS sign outside the radical. 

ustration : 

Multiply V^^ by V^^. 

iby V36=: V(-3)(-6)= V(18)(-l)a= - Vl8=;: -3 V2. Result. 



iiltiply : 
V^Tsby V32. 

5. 
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3. V-12 by V^^rg. 



4. V-36by -V^nS. 
-V=T8by -V^^^. 



6. V^^ by V^^ by V^^28. 

7. V^^ by V^^ by V-16. 

8. f-V" 9)(_ V^=^26)(V^=100). 



9. 
10. 

11. 
12. 
13. 
14. 
15. 
16. 



- V^ (2V^ (-3V:=I). 

- 2 V=T:8) ( - 3 V^ (6 V^=32). 

— Vm — 7i) ( Vn — m). 



MULTIPLICATION OF COMPLEX IHJMBBRS 

7. We assume that the principles underlying the multipli- 
n of real numbers still hold true in the multiplication of 
)lex numbers. 

80M. EL. ALG. — 17 



258 RADICALS. IMAGINARY NUMBERS. REVIEW 

Illustrations : 

1. Multiply 3 + V^^ by 2 - V^=r2. 



3+2^32 
2_6\/^ 



6 + 4V^^ 
-16V^^--10(~2) 
6 - 11 V^=^ + 20 = 26 - 11 V^^. Result. 



2. Expand (3 -V-T)*. 

In processes involving frequent repetitions of the imaginary 
unit, V— 1, it is convenient to substitute i in place of V--T, 
replacing the imaginary unit after the simplification is com- 
plete* 

Let (3 - v^^=T)* = (3 - 0*- Then: 
(3 - i)* = 81 - 108 i + 64 i« - 12 i» + i* 

= 81 - 108\/^n: + 54(-l) - 12(- V^) + (1) (Art. 

= 81 - 108\/=n; - 64 + 12\/^ + 1 

= 28 - 96^/^^. Result. 

EzerdBe 97 

Simplify : 

1. (2 + V^rT)(3 + V^^). 

2. (3-v:ri)(4-V^ri). 

3. (2 + 2 V=T:) (3 + 2V^. 

4. (V^ri+vi:^)(V^rT-|.v^r2). 

6. (2 V^^ - 3 V^:^) (2 V^^ -- 4V^=r3). 

6. (3V2 4- 2 V^rS) (2 V2 - 3 V^^rS). 

7. (V— a — x) (V— a + x). 

8. (V3i 4- 2 V^=^ + 3 V^*. 

9. (2 4-3V^=T)». 11. (3V2 - 2 V^=3)«. 

10. (3 4.2V^rT)». 12. (aV^=T~ 6V^)'. 
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DIVISION OF IMAGIHART AlTD COMPLEX NUMBBR8 BT RATIONALIZATION 

OF THE DIVISOR 

298. Illustrations: 

1. Divide V^=^28 by V^=r8. 






2. Divide V^^12 by V3. 

^/^12 ^(V^^)2LVg^VEjg = g:^0=2^/31. Result. 
V3 V3xv^ 3 3 



3. Divide 2 + 2V^=^ by 2 -2V=^. 

2 + 2\/^ ^ 2 + 2\/^ - C2 + 2 V^^)« ^ 4 + SV^^ - 12 
2-.2\/^=^ 2 + 2^/^^ 22-(2V^)2 4 + 12 

^Sy/^S^S^V^^y Result. 
16 2 



Exercise 98 

Simplify : 

1 ^ ■ K V^=^ ft g-V^=^ 

V-2 2V^r3 2+V-2 

V-3 ■ -3V^^ 3-V~3 



V^r2 V^r2 ^ V2-V-1 



4. V:iil?. 8. zii^. 12. ^-^+^^. 

2V^ir3 ~V-6 V^l2-V^r3 



,^ 2V^r3- ,VZr2 Vc4-3V-2c 

lo. . * ID. 



3V=r3+V-2 Vc-V^ 



c 



,. x+V^^ .a 2m — 3ajV^^ 

14. * lo. ' 

JB— V— 1 2m — a? V — 1 
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299. Conjugate Imaginories. Two complex numbers differing 
only in the sign of the term containing the imaginary are con- 
jugate imaginary numbers. 

Thus, a +6V— 1 and a — by/— 1 are conjugate imaginaries. 

By addition, (a + & V^^^) + (a - hV^^) = 2 a. 

By multiplication, (a + 6 V^^) {a-h v^^) = a* + 6«. 

300. The sum arid the product of two conjugate complex num- 
bers are real. 

MISCBLLAHBOUS PROCBSSBS with IMAGmARY RUMBBRS 

Exercise 99 

Simplify : 



1. (v^zi)«+(V^». 4. (-V'3i)5+(_>V^ri)4. 

3. (_2V32)*+3(V^::3)». 6. (V^ri-i)«-(i+V3T)». 

8. (l4-V^^/4-(l-V^)*-(l-V^. 
10. (m + n V— 1) (m — n V— 1). 



11. 



12. 



V^l-i VUlH-l 3V^=T 

2VJ2+V:::i ^-"^""^ ^■^"^-' 



13. i^-^^r . ' i4.-L= 



X7 (V^)«-(V3T)'+(V^)V 

V-2 
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GBnSRAL RBYIBW 

EzerclBO 100 

1. Expand (a?i - 2 -y/xf. 

2. Find the square root of (aj* -f 3 a? -f- 2)(aj* — l)(aj» + aj — 2). 

3. Simplify V| 4- V^+.V|-Vi -Vs. 

5. Factor 27- V - 8-^ 

6. Find the approximate numerical value of 

2V24-1 . 3V2-1 
V2-1 * V24-1 ' 

7. Simplify i^'^o-rif^'^-'oy 1 

8. Solve f^-^y=^;-^;. 

my — wa? = m* — n*. 
9. Find the square root of a^ + a^ — 4 a« + 4 a + 2 a^— 4 al 



XO. Simplify (V^^ + V^^ J 



11. Simplify (- V^)» - (- V^* - (- V- 1)». 

12. How may the square root of (as*— jc— 2)(a!'— 4)(a!*+3»+2) 
be found without multiplying ? 

13. Solve \2x + (z — y)=% 

\z + \(x + y + z) = 2. 

14. Factora!(a! + l) + a(2a! + l) + a*. 

15. Simplify , («^-l)-^-(«^-3^ + 2)-' . 
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16. Simplify ^"'(^ "^ ^ 1 

17. Simplify(V^-V^-V^)(V^3-hV^-V^). 

18. Solve« — 2y = 3,3y+2 = ll, 22-3aj=l. 



"■-*[^?i^€^-' 



20. Draw the graphs of 2x + 3y = 13 and 3 a; — y = 3, and 
check by solving the system. 

21. Solve 6«4-2y — 2 = 3a? + 3y + 2 = 7a?4-43^ — 2 = 3. 

22. Factor ar* — 4 ac-* — 21. 

23. What is the square root of a?(aj» — 4)4-1 — 2aj«(2a?-3)? 

24. Find the cube of - 2 V^^^l + (V3i)-i. 



Ixl6-x2^ 
2" 



8- 



26. Simplify ^^^-^ 

26. Simplify «+[« + «(» + «~^)"^"^ 

27. Simplify (- 2 V31-.V^r2) (3 V^=T4-V=^). 

28. Expand (2 a* -3 a?)*. 

2«. Solve for m and n : ^-n+^ = 2 ^^ 3mH-n-l ^e 

30. Suaplify(^)^.(^).-^. 

SL Factor c(c« + aj4-2c) + c(a? + l) + (« + l)a^ 

ooQi 3 4 ^4,2 q6.8\, 

32. Solve = 1, -4-- =3, -4-- = l. 

X y X z X y 

S3. Explain the meaning of a~" = — • 
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34. Simplify -^- 3 a^ 4- 27"* -l*-. 

8~* 

36. Solve for a : V4: « — 9 — V« 4- 1 = V*— 4. 

37. Find two numbers whose sum is m and whose differ- 
ence is 71. 

38. Simplify l^^^rkzil^ . (c- 0(1 -f Ql 

. 39. Find to three decimal places the value of "'" • 

3V3-2V2 

40. Solve 2aj = 5y, y — a? — 22 = 1, 12y — 3 + 2 = 4 35. 

41. Simplify ^ -<-^4- ^ 



2 + V-l ^ 2~V^ 

42. Find the squai'C root of l-g'(2~a^ _ 14ic ^^^^ 

a?~* (1 — ar)~^ 

43. Is the expression a** + 2 a** + a^ + 2 a* + 2 + a~*" a per- 
fect square ? 

44. Simplify ^^(^"?) + ?— - • 

(1 - my (1 - m^i 

45. Fax^tor ^ 2(3 + 0.) 3M:4, 

(a* + a^-i^ a-i ^ 2-^ 

46. Solve — f--- = m, = w- 

ex ay ax ty 

47. If a'a = c"^, and c^ = ^, find the numerical value of a. 

48. Simplify 

U+v^Ti 3-v^=^A3+v^=n""3-v^^y 

49. Collect 3yi4-4V3-6V6j + 9V8j. 
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60. Under what condition is a solution of mx + n^ = a and 
kx + ly = b impossible ? 

61. What must be the values of m and n in order that the 
division of cc* -f as* -f ma^ -frwc — 3bya!* — oj-fl may be exact? 

62. Extract the square root of 

4 a*" - 24 a-» -h 9 a-** - 16 a" + 28. 



63. Simplify V(aJ + l)(ar^-l)- Vaj»-aj»- V«^. 

64. A discount of 10 % was given on a bill of rubbers, and 
one of 5% on a bill of shoes. The amount of both bills was 
9 250, but, with discounts off, the merchant paid both with a 
check for $230. What was the amount of each bill ? 

66. What is the value of 2 a^[2<>4-(2 a)^] ? 

66. Simplify 

Va6- V + a-'bc-^ + a"^b'y \ (a^b + c)'^ J 

67. Expand [x + a?"^ — 2]». 

68. Draw the graphs of a?4-33^ = 12 and 3aj — 4y = 10. 
Check by a solution. 

69. Calculate to three decimal places the value of 

(1-V3)-^(H-V3). 

60. Simplify ^^^ - -^±^ . 

a* — a • a* + a~' 

62. Introduce the binomial coeflRcient under the radical 



and simplify : (V3 - 2) V7 + 4 VS. 
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63. Simplify l^** - 3 aj« + 3(3 «)« - 1« + (1 + a»)(l - a^ 

66. Find the value of 
(a- V5)(a+ V6)(a- V^^)(a4- V^) when a=2 and 6=3. 

66. Solve and verify ['^^-^V-^^'-^n^nS 



67. Simplify 



a; + 2 y = m* + mn + n\ 
a » a* 



»~s /»t 



U-'c - V 



68. Show that 



(m^ 4- n*) n~^-~ m m^ — v? __ m^ — mn 
n~^ — »i~^ m' + n' n — m 

69. Solve and test the solution of 

Voa? — a 

70. Draw the graphs of 2x + Sy = 7 and 4a? + 6y = 14, 
and discuss the result. 

71. Simplify ^Vl '-x-\-a + {X'- a)(l — a? 4- a)"*. 

3 Vm -f n + 2 Vm — n 



72. Rationalize the denominator of 



3 Vm 4- w — Vm — 



n 



73. Solve V2 a? + 6+ V8aj — 3= V2aj + 1, and test the 
solution. 

74. Simplify [a^^|x-i^^] ' [A/a*ar^V~=¥] -s- 
76. Simplify 

V24- V^=n: • V2-V^=t; • V3 + V^r2 • V3-V^r2. 



CHAPTER XXI 
QUADRATIC EQUATIONS 

301. A quadratic equation is an equation that, in its simplest 
form, contains the second power, but no higher power, of the 
unknown quantity. 

A quadratic equation is an equation of the second degree 
(Art. 64). 

PURB QUADRATIC BQUATIONS 

302. A pure quadratic equation is an equation containing 
only the square of the unknown quantity. Thus : 

aix^z=a, aj* = 16, y* = 20a*. 

A pure quadratic equation is called also an incomplete 
quadratic equation. 

303. Every pure quadratic equation may be reduced to the 
form 

In this typical form we note : 

(1) The coefficient of aj* is unity. 

(2) The constant term, c, may represent any number, posi- 
tive or negative, integral or fractional. 

Extracting the square root of both numbers of the equation 

we obtain a?=±Vcj^ 

and both values, + Vc and — Vc, satisfy the given equation. 

266 
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The omission of the double sign before the square root of 
the left member has no effect on the result, no root being lost 
by the omission. For: 

(1) +aj=+Vc, (3) +aj = --Vc, and 

(2) ^x^-Vcy (4) -aj= + Vc. 

From (1) and (2), x = V^ and from (3) and (4), a? = -- V^. 

Clearly, nothing is gained or lost by the omission of the 
double sign before the square root of the left member, and it 
is not customary to write it. 

From the foregoing we have the method for solving pure 
quadratic equations : 

304. Reduce the given equation to the form a^ = c. 
Extrcbct the square root of both membersj observing both posi- 
tive and negative roots of the right member. 

Illustrations: 

1. Solve 9aj»-7 = 2aj« + 21. 

TranspoBing, 9aB«-2x2 = 7 + 21. 

Uniting, 7a5« = 28. 

Dividing by 7, x^^^, 

EztTacting square root, a; = ± 2. Result. 

Verifying, 9 (±2)«-7 =2 (±2)2 + 21. 

9.4-7=2.4 + 21. 
29 = 29. 

2. Solve «±^^ill2a. 

a — x a; + 2a 

aearing of fractions^ 2<i? + 3<ix + a;2= -a;» + 3aaB-2d«. 

Transposing, 7^'\-x^= -2a^-2a\ 

Uniting, 2a^=-4a«. 

Dividing by 2, a?=-2a«. 

Extracting square root, oc = ± V — 2a*. 

Or, 05= ±aV — 2. Result. 
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Bxercioe 101 

Solve: 

1. aj* = 49. 4. 4a» = 9. 7. 3aj» + l = 0. 

2. 3aj« = 76. 6. 6a»-18=0. 8. 4aa:«-16a*=0. 

3. 6aj*-80 = 0. 6. 2a^z=z5. 9. 7y* = 35a*. 

10. 6aj* + 3 = 2a:* + 27. 

11. 2«« + 7 = 5a^ - 20. 

12. 3»* + 18 — a;(aj + 1) + a? = 0. 

13. a;(3aj + 2) - 3 = (a -f 1)*. 

14. 4a^ - 3aj 4- 2 = (2aj - l)(x - 1). 
16. (x 4- 1)» - (a: - ly = 26. 

16. (3 + a;) (»« - 2) = 3 4- «(«* - 2). 

17. (x - 2)» - 6 (a; - 2)« = a? (a? - 4) (a? - 9). 

18 ^-g 3. 1 L_ 

ar* + aj-6 a;-|-3 a?- 2' 

19. £±1 + 5^ = 0. 

a;-3 a;4-4 • 

20. ^!+^«^Zl^ = 0. 

a;4-2 a; — 2 



21. 



a^ + a?~2 ^ a^ 4-g~l 
aj2-a; + 2 a^-a+l' 



AFFBCTBD QUADRATIC EQUATIONS 

305. An affected quadratic equation is an equation con- 
taining both the square and the first power of the unknown 
quantity, but no higher power. 

a;2 + l2a; = I3. 3x2-2a;-7 = 0. ax^ -{■ hx -^ c = 0. 

An affected quadratic equation is called also a complete 
quadratic equation. 
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Completing the Square 

306. The solution of an affected quadratic equation is based 
upon the formation of a perfect trinomial square. In the per- 
fect trinomial square, 

a^-f 2aaj-f a*, 

we note (1) The coefficient of a? is unity, 

(2) The third term, a*, is the sqiiare of 

one half the coefficient ofx. 

That is, a^ = f?^\\ 

Similarly in aj2 4- 12 oaj + 36, 36 = f^\\ 

In aj» - 8aaj + 16a«, IQa" = f- —^V. 

307. Given, therefore, an expression containing the first 
power of a?, and the second power of x with the coefficient imity, 
we may form a perfect trinomial square by adding to the ex- 
pression the square of one half the coeffixdent ofx. Thus, given, 

«2 + 6a;, x2^63P^(3)a^ or x2_6aj + 9, a' perfect square. 
x^ - 18 Xy x^ - 18 «+ ( -9)*^ or a;3 - 18 « + 81, a perfect square. 
3x2 + 4 X, «" + (J) « + ( J)S OTx^-ix-\-i, a perfect square. 



Oral Drill 

With each expression in the proper form, give -the term 
necessary to make a perfect trinomial square. 

1. a^-hlOa;. 5. f-S2y. 9. So'-f^a?. 

2. a^4-14a;. 6. a^ + 7aj. 10. 5a^ — Sx. 

3. a?* — 16aj. 7. a?--5x, 11. 2a^— 3aj. 

4. aj* + 24aj. 8. y^'{-lly. 12. 6a^-17aj. 

The pi'inciple of completing the square is applied to the solu- 
tion of affected quadratic equations in the following : 
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Illustrations: 

1. Solve 0^ -f 12 a? = 13. 

Adding to both members the square of one half the ooeffident of 2, 

a;« + 12x+ (6)3 = 13 + 86 

= 49. %• 

Extracting square root, x+ 6 = db 7. 

Whence, x=±7-6. 

That is, x=+7-6ora5=~7-6. 

From which, x = l or x = — 13. Result. 

Both values of x are roots of and satisfy the given equation. 
Verification : 

Ifx = l: 1>:+ 12 (1) = 13, 1+12 = 13. 

If X = - 18 : (- 13)3 + 12 (- 13) = 13, 169- 166 = 18. 

2. Solve 2a? -3aj~ 20 = 0. 

2xa-3x~20=0. 
Transposing, 2x2-3x = 20. 

Dividing by 2, x» - j x = 10. 

Completing the square, x^ — f x + (f )2 = 10 + ^^ 

Extracting square root, x — } = db V« 

Whence, x = y , or - ^. 

Or, X = 4, or — f . Result. 

Verification : 

nx = 4: 2(4)»-3(4)-.20=0. 32-12-20 = 0. 

Ifx=-J: 2(-J)»-3(-J)-20=0. i^ + 1^-20=0. 

Clearing of fractions, 

(x^^x+ l)(x + 2) - (x3 + X - l)(x - 2) = (X + 2)(x - 2). 
x8 + x«-x + 2-x8 + x« + 3x-2 = x*-4. 
Whence, x* + 2 x = — 4. 

Completing the square, x2 + 2x+l = — 4 + 1 

= -3. 

Extracting square i-oot, x + 1 = db V— 3. 

From which, x = — 1 ± V— 3. Resuk. 
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Irrational roots result when, after completing the square, the right 
Enember of an equation is irrational. 

The original equation will be satisfied by either (— 1 + V— 3) or 
(_l_v^r3). 

From theae illustrations we may state the general process for 
completing the square in the solution of affected quadratic 
equations : 

308. Simplify the given equation and redtice to the form 

OB* -f 6a; = c. 
Add to each member the square of one half the coefficient ofx. 
Extract the square root of each member^ and solve the two 

resulting simple equations, 

Bxerdse 102 
Solve and verify : 

1. »*-4aj = 12. 11. 16aj*4-14aj=-3. 

2. »* + 2a; = 36. 12. 14 iB* — 6 a? = 24. 

3. «*-6aj = 27. 13. 20»* + a; = l. 

4. a» + 3aj = 10. 14. 12«« + 23iar + 10 = 0. 
6. o' + ajsSa 16. «* + 4aj = 3. 

6. 2a»-3aj = 2. 16. »*-6a? = 6. 

7. 3»*-7aj = 6. 17. a*4-5a;--3 = 0. 

8. 3«» + 17aj+20 = 0. 18. 2a»-8aj = l. 

9. 4a;»-5aj-6 = 0. 19. a»--4aj=5-9. 
10. 6«*-aj = 2. 20. 3a;»--aj+l=0. 

21. 2«« + 3a;=-10. 

22. (3a; + l)«-(4a? + l)(2aj-l)==ll. 

23. (a;*-l)-(«»4-2)(a;«-3)-(aj4-6)=0. 
24. (2a;4- 3)(« - 2)-(3a; - 1)^ = a;(«- 3)4- 1. 

26. (2a; + l)(3a;-2)-(«4-l)(2a;-l)=(a; + l)(3a;-l). 
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26. a»-2(«-l)4-a;(«-l)-(«-l)(a;-2) = 0. 

27. a;(ar^-a;-3) + (a4-3)(a?4-ll) = (aJ-l)(ar'+l). 

28. -^+-^ = 1. 34. ^±^^ = ^-±---±2, 
x + l x-1 a^ + x-i-2 a^^x — S 

29. ^ + ^ = |. 36. £±1 + 1 = ^. 
05 + 3 X 3 a;-3 sc + S 

30. £±1 + _^ = 1. 36. -t_=-L_ + l 



a? a;4-l « — 4a;-h4 a;* — 16 

31. ^ + ^ = 1. 37. _^ + -^ = ^±^^. 

32. ^Zll+£iz2^3. 33 ^+3_^-j^ 2(a:-5X 
a;-2 a;-3 4 a* a* + l o^ + ic* 

33 2^±1 3^4^^^ 33 2^+1 3^^ ^5^-2. 

2aj-l 3a;-2 a + l «-l « +2 

,^ 3a;4-4 2 x^-^x-1 
a^-h2x-\-4: 2-a; aj»-8 



The Quadratic Formula 

309. Every affected quadratic equation may be reduced to 

the form 

aa^ '{-bx-\-c = 0, 

in which form the coefficients, a, b, and c, represent numbers, 
positive or negative, integral or fractional. 

310. Solving this affected quadratic equation by completing 

the square, we have, 

ax^ + 6x = — c. 

X* ■] X = • 

a a 



a \2a) a 4a3 



b^-4ac 
4a2 
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2a 4a2 



6 , V63 - 4 ac 

a; = 4- . 

2a 2a 

^ -b±Vb2-4ac 
2a 

This value of x from the general equation, aa^ + 6aj + c = 0, 
serves as a formula for the solution of affected quadratic equa- 
tions. The formula is expressed in terms of the coefficients of 
the given general equation, and by substitution of particular 
values for a, b, and c from a given equation we obtain the roots 
of that equation. The formula is the most practical of the 
many methods of solution and it should be memorized. 

To obtain the solution of an affected quadratic equation by 
means of the general formula : 

311. Transpose all terms of the given equation to the left 
member J and reduce to the form ant? -f 6a; -f- c = 0. 

In the formula substitute the coefficient of the given a? for a, 
the coefficient of the given xfor 6, and the given constant for c. 

Simplify the resulting expression. 

Illustrations: 

1. Solve by the formula, 2 aj* -f 5 a? = 12. 

Transposmg, 2x* + 5a: — 12 = 0. 

For the fomula : ^^^^ ^ ^ - b ± VyTrT^ 

= 2, 2 a 

J = ^' (6)J:V(6)»-4(2)(-12) 

c--l^. 2(2) 

__ -6± V26 + 96 

4 
_ -5 jrll 

4 
= f, or — 4. Result. 

SOM. BL. ALO. — 18 
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2. Solve by the formula, aj* — ^a? = f . 

Transposing and clearing of fractions, 

3a;2-10x-8 = 0. 
For the formula, a = 3, 6 = — 10, c = — 8. 



Snb«ltuO.«, .,-(-10)tV(-10)--4(8)(-») 

a: = 4, or — f. Result. 

BxerciM 103 

Solve by the formula : 

1. a^-lla; + 24 = 0. 12. 21 »«-f 29aj-10 = 0. 

2. ic*-9a; = 22. 13. 14a^ + 53 « + 14 = 0. 

3. iK2-f9a;-f 14 = 0. 14. 30 a^ - 11 a; = 30. 

4. «2_iia;=_28. 16. 42a^-59a; = -20. 

5. a^ + 9a; = 62. 16. aj»-^a;-|-2 = 0. 

6. a:2-a;-72 = 0. 17. aj» + J^a; = |. 

7. a:«-21a: = 46. ^3 ^^£ = 2, 

8. 6aj*-aj = 2. ^ 

9. 2a^4-7a: = 15. 19. aj« + 5 = |. 

4 o 

10. 8a» + 2aj = 3. ^ o 

20 a^ — — — -=0 

11. 15aj«-f 44aj=20. * 30 3 ' 

The Solution by Factoring 

312. Many affected quadratic equations may be solved by 
an application of factoring. This method is based upon the 
principle that : 

313. The product of two or more factors is zero when one of 
the factors is equal to zero. 
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To solve an affected quadratic equation by factoring: 

314. Beduce the given equation to the general quadratic form, 
oa? -f- 6a5 + c = 0, and factor the resulting trinomial 

Assume that each factor in turn equals zero, and solve the other 
factor for the value of the unknown quantity. 

Illustrations : 

1. Solve by factoring, iB* -f 6 a; = 7. 

Transposing, x^ + 6 x — 7 = 0. 

Factoring, (x + 7) (x - 1) = 0. 

From which, x + 7 = 0, or x — 1 = 0. 
Solving, X = — 7 and x = 1. Result. 

2. Solve by factoring, 2 aj* + ^ a? = f . 

Simplifying, 10 x^ + 11 x - 6 = 0. 

Factoring, (2 x + 3) (5 x - 2) = 0. 

Whence, 2 x + 3 = and 5 x - 2 = 0. 
And X = — ), or X = {. Result 

Exercise 104 

Solve by factoring: 

1. aj«-5a; = 14. 10. 8 aj* - 38 a? = - 36. 

2. aj«-8aj + 16 = 0. n. 15 aj« - 77 « + 10 = 0. 

3. aj*-3a: = 4. ^^ 12 aj«- 23 a: + 10 = 0. 



13. aj«-ifa; = f 



4. aj«--13aj-|-12 = 0. 

6. aj»-12a;-13 = 0. 

^ ^ io Ao 14. aj« + ^a;-|-l=0. 

6. ar — 19 a; = 42. • s > 

7. 2aj«-9aj + 4 = 0. ig. ^-.^. = 1. 

8. 4««-5a:=6. ^ ^ , 

9. 6aj«-17a; = -12. 16. faj = iB'-||- 
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UTBRAL AFFBCTBD QUADRATIC BQUATIONS 

315. Any one of the three methods given applies readily to 
literal affected quadratic equations. 



Illustrations : 




1. Solve c*(a^ -!)=«(« 4- 2 c). 


Clearing of parentheses, 


c2a;» - c3 = a^ + 2 ex. 


Transposing, 


c2a;3_a;-2-2c« = c«. 


Uniting coefficients of x^. 


(c2-l)a;3-2cx = c2. 


Dividing by (c^ - 1) , 


W-l) C3 - 1 


Completing the square, ac^ — 


2c / c y_ c3 c? 


cJ»-l • Vc^-lJ c8-l ' (c»-l)« 




ca (ca - 1) + c? 
(c2 - 1)3 




c* 




(Ca - 1)3 


Extracting square root, 


C^-l C3-1 


■ 


C , C3 
C3 - 1 ^ C^ - 1 


From which. 


a:=— ^ora:= — Result. 

c-1 c+1 


2. 8olvea^+'^x=^'f. 

n V? 





Transposing and clearing of fractions, 

n2fl;2 + mnx - 2 to3 = 0. 
For the formula : a = n^^h = mn, c = — 2 m*. 

^_ -mn J: V(win)3~4(n3)(-2m3) 

2(n 3) 

2n3 

_ — mn ± 3 win 
" 2n3 

= ^, or-^. Result, 
n n 
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Bxeroise 105 

Solve : 

1. aj«--2aa? = 3a*. 8. a^-2ax + a^ = l. 

2. a?s=5ax^6aK 9. (^ix^'{-c{m — n)x=imn. 

3. a?-\-ax = 2a\ 10. mar*— (m + l)a; + 1 = 0. 

4. S aV -\- OCX = 2 c^, 11. oca? -\' anx =i cmx -\- mn, 
6. lOcV- 21 c^a; 4- 9 = 0. 12. c?a^-'C(a + l)x + a = 0. 

6. 35c*aj* — c'a; = 6. 13. (2aj+a)(a;--c)=(a; — a)(aj + c). 

7. a^-f-4aa; = 4a + l. 14. (« -h a + m)* = (a — m)*. 

16. aj»-2aaj-26« = c2-a2-6(2a + 6). 

-^a;-i-a,a 5 -^ 1 11 1 
16. 1 = -• 17. = • 

a x-\-a 2 m — x m c — x c 

-^ x^2a , a;4-2a 2aj«-|-3a« 
aj + 3a a — 3a a^ + 9a* 

DISCUSSION OP THB AFFBCTBD QUADRATIC EQUATION 

Character of the Roots 

316. If the two roots of the affected quadratic equation, 
aaj'4-6a;-f-c = 0, be denoted by Vi and r^, we have (Art. 310), 

^ _ -6+ Vy-4ac __6_ vy-4ac 
'^^ 2^ ' '^*~ 2^^ • 

The character of the result in each root depends directly 
upon the value of the radical expression V^* — 4ac, for the 
radicand, 6^ — 4 oc, may be positive, zero, or negative. 

(I) When 6* — 4 oc is positive. 

(a) The roots are real, for the square root of a j^ositive quan- 
tity may be obtained exactly or approximately. 

(b) The roots are unequal, for V6* — 4 ac is 4- in Vi and — 
in rj. 

(c) The roots are rational if 6* — 4ac is a perfect square, 
irrational if not. 
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Illustrations : 

(1) In 2x2 + 11 a; + 12=0, a=2, 6=11, c=12. f^-4ac=:121-9^=%. 
Hence, the rootfi of 2x^+ 11 x + 12=0 are real, unequal, and rational. 

(2) In6a;» + llx + 3 = 0, a = 6, 6 = 11, c = 3. 62-4 ac= 121 -60 =61. 
Hence, the roots of6a^+llx + 3 = are real, unequal, and irrational 

(II) When 6* — 4 oc equals 0. 

(a) The roots are real, and 1 -c, v i. j j. h 

\( rr.i_ X \ \ ^or each root reduces to -—. 

(6) The roots are equal. J 2 a 

Illustration : 

In4a52_20a;+25=0, a=4, 6 = -20, c=25. 62-4ac=400-400=0. 
Hence, the roots of 4 a;2 — 20 a; + 25 = are real and equal. 

(III) When 6* — 4 ac i« negative. 

(a) The roots are imaginary, for the square root of a nega- 
tive number is impossible. 

Illustration : 

In 3x2 4.2a; + 2 = 0, a = 3, 6=2, c = 2. 62-4ac = 4-24=-20. 

Hence, the roots of3a;2 + 2a; + 2 = are imaginary. 

• 

317. We may, therefore, by inspection of the discriminant, 

6^ — 4 aCf summarize the foregoing conclusions as follows : 
I. If 6* — 4 ac> 0, the roots are real and unequal. 
II. If 6* — 4 ac = 0, the roots are real and equal. 
III. If 6* — 4 ac < 0, the roots are imaginary. 

Illustrations : 

1. Determine the character of the roots of aj* — 5 a? = 6. 

a;2-5x-6 = 0. a = l, 6 = -6, c = -6. 
62-4ac = [(-6)2-4(l)(-6)] = (26 + 24) = 49. 
Therefore, the roots are real, unequal, and rational. (316, 1.) 

2. Show that the roots of ic^ — 4 a? + 5= are imaginary. 

62-4ac=[(-4)2-4(l)(5)] = (16-20) = -4. 
Hence, the roots are imaginary. 
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3. Determine the value of m for which the roots of 
4aj'-f-10aj-f-m = are equal. 

By Art. 316, II, the discriminant must equal 0. 

Hence, (10)2 _ 4 (4) (^) = 0, 100 - 16 w = 0, tn = y . 

That is, the roots of 4 x^ -f 10 a; + ^ = are equal. 

4. For what value of m will the roots of 

(m + 1 ) aJ* + (6 m 4- 2) a; 4- 7 m 4- 4 = be equal ? 

The discriminant must equal 0. 

a = (w+ 1), 6 = (6m + 2), c=(7tn + 4). 
Then (6 tn + 2)2 - 4 (tn + 1) (7 w + 4) = 8 w^ ~ 20 tn - 12. 
Solving, 8 m2 - 20 tn - 12 = 0, w = 3 and - J. Result. 

By substituting these values, 3 and — }, in the given equation, two dif- 
ferent equations result, both of which have equal roots. 

Exercise 106 

By inspection of the discriminant, determine the character 
of the roots of : 

1. a»-f 7a?=8. 7. 2a^ + 7x + S = 0. 

2. a^-6a; = 46. 8. 3ic*- 5a;= -12. 

3. a^4-5a;-84 = 0. 9. aj« -f- 10 a; -f- 1 = 0. 

4. aj«-3a;4-54 = 0. 10. 3 a^-12a;= - 17. 
6. a^-f 12a? = -36. 11. 5ic*4-40a; = l. 

6. 3ar^ + 8a: + 4 = 0. 12. 7 a^-{-llx-^12 = 0. 

Determine the values of m for which the two roots of each 
of the following equations are equal : 

13. 4ar^4-20a;4-m = 0. 16. a^-h(m-|-5)a;4-5m-hl = 0. 

14. 9ic*-|-m«-f 25 = 0. 17. (m+l)a^-(m-2)«-f 1 = 0. 
16. 2maj* --30a;— 15 = 0. 18. 2mar^-|-7ma;=a^4-5aj — 5m. 

19. (m-|-l)a:* + ma?=— 9(«4-l). 

20. m— 7-f ma;^— maj= — 2a; — a*. 
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Relation of the Roots Ain> CoEFirciKirTS 

318. If the roots of 

aa5* + 6ar-f c = or ac*-!- -a? -h- = 

a a 

are obtained by Art. 310, and are denoted by r^ and r, respec- 
tively, we bare 

T*! = ana r* = • 

2a 2a 



Byadditioii, n + r, = -^ + ^^-^^~^-^^"-^^. 

2a 

Or, ri+r,= -^. 

By multiplication, r.r, = (- ^ +^^^^K- » ~^^^Tgl 

Or, nri = -. 

a 

Hence, we may state : 

319. in any affected quadratic equaticm of the fonn 

a^+*a,+ £=0, 
a a 

(a) The sum of the roots equals the coefficient ofx with its sign 
changed. 

(b) The product of the roots is equal to the constant term. 

Illustrations : 

1. Find by inspection the sum and the product of the roots 
of6a» + 5a; = 6. 

Changing to the required form, x^-\-\x—l=Q, 
From Art. 319 : 

Sum of the roots = — |. 

Product of the roots = — 1. Result. 

2. One root of 2 a^ -f 5 a? = 12 is — f . Find the other root. 

Transposing and dividing, x^ + f a: — 6 = 0. 

Dividing the product of the roots, — 6, by the known root, — j, we 
have, (- 6) -f- (~ }) =+ (6 X J) = 4. Result. 
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Exercise 107 

Find by inspection the sum and the product of the roots of : 

1. aj«-t-9« + 14 = 0. 6. 3aj»-10a;4- 3 = 0. 

2. a^~21a; = 46. 6. 2a^4-3a? = 2. 

3. 2aj«-f7a; = 15. 7. 7aj«4-9a;-10 = 0. 

4. 6a^-x = 12. 8. 15ar^ + 14a;-f 3 = 0. 

9. One root of 6 aj* — 26 a: + 6 = is 6. Find the other root. 

10. One root of 8 aj* = 15 a? + 2 is — ^. Find the other root. 

11. With the values of Vi and rj from the equation 
aac* -f- 6a; 4- c = 0, find the value of 

-^^^^ . Also the value of i + i- • 
^i + rs Ti rj 



• 



Formation of an Affected Quadratic Equation with 

Given Roots 

b c 
Consider again the form aj* -f -« + - = 0. (1) 

a a 

If, as before, r^ and rj denote the roots of this equation, we 
have (Art. 319) : 

a 

Whence, ^ = - n - r, (2). Also (319), -= ^r^ (3) 

a a 

Substituting in (1) the values found in (2) and (3), 

a* 4- ( — n — rj) a? 4- n^2 = 0. 

a* — ri« — rja; 4- ViVz = 0. 

(»* — r^) — (r^x — TiTz) = 0. 

x(x — r^ — ri(a;— r^ = 0. 

(a — ri)(aj — r2)=0. 



282 QUADRATIC EQUATIONS 

Therefore, to form a quadratic equation that shall have any 
given roots : 

320. Subtract each root from x, and equate the product of Ik 
reauUing expreasUma to 0. 

Illustrations : 

1. Form the equation whose roots shall be 3 and 7. 

By Art. 320, (x - 3) (x - 7) = 0. 

Or, a5«- lOx + 21 =0. Result. 

2. Form the equation whose roots shall be f and — |. 

By Art. 820, (x-{)(x-(-})) = 0; 

(a5-«)(a5 + !) = 0; 
16a5« + x-6 = 0. Result 

Ezercise 108 

Form the equations whose roots shall be: 

1. 2,5. g _2 _?. ®- a — 1, a-f-1. 



2. t>, — o. 



3 



9. a — 1, 2 a. 



^57 10. 2±V^. 



3. -4,-7. • 2^ 8 11. V2, -1. 

. o 1 ^23 -« Va-f-l V^-1 

^' ^' ""2- ^- "3' ~r '^- -2-' -2— 



GRAPH OF A QUADRATIC EQUATION IN ONE VARIABLE 

321. The graph of a quadratic equation is obtained .by 
application of the principles governing the graphs of linear 
equations. The given equation is written in the typical form, 
ax^ -f 6jr 4- c = 0, and the left member is equated to y. By as- 
suming successive values for a?, the corresponding values of y 
are obtained as before. 



GRAPHS OP QUADEATIC EQUATIONS 



6RAP98 OF QUASBATIC BQtIATIOIlS RATDIO UBBQUAI. BD0T8 



:?i: 



322. Plot the graph of 
ic* + 2ar = 8, 

AHBame jf = ^ +ix — S. 
In the figure, 

Ux= a,v= 7. p. 

x= 2, 1/ = 0. Pi- 
I = 1, !f = - 6. P.. 
x= 0,s=-9. Ft. 
x=-l,g = -d. Ft. 
x= -2,ji = -S. Ft. 
IB = - 8, y = - 6. Ft. 
x=-4.v= 0. F,. 
x = -6,v= '■ -ft- 



The curve represeDting the equation, !B' + 2a! — 8 = 0, might 
be indefinitelj extended by choosing further values of x. In- 
termediate points on the cui've may be obtained by assuming 
fractional values of x and obtaining corresponding values of y. 

323. 7^ lowest point of the graph of a quadratic equation 
in one variable may, in general, be obtained by completing the 
square. 

Thus, K* + 2* + l=8+l; (J! + I)« = 9i* (a + l)*-9 = 0. 

Now (as + 1)3 — 9 has ita greatest negative value when i = — 1. 
Hence, the coordinates of the lowest point of the curve are (— 1, — 9). 

Plot the graph of 2 flJ + 7 a; - 4 = 0. 

Let y = 2x> + 7x — 4. Then in the first figure on p. 284 : 

(The student will note that, in the figure, the scale of the graph is so 

choflen that one unit of division on the axis corresponds to two units from 

the solutions.) 



QUADKATIC EQUATIONS 




i=-5,p = ll. P,. 

On completiiig tbe equaTe the loweet 
point in the caire ib (— }, — Y). 



109 

Plot the graphs of: 

1. a!'-6a! + 6 = 0. 

2. a!* + 6a! + 8 = 0. 
3! 3? + x-12 = 0. 

4. ia?-5x = 0. 

5. 2x'-53s = ~3. 

6. 8a^ + 2iB-*3 = 0. 



SKAPBS OF QUADRATIC BQQATIOHS HAVne BQDAL BOOTS 

324. Plot the graph of 



3?- 


Qx 


+ 9 


= 0. 


Let y = 


= *» 


-6a; 


+ 9. 


the figure 








Vx = 


o,v 


= 9. 


P. 


x = 


l.p 


= 4. 


Pi. 


z = 


2,y 


= 1. 


Pa. 



»; = e,{( = 9. P.. 




•Jow, a^-6a: + = 0. 


may 


written (»;-3)« = 


Wld 




erbe 


. but is tangent to it 


tea, 




Hence, the ci 
(3, 0), the lowest point of Uie gi 



GRAPHS OF QUA1>BATIC EQUATIONS 



GRAPHS OP QOASRATIC SQCATIOITS HATDIfl IHAQHTAItT BOOTS 



335. Plot the graph of a^-a: + 2=0. 

Let J = i» - * + 2, In the figure : 

K I = 0, p = 2. P. 1 = 8, 

* = 1, y=2. Pi. x = -- 

x = 2, y = i. Pg. x=-: 



Completing the square 






a:+J)-i+2 



l=i 



And this expression not 
being or negative for 
any value of x, it follows 
that y cannot be or nega- 
tive ; that is, the graph 
cannot touch the XX' axis. 
ImpOTtavt ConcluaUm. 
The graph of any quadratic 
equation in one variable 
and in the form a:^+hx + c = (i, intersects the XX' axis at 
two povnis whose abcissas are roots of the equation, provided 
that the given equation has real and unequal roots ; has one 
poidt in the XX' axis if the roots are equal ; and does not 
cut the XX} axis if the roots are imaginary. 



Plot the graphs of : 

1. a!* — 4a!+4 = 0. 

2. 4!r* + 4a! + l=0. 

3. ir» + 6a; + 9 = 0. 



4. !c» + 2a! + 3 = 

6. 2iE*-6;c+l 



CHAPTER XXII 

THE QUADRATIC FORM. HIGHER EQUATIONS. 
mRATIONAL EQUATIONS 

BQUATIOHS m THB QUADRATIC FORM 

326. An equation in the quadratic form is an equation 
having three terms, two of which contain the unknown num- 
ber ; the exponent of the unknown number in one term being 
twice the exponent of the unknown number in the other term. 
Thus: 

je4»13xa + 36=0; x» + 7x» = 8; v^-4v^ = 12. 

HI6HBR BQUATIOH S SOLYBD BT QUADRATIC MBTH0D8 

327. It will be seen at once that many equations in the 
quadratic form must be of a higher degree than the second. 
The method of factoring permits the solution of many such 
equations, and is generally employed in elementary algebra. 

328. If quadratic factors result from the application of 
factoring to higher forms of equations, they may ordinarily 
be solved by completing the square or by the quadratic 
formula. Such factors most frequently occur in connection 
with binomial equations. 

Illustrations : 

1. Solve a^ - 13 ic2 -f 36 = 0. 

Factoring, (sc^ - 4) {x^ - 9) = 0. 

And, (x + 2) (a; - 2) (a; + 3) (x - 3) = 0. 

Whence, x = — 2, 2, - 3, and 8* Result 

286 



EQUATIONS IN THE QUADRATIC FORM 287 

2. Solve aj«-f-7a^-8 = 0. 

Factoring, (05* + 8) (x* - 1) = 0. 

And, (x + 2) (x2 _ 2aj + 4) (X - 1) (x2 + x 4- 1) = 0. 
By inspection, x = — 2 and 1. 

Solving, x«-2x + 4 = 0. 

x = l±V^=^. 
Solving, «« + « + 1 = 0. 

x=^l±^^^. 
2 



Therefore, x = - 2, 1 ± V^^, 1, and ^^ Result. 

3. Solve </?- 4\/S = 12. 

Expressed with fractional exponents and in the transposed form, we 
have, 

x^-4x^- 12 = 0. 

Factoring, (x* - 6) (x^ + 2) = 0. 

Whence, x» = 6, or x» = — 2. 

From which, x = 216, or — 8. Result. 

When tested both roots prove to be solutions. 

4. Solve x^ - 12 aj"i = - 1. 

With positive exponents, * — I ~ "" ^* 

X* 

Clearing of fractions, x^ — 12 = — x*» 

Transposing, x* + x^ - 12 = 0. 

Factoring, (x* + 4) (x^ - 3) = 0. 

Whence, x* = — 4, or x* = 3. 

And, X = 266, or 81. 

The equation is satisfied by the negative value of v^266 and by the 
positive value of v^. 

329. For convenience of solution a single letter may be 
substituted for a compound expression in equations in the 
quadratic form. Care should be taken that no solution is lost 
in the final substitutions. 



288 THE QUADRATIC FORM. HIGHER EQUATIONS 

niustrations : 

1. Solve {a? - 4)2 - («« - 4) = 20. 

Transposing, (x^ - 4)2 - (x^ - 4) - 20 = 0. 
Let (»2 - 4) = y. 



Then, 




y'-y- 


-20 


= 0. 


Factoring, 


(y 


-5)(y + 4) 


= 0. 


Whence, 






y 


= 6, or — 4. 


Ify = 6, 








ify = -4, 


x2 - 4 = 5, 








aj2 _ 4 = - 4, 


»2 = 9, 








X2=0, 


a;= ±3. 








aj = 0. 



Therefore, a; = ± 3 and 0. Result. 

2. Solve('^Y + ^ = 6. 
Let r^ = y* 

X — 1 
Then, y2 4. y _ g _ q. 

Factoring, (y + 3) (y - 2) = 0. 
And, y = ~ 3 and 2. 

Ify = -3, 

*±i = -3, x + l = -3(x-l), 4x = 2, x = i. 
X — 1 

Ify = 2, 

?-±i = 2, x+l=2(x-l), -x=-3, x = 3. 

X — 1 

3. Solve 4aj* + 36aj-2 = 25. 
Transposing, 4 x^ + 36 x-^ - 25 = 0. 

Then, 4x2+??- 26=0. 

x2 

Whence, 4x* + 36 - 26x^ = 0. 

Or, 4x*- 26x2 + 36=0. 

Factoring, (x« - 4) (4 x2 - 9) = 0. 

Or, (x + 2) (x - 2) (2 X + 3) (2x -, 3) = 0. 

And, X = - 2, 2, - J, J. Resolt. 



Result 
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Exercise 111 , 

Solve : 

1. ic*-5a^-|-4=:0. 10. a;-i-3ar* = 4. 

2. a?*-8a^ = 9. H. 6a;-* + 13ar* + 6 = 0. 

3. ar^ - 3 a?-^ = 10. 12. Sa^ - 3ar' = -10. 

4. a« + 9a;» + 8 = 0. ^ , 3 

13. 2a;2^ 7^ 

5. a:«-7a;8 = 8. 

6. ^- + 70.-144. ^*- -^+3^.-10=0. 

. 16. V^- 5^^ = 24. 

7. ar^ + ar* = 20. ^ ^ 

16. «« = 1. 

8. 2a^* + 5ari + 2 = 0. ^^ (3aj + l)(a« + a:~2) = 0. 

9. 3aj + v^«* = 2. 18. 2(a;2 - 9) = 3(aj - 3). 

19. a'-8 + 3aj(aj-2) = 0. 

20. 3»* + 15aj=:aj(3»*H-17a;-|-10). 

21. 2(a;8-8)4-7ar^-17aj4-6 = 0. 

22. (x + 3)* - 5(x + 3) = 14. 

23. (a^ -{- 2y - 6(a^ -{- 2) = 55. 

24. (a« + a?)'-8(a:2 + «) + 12 = 0. 

26. (a? + 6) -(a? + 5)^=6. 

26. (»* + 3aj 4- 6) - 2(a2 ^ 3 a- + 6)4 - 8 = 0. 



27. »* + a + 2 = 7V«^ + aj + 2-10. 

28. /'aj + — Y-3/'a; + — ) + 2 = 0. 



U + 2^ 

80M. EL. ALO. — 19 



30. ^ + 5r^:^V*=6. 
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BQUIYALBITT BQUATIOH 8 AlTD THB RBJBCTIOlf OP ROOTS 

330. If, in two equations involving the same unknown 
number, the solutions of each include all the solutions of the 
other, the equations are equivalent. 

Thus, 3x + 2 = » + 6. (1) Whence 2x = 4. (2) 

Equations (1) and (2) are equivalent, for a; = 2 is a solution 
of each. 

331. In the solution of fractional equations, and in the 
solution of irrational equations, also, it must be remembered 
that the processes of simplification may introduce roots that 
will not satisfy the given equation. That is, equivalent 
equations do not always follow in the successive steps of a process. 

(a) Processes that do not chanqe the Roots of an Equation 

6 



Given the equation « + 3 = 



x-2 



Clearing, (a + 3)(x -2)= 6. • 

From which, x* + a; - 12 = 0. 

And, flc = 3, or — 4. 

By trial both 3 and — 4 are found to be roots of the given equation. 
Hence, multiplying by x — 2, the lowest common denominator, intro- 
duced no new root. 

The only root that could be introduced by the multiplier, a; — 2, would 
be the root of the equation, x — 2 = 0, or x = 2. And this root has not 
been introduced. 

In general : 

332. The roots of a fractional equation are unchanged if: 

(1) the given fractions heaving a common denominator are comr 
bined, and 

(2) the equation is multiplied by the lowest common multiple of 
their denominators. 
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(b) Procbssbs that chanqe the Roots of an Equation 

Given the equation a -f 5 = 0. 

Multiplying by « — 1, (« — 1) (x + 6) = 0. 

From which, » = — 5, or 1. 

The solation x = 1 foils on trial to satisfy the given equation. 

In general : 

333. A root is introduced if both members of an integral 
equation are multiplied by an expression involving the unknown 
number in the equation. 

Given the equation a? — 2 = 0. 

Transposing, x = % 

Squaring, jc^ = 4. 

Whence, o^ — 4 = 0. 

Factoring, (» + 2) (« - 2) = 0. 
Whence, x = — 2, or 2. 

Of these two solutions only the solution, x = 2, satisfies the given 
equation, the solution, x = — 2 being introduced by the process of squar- 
ing. 

In general : 

334. A root is in;troduced if both m^mibers of an equation are 
raised to the same power. 

The Rejection of Roots. 

Since it is clear that certain processes may affect the solu- 
tions of involved types of equations, we make the following 
conclusion : 

335. Before accepting all the solutions of a given equation as 
roots of that equation it is necessary that each sohvtion be tested; 
and all solutions not satisfying the given equation must be rejected. 
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IRRATIOH AL BQUATIOH 8 UnrOLYDIG QUADRATIC FORMS 

336. Illustration: 



Solve V2a;-|-7 — Va:— 5 = VS. 

Squaring, 2x + 7 - 2 V(2a; + 7)(x - 6)+ a - 6 = «. 
Transposing, - 2V2x2 _ 3x- 36 = -2«-2. 



Dividing by - 2, >/2a;a-3x-36 = a + 1. 

Squaring, 2x2 - 3x - 36 = x2 + 2a5 + 1. 

From which, »2--6x-36 = 0. 

And, X = 9, or — 4. Resolt 

The solution, x = 9, satisfies the given equation, but the solution, 
X = — 4, does not satisfy, and is rejected. 

Note. If the solution, x = — 4, is tested and, in extracting the square 
root of the right member the negative value of the root is taken, we have: 

V2(-4)4-7-V(-4)-6= V^=^. 

But this process is at variance with the accepted condition that positive 
square roots are to be consistently taken through the practice of ele- 
mentary algebra. 

Bzercise 112 

Solve and test the solutions of : 
1. aj-l = Voj-hl. 4. jc-f- V2 = Va. + 2a:V2-f 4. 



2. V^T^Tl = V3aT4. 6. V2(iB*-4) = (a;-2). 



3. aj-fVaj + l = 19. 6. a:« -f- a? - 3 = Va?* -f 2 «»+ 10. 



7. Vaj + 2— V« — 3 = Va — 6. 



8. (a:-f3)(aj-l) = Va(a5'-7)4-tO-f-2aj. 
ViC -f 1 + Voj — 1 
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PHYSICAL FORMULAS nnrOLVmG QUADRATIC BQUATIOH S 

Ezerciae 113 

1. From the formula, E = -— , obtain an expression for v. 

2. From the formula, J3'= .24C®7^, obtain an expression for Q. 

3. Find expressions for I and a when t = Tr\-. 

4. Find an expression for t from the formula S = ^gt\ 
6. Given, E=— — ; find an expression for u 

•7 

6. Given the formulas, V=gty and S=^g^. Find an expres- 
sion for the value of t in terms of Fand S. 

7. Given the formula, F = — — -^. Find a formula for t in 
terms of F, m, w, and r. 

8. Given the formula, t = 7r\/- . Find the value of I when 

t=i. ^^ 

9. From the formula, S = Vif-\- igi^, obtain the value of t 
in terms of 7i, g, and S, 



10. Given the formulas, E = F8, F=ma, and v=^/2a8; 
obtain a formula for E in terms of m and v, 

11. If a = — , and v^ = 2irr, find a formula for a in terms of 
v] r, and ^. 

12. E represents the energy of a moving body, m its mass, 
and V its velocity, in the formula ^= ^^« What is the rela- 

tion of the energies of two bodies if one has twice the mass but 
only two tliirds the velocity of the other? 



CHAPTER XXIII 
SIMULTANEOUS QUADRATIC EQUATIONS. PROBLEMS 

337. In the solution of simultaneous quadratic equations we 
have particular methods for dealing with three common types; 
but no general method for all possible cases can be given. 

SOLUTIOir BT SUBSTITUTIOH 

338. When one equation is of the first degree and the other 0} 
the second degree, 

'2a^^3xy-y' = l, (1) 

\5x-\-y=3. (2) 

From (2), y = 3-5a;. (3) 

Substituting in (1), 2 aj2 _ 3 x (3 - 6 «) - (3 - 5 x)« = 1. 

2aj2_9a;^.i5a.3_9^.30x-26xa = l. 

8«2-21aj + 10 = 0. (4) 

Factoring, (8 « - 5) (x - 2) = 0. 

From which, x = }, or 2. 

Substituting in (3), 

Ifx = },y = 3-6(J) = -J. 

Ifx=2, y=3-6(2) = -7. 

Hence, the corresponding values of x and y are 



1. Solve 



y = -ii y 



:%.) 



*-*' and*-*' I Result. 



Corresponding values must be clearly understood as to mean- 
ing. From (4) in the above solution two values of x result. 
Each value of a; is substituted in (3), and two values for y result. 
Therefore, we associate a value of x with thai value of y resuU- 
ing from its use in substitution. 

294 
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Bzercise 114 
Solve : 

1. aj + 2y = 5, ' 6. «« -f- a?y + y* = 19, 

xy + f = i^. 3aj4-2y-5 = 0. 

3. 2aj + 3y = 12, . 8. Sx-\'2y=^5, 
ajy — 6 = 0. 2-ajy-y* = 0. 

4. 3ic + 2y = 9, 9. a:» + 2/' + «+y = 6, 
ajy — aj = 2. ic — 4y = 6. 

6. a: + 2y-f-l = 0, 10. 2aj4-3y4-7 = 0, 

3ajy-3^ = -4. 3aj*-|-2y"-aj-|-42^=12. 



SOLUTIOir BT COHPAKISOir Aim FACTORING 

339. When both equations are of the second degree aind both 
are homogeneous. 

Solve I '^-^=^'' (') 

l3a:»-3/»==ll. (2) 

A factorable expression in x and y results if the constant terms are 
eliminated from (1) and (2) by comparison. 



Multiplying (1) by 11, 


22x2_iixy=110. 






(3) 


Multiplying (2) by 10, 


30 a;2 - 10 y2 = 110. 






(4) 


Equating left members. 


30a;2-.10y2 = 22a;2. 


-11 


xy. 




From which, 


8x2 + lla;y-10y« = 0. 






(5) 


Factoring (6), 


(a; + 2y)(8x-6y) =0. 








Therefore, 


y=-5. 
^ 2 






(6) 


And, 


8x 
^ 6 






(7) 



fi 
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By substitution in (1): 
From (6) : 



X 



ify=-* 



2x« + ^ = l6. 
2 



Again in (1) : 
From (7) : 

2x2 



u,.if. 



-if) 



= 10. 



Hence, in (6), 



5a:^ = 20. 

a; =±2. 



X 1 



y=-^ = -'^(i±^)=Ti. 



6 

2ai> = 50. 

«a = 26. 

a; =±5. 
Hence, in (7), 

y = ^ = |(±6)=±8. 



Therefore, 



x=±2, a. = i6;l ^^^ 
y=Tl, y=±8.J 



Note. The sign T is the result of a subtraction of a quantity having 
the sign ±. Thus, — (± a) = — (+ a) or — (— a) =— a or + a, =? a. 



Solve : 

1. aj*-f-ajy=6, 
on/ -2^2 = 1. 

3. iB*-2a2/ = -8, 

4. ar* + 2ajy = 9, 

3 ojy — ^ = — 4. 

5. oj^ 4- 5 ojy = — 6, 



Bzercifle 115 



6. aJ*-ajy + 2^ = f, 

7. a^-S.ajy + j/'^-S, 
2iB*-|-a?y-2y2=:_4. 

ic* — a?y — 3y* = — 9. 

12aj* + 9ajy-3/^ = -16. 

10. 2iB« + 4a?y + 73/*-15 = 0, 
5aj« + 3a?y-33/«-15 = 0. 



SOtUTIOH OF STMKBTRICAL TTPB8 



340. When the given equations are symmetricai with respect to 
X and y; that is, when x and y may be intercTianged tmthout 
changing the equations. 
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1. Solve f- + 2^ = ^> (1) 

\xy = 10. (2) 

Squaring (1), x^ + 2 xy -h t/^ = 49. 

Multiplying (2) by 4, 4 »y = 40. 

By subtraction, a;^ — 2 jcy + y^ = 9. 

Extracting square root, x — y =±S, (3) 

Adding (1), x + y = 7. 

2a;= + 3 + 7, or-3 + 7. 
2 a; = 10, or 4. 

a; = 5, or 2 ; ] 
Subtracting (1) from (3), y = 2, or 6. J 



Result. 



2. Solve f^=^^^ 



+ y' = 26. 

Multiply (1) by 2, 2 ay = 24. 

Add (2) and (3), x^ 4. 2 xy + y^ _ 49, 

Subtract (3) from (2), a;^ - 2 ay + y2 = 1. 
Extract square root of (4), a; + y = ± 7. 

Extract square root of (6), a; — y = ± 1. 

Four pairs of equations result in (6) and (7), viz. : 

x + y=7 x+y= 7 » + y = -7 

a; — y = 1 x- y =— 1 x — y= 1 

a;=4 x= 3 a;=-3 

y=3 y= 4 y=-4 

Hence, the corresponding values for x and y are 

« = ±4, y=±3, 

« = i3; 





(1) 




(2) 




(3) 




(4) 




(5) 




(6) 




(7) 


a; + y = 


-7 


aj-y = 


-1 


x = 


-4 


y = 


-3 



y=±3,| 
y=±4./ 



Result. 



Solve : 
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1. a? + 2^ = 6, 3. a^-f-y« = 5, 
xy = 6, aj 4- y = 3. 

2. aj-f-2^ = 5, 4. a?y — 3=0, 
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5. ic'4-a?y + y' = 7, 7. a^ + 3^=6, 

6. x-\-y — 5 = 0, 8. aj' + Sajy + ^ssSO, 
a^-«y + y' = 7. iB« + 05^4-2^ = 39. 

soLunons of miscbllahbous ttpbs 

341. Systems of simultaneous quadratic equations not con- 
forming to the three types already considered are readily 
recognized, and the student will gradually gain the experience 
necessary to properly solve such systems. No general method 
for these types can be given. 

It is frequently possible to obtain solutions of those sys- 
tems in which a given equation is of a degree higher than 
the second, derived equations of the second degree resulting 
from divisions and multiplications. 

Illustrations : 

X. Solve {'«^ + ^ + 3. + 3, = 28, (1) 

la«/-6 = 0. (2) 

Transposing and multiplying (2) by 2, 2xy = 12. (3) 

Adding (1) and (3), »a + 2»y + j^ + 3a; + 3y = 40. 

Whence, (x + y)2 +.3(x + y) -40 = 0. 

Factoring, (x + y + 8) (x + y - 5) = 0. 

Hence, x + y=— 8, ora; + y = 5. 

Combining each of these results with (2), we have two systems : 

(a) x + y = -S, (6) x + y = 5, 

xy - 6 = 0. xy - 6 = 0. 

The two systems (a) and (6) may be readily solved by the principle 
of Art. 340. 



2. Solve 



a^f + 5xy = U, (1) 

U-y = l. (2) 

From(l), xV + 5xy-14=0, 

(xy + 7)(xy-2)=0. 
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Whence, xy =2,ot xy =—7, 

Combining each of these derived equations with (2), we have, 
(o) xy = 2, (6) xy=-7, 

x-y=:l, x--y:=l. 

Solving these two systems, we find 

from (a), a; = 2, or — 1, 

y = 1, or — 2 ; 

-LiiyE?,!^ Result. 
2 



from (6), 



X 



^ 2 



3. Solve . 



2^^ f 8' 



1^1 3 

- + - = - 
X y 2 



Squaring (2), 
Dividing (1) by (2), 
Subtractmg (4) from (8), 
Whence, 



052 »y j^ 4 

-- — + - = 5. 
x^ xy y^ 4* 

_3 _6 
xy V 

1 = 1 
a^ 2' 



Subtracting (6) from (4), 1-^ + 1 = 1. 



Extracting square root of (6), 
Combining (2) and (7), we obtain, 



X y 2 



X = 

y 



= l,or2;l 
= 2, or 1. J 



4. Solve 



Let 
and 

Then in (1), 



0^ + 2^ = 82, 

a; = tt + «, 
y = M - «. 
(i4 + vY + (w - vy = 82. 



Result. 



(1) 

(2) 

(8) 



(5) 
(6) 

(7) 



(1) 

(2) 
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Or, t«* + 4ii«r+ 6iiV + 4t««»+ tr* 

+ ii» - 4 ii«r + 6 u^ — 4 iir' + r* 



2t«* +12t«%« . +2tr*=82 (3) 

Whence, t<* + 6 u V + tr* = 41. (4) 

SabBtitatiiig in (2), u + v + u — v = 4. 

u = 2. (6) 

Sulwtitating (6) in (4), (2)* + 6 (2)V + tr» = 41. 

Or, r* + 24r«-26=0. 

Whence, r = ± 1, or ±6 V— 1. 

Therefore, if « = 2 and r = ± 1, And, if u = 2 and « = ±5 V^, 

x = ii + v = 2±l=3orl, x = tt + t? = 2±6 V^, 



y = tt-t7 = 2qFl=lor3. . y = u-v = 2T^ V^. 

Hence, in brief form, x = 3, 1, or 2 ± 5 V— 1;1 Oeg«i|. 

y = l, 3, or2qF5V^n.l 

5. Solve|(^-^> + (^-^>* = ^^' (^) 

(aj + y)-(a? + y)* = 2. (2) 

Ck>nsidering (x + y)* and (x — y)* as unknown quantities and factoring: 
From (1), (a; - y) + (« - y)* - 12 = 0. 

(X - y)* = 3, and (x - y)* = - 4. (3) 

From (2), (x + y) - (x - y)^ - 2 = 0. 

(x + y)* = 2, and (x + y)* = - 1. (4) 

The negative roots, being extraneous, are rejected. Then, 



From (3), 




(X - y)4 = 3. 




From (4), 




(X + y)i = 2. 




Whence, 




X — y = 9. 


(6) 


And, 




X + y = 4. 


(6) 


From (5) and 


(6). 


2 X = 13, and 2 y = - 5. 




Therefore, 




x = ^ and y = — J. Result. 
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^1 



ve: 
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1. a?-{.f = lS, 16. 0^-2^-98 = 0, 
2x = Sy. 2-x-\-y = 0. 

2. a;4-2^ = 4, 17. a^ -\- xy -\- y^ = 91, 
a^-^2xy-\-Sy-x = 3. x-^Vxy-^y = 13, 

3. x-hy-\-l=xy, ig a^^f^x-^-y^U, 
5x-y-xy = l. x^-f-{-x-y = 10. 

6. xhj = 2S + xf, ^^ ^ 

o A 21. a;-2^-12 = 0, 

7. a; + 2^ = oa^ — 1, 

ic2 4.2^ = 8a:y-3ajy-3. ^^^ aj2-«y + y' = 3, 

8. a^ + aj-2^ = 5, ^""^"^^!" ' 
xy{x-y) = 6. ^3. ^-:fe + F7 = ^^ 

a«/-2 = 0. aj-l-|=0. 

10. a^ — 4:f = x + 2yy 



2 
3 



aj+4y = 7. 24. - + - = 7, 

35 y 4' 

11. a:« + y2 = i»y + 10, 116 
x-y = xy + 2. ^'^f^U' 

12. 0^*4-2^2/^ + 2^ = 19, 1 1_7 
a?-xy-^f=^7. 25. ^"p-g' 

13. 0^ + 2^-17=0, i_l = l 
a; + 2^ — 3 = 0. 0? 2^ 2' 

14. (aj-2^)2-a^_5 = 0, 11 4^^ 

«-y + a«/ = l. ^^- aj4-2/"^oj-2/ 5 ' 

15 3oj«+2o^-22/*=14(o;-2/), ?.§ = !? 

2o^ + flJ2^ — 3y2 = 7(o?— 2^). oj 2^ o^' 
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GSAPHS OF QUADKATIC EQUATIOHS IH TWO VAfilABm 

TTFB rOBHS OF BQUATIOBB ASD COBKBSFOHSIHO ORiPHS 

(I) Type Form "■x*+/'=c. 

niustratioD : 
Plot the graph of 
x* + y' = 26. 
From the equaHon we have 



E|? 



11 



«=2, 



If 

a!=0, j=±\'26, or 6. P. 

p=±v^, or±*.8»+. J^. 
y = ± ■\/2i, or ± 4.06*. P,. 

j( = ±v^, or±4. JV 
[,= ±v^, or±3. etc. 
Plotting these points, we ob- 
tain a circle UB the graph of th« 
equation, a^ + y* =26. 



It vill be seen that the 
codrdioates of any poist (z, y) 
aie legs of a right tiiaogle 
whose hypotenuse is the dis- 
tance from the origin to the 
point (x, y). That is, for any 
point on the curve we have 
(see figure), 

<^ + f = 5\ 
or, a^ + y' = 25. 

In genera), therefore: 

342. The graph of any eqtiatwn 

a? + y' = ctsa circle. 




t ttoo vtaiiMea in the forvt 
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(11) TypeFonn — f^ax -{-e. 
IlluBtration : 
Plot the graph of 



653 



at=0,v=±v^,or±2.8+. Pj. 
x= \,y~±VT2, or ±3.4+. P%. 
a;=-l, p=±V4, or ±2. Pi. 
a!=-2, v=0; etc P. 

(Note the enlarged scale.) 

Plotting tbese points, we ob- 
tain a parabola as the graph 
of tbe equation, y* = 4 x -|- 8. 

It will be seen that if as is lees than —2,yia imaginary ; 
hence, no point in the curve lies to the left of P. 
From this type form and graph we have, in general : 



343. The graph of any equation i 
y'=ax + ci» a parabola. 



:::::::|:S:e::::::i 

:;_5_!M!iG 

, 



two variables in the form 

(III) Type Form ... 

ax'+b/=e. 
Illustration : 
Plot the graph of 

Uy=(i,x* = 9.x = ±Z. A. 
1=0, }/* = ^, !» = ±2- S. 

Hence, ic=+3 and —3, the 
points where the graph cuta 
XX i and, 

= -4- 2 and — 2, the points 
where the graph cuts FP. 
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For an; other points let z = ± 1. 

Tien, 9t/'=S2,ji = ±t-\/2,OTjf = ± l.»*-. 

Hence, for P, Pi, Pj, and P^ we haye (1, 1.9), (1, -1.9), (-1, 1.9), 
(— 1, — 1,9) reBpeciively. 

Plotting tbese points, we obtain an eU^ue as the graph of the eqoaiiDii 
4j^49(S = 3e. 

By aBsuniing values sufficiently greater or less than those by 
which the points above are obtained, it can be shown that no 
points in the graph can lie to the right or left, above or below, 
the intersections with the axes of reference. 

From this type form and graph we have, in general : 

344. The graph of any equation in two variables in the fom 
aa? + b^ = ci»an ellipse. 

(IV) Type Forms ■■■ tf.*^ — 4/'=:c and fc = ff. 

Illustrations : 

1. Plot the graph of 

From the given equation 



Ifa!=±l,p*=0,K=0. 

or ±.86*. 

For the v;ilues of x we plot 
.d, (1, 0), and B, (-1.0)- 

AtooP.ca, .86);Pi,C-2,,8e); 
P,,(_2, -.86);i^.(2,-.86). 

With t^eee piiint-i we obtain 
an hyperbola as the graph of 
the equation, x* — 4 y* s 1. 

It will be found by trial that any value of x between + 1 and 
— 1 gives an imaginary value for y, hence no part of the (nuve 
can lie between the points A and B. 

























--,'.'- ;, .; 














vf 
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2. Plot the graph of 

3fa! = -4, ... ... + 4,e»., 
y = ~l, ... ±00 ". + 1, eto. 

Plotting tbe points, ( - 4, — 1), 
etc., we obtain sn hyperbola 
nhoae branches lie Id tbe aa^ea 
rOX and To:r. 

From the two cases ; 

345. The graph of any 
equation in two variablBS in 
the form. a3? — bt^ = c, or in the form xy ■■ 

118 



ULihtdflihtdiH 

ii: ii;;;^;; III 

iHiiiHi 



;, ia an hyperbola. 



Plot the graph of: 

1. a? + y' = 16. 8. y' = ix + i. 6. 3!»-3y»=2. 

2. x' + y' = i9. 4. a!' + 6y* = 9. 6. tBy = 10. 



80UJTI0II OF SmULUHBOira QUADRATIC BQUATIOHB BT 6BAPR8 

Illustrations : 

I. Given 3!» + j^= 25, 
3x-2y=:6. 



:'?^^ 



From the intersections of 
the graphs of the given 
equations obtain the roots, 
and check the results by 
solving the equations. 

In the iigure the graph of 
a^ + y* 1=25 is a circle, and 
the graph of 3x—2y = 6 
is a straight line. 
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By measurement of the graphs we find the coOrdmatea of 
Pj and Pi to be (4, 3) and (—^, —^). Solving the eqnationi, 
we obtain x = i, y = 3; or 3: = — fj, y = — J|. The accuracy 
of this and of subsequent oases may be increased by plotting 
on a lai^ei scale. 

2. Given 

f=ix + 16. 
From the intersectioDB 
of the graphs of the 
given equations obtun 
the roots, and check 
the results by solving the 
equations. 

In the figure the graph 
oia^ + y' + 9x + 14=l) 
is a circle and the graph of 
y* = 4 iT + 16 is a parabola. 
By measurement of the 
graphs we find the coordinates of P, and P^ to be (— 3, 2) and 
(_ 3j _ 2) respectively, and these coovdinates correspond to 
the real roots obtained from the solution. For the solution of 
the system gives a; = — 3, i; = ± 2, or a; = — 10, y = ± V— 24 
We cannot find a point corresponding to the imaginary root^ 
and we make the important conclusion that : 




346. Since there can he no point having one or both co6rdinates 
imaginary, the graphs of two eqttations can have no tn^raectiona 

corresponding to imaginary roots. 

3. Given a? + 4 / = 17, 



From the intersections of the graphs of the given equations 
obtain the roots, and cheek the results by solving the equations. 
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In the Eguie the graph of a? + 4 y* = 17 is an ellipse, and 
the graph of xy = 2 is an 
hyperbola. 

By measurement of the 
graphs we find the co- 
ordinates of P„ i\, Pa, 
and P, to be (4, i), (1, 2), 
(-4, -J), (-1, -2) 
respectively. The solu- 
tion of the equations gives 
a!=±4,y=±J,ora!=±l, 
3= ±2. 

It will be noted that this 
last case is the first in 
which both equations are 
homogeneous and of the second degree, and that the graphs 
serve to emphasize once more the importance that attaches to 
the association of corresponding values of x and y in the 
solution of a system of 
simultaneous quadratic 
equations. 



2a.'' + 5y' = 125, 

5a; + 21, = 10. 

From the intersections 
of the graphs of the given 
equations obtain the roots, 
and check the results by 
solving the equations. 

In the figure the graph 
of 2a^+2y*=:125 is 
an ellipse, and the graph of 5x + 2y=10 is a straight 



" "" s : 
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By measurement of the graphs we find the coordinates of 

Ft and i*, to be (0,5) and (3.7 1, 4.4-) respectively. The 

solution of the equatioDS 

gives X = 0, y = 5, 01 

a! = 3.75+, J) =4.38+. 

&. Given, 

a? + y* = 100, ! 

3x+iy = 50. 
From the intersectiona 
of the graphs of the given 
equations obtain the roots, 
and check the results by 
solving the equations. 

In the figure the graph 
of s^ + y' = 100 is a circle, 
and the graph of 3 x + 4 j 
= 50 is ^ straight line. 
Solving the system, we find that the equation resulting from 
substitution gives equal roots for y. Hence, for x we find but 
one value, the solution of the system being x = 6, y = S. It 
will be seen from the graph that the circle and straight line 
have one point only in common ; that is, the line is tangent to 
the cii-de. The coSrdinatea of the pqint of tangency are found 
to be (6, 8) or P. In general : 

347. If, in the soZtidon of a sj/stem of equations, a derived 
equation has equai roots, tJie yrap/is of (Ae equations are tangent 
to each other. 

It will be found to assist the student in the exercise follow- 
ing if the type forms of equations and the corresponding 
graphs are remembered. 

1. ax + 6/ = e, The Straight Line. 

2. j^+/ = e, The Circle. 

3. y' = ajr + c, The Parabola. 
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4. ff jH -f 6/ = c, The Ellipse. 

5. ax»-«/=c,orl The Hyperbola. 

EzerciBe 119 

Plot the graphs of the following, and check the roots deter- 
mined by a solution of each system : 

x — y—l, ajy+aj + y = ll- 

2. a^+f==74:, 6. f==4:X'{-S, 
xy = S5. a?4-y — 6 = 0. 

3. 3^= 8a?, 7. 9a^-Wy^ = lU, 
x-yz=6. x^-{-f = S6. 

4. a:+y=12, 8. a^+4y=4, 
0^ = 32. aj« 4- y^ = 17. 

9. a;* +2/^ = 32, 
«'-»y4-2/* = 28. 

10. Solve the system, a? + y = and ajy = 4, and determine 
if the solution alone will show that the graphs intersect, or 
do not intersect. 

11. How do the graphs of ajy = 4 and a^ — y*=16 differ in 
their positions relative to the axes of reference ? 

12. Can you describe the position of the graph of the equa- 
tion, aj' + y* — 2aj = 0, without plotting it ? 

13. How do the graphs of the equations, 05* + 2y* = 32 and 
4 a^ + 2/* = 16, differ in their relative positions ? 

14. Plot the graphs of aj* — ajy + ^ = 28 and a? — 2^ = 0, and 
show that their intersections check the roots found by solution. 

15. In how many points may the graphs of a:* 4- ^ = 25 and 
a^ -f- 2 y* = 64 intersect? Prove your answer by plotting. 
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16. Show the positions of the graphs of a?^ + y* = 100 and 
ajs -I- 4^ = 100, and determine the number of real roots. 

17. Show by solution that y* — 4 a? = 12 and aj*4-y*+3a;=0 
can have but one point in common, and prove your answer by 
a graph of the system. ^ 

PROBLEMS PRODUCHrO QUADRATIC EQUATIONS 

348. In the solution of a problem from which a quadratic 
equation or equations result we retain only the solution that 
satisfies the given conditions. As a rule negative results will 
not ordinarily satisfy the conditions even if they satisfy the 
equations. 

Illustrations : 

1. If 6 times the number of laborers in a field are increased 
by the square of the number at work, there will be in all 55 
men. How many laborers are there in the field ? 

Let X = the number of laborers in the field. 
From the given conditions, 

From which, ac^ + 6 a; - 56 = 0. 

Solving, ac = 5, or a; = — 11. 

Clearly the positive result only is retained. Hence, 5 laborers. Resolt. 

2. A company of boys bought a boat, agreeing to pay for it 
the sum of f 60. Three of the boys failed to pay as agreed, 
so each of the others was compelled to pay $ 1 more than he 
had promised. How many boys actually paid for the boat? 

Let X = the number of boys actually paying for the boat. 

05 + 3 = the number of boys first agreeing to share its cost. 

— = the number of dollars paid by each boy. 

X 

= the number of dollars each had expected to pay. 



a + 3 
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Then, 52__60_ 1^ 

X x + S 

From which, a;^ + 3a;- 180 = 0, 

and X = 12, or — 16. 

That is, 12 boys actually shared in the cost of the boat. 

Many of the problems in the following exercise must be 
stated by the use of two unknown quantities, and simulta- 
neous quadratic equations will result. But as far as pos- 
sible the student should attempt to state most of the earlier 
examples by means of one unknown number only. 



, Eacercise 120 

1. Find those two consecutive odd numbers the sum of 
whose squares is 290. 

2. Find a number that, added to 7 times its reciprocal, 
equals 8. 

3. Two factors of 48 are such that one exceeds the other 
by 2. What are the factors ? 

4. The sum of two numbers is 10, and the sum of their 
squares is 52. Find the numbers. 

5. Find two numbers such that their sum and the difference 
of their squares are each 13. 

6. Fimd the two factors of 600 whose sum is 49. 

7. Find two numbers whose sum is 11, and whose product 
is 17 less than 15 times their difference. 

8., The sum of the cubes of two numbers is 126, and the 
sum of the two equals 6. Find the numbers. 

9. Find two numbers the sum of whose squares is 130 and 
whose product is 63. 
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10. How many yards of picture molding will be required 
for a room whose ceiling area is 1200 square feet, the diagonal 
of the ceiling being 50 feet ? 

11. One of two numbers exceeds 30 by as much as the other 
number is less than 30, and the product of the numbers is 875. 
Find them. 

12. The sum of the squares of two numbers equals 13 times 
the smaller number, and the sum of the numbers is 10. What 
are the numbers ? 

13. If twice the product of the ages of two children is added 
to the sum of their ages, the result is 13 'years. One child is 
3 years older than the other. Find the age of each. 

14. The diagonal of a rectangle is 100 feet, and the longer 
side is 80 feet. Find the area of the rectangle. 

15. Find three consecutive numbers such that the sum of 
their squares shall be 194. 

16. The simple interest on $600 for a certain number of 
years and at a certain rate is $ 120. If the time were two 
years shorter and the rate 2 % more, the interest would be 
$108. Find the time and the rate of interest. 

17. The sum of the squares of two numbers is 2a*-f- 2, and 
the sum of the numbers is 2 a. What are the numbers ? 

18. The combined capacity of two cubical tanks is 637 cubic 
feet, and an edge of the one added to an edge of the other 
equals 13 feet. Find the length of a diagonal on an^^ one face 
of each cube. 

19. The product of two numbers is 15 greater than 5 times 
the larger number, and is 6 less than 16 times the smaller 
number. Find the numbers. 

20. If a number of two digits is multiplied by the tens' 
digit, the product is 96; and if the number is multiplied by 
the units' digit, the product is 64. Find the number. 
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21. Divide 15 into two parts such that their product shall 
equal 10 times their difference. 

22. The difference of two numbers is 1, and the sum of the 
numbers plus the product is 19. Find the numbers. 

23. If the sum of two numbers is multiplied by the less, 
the product is 5 ; and if the difference of the numbers is multi- 
plied by the greater, the product is 12. Find the numbers. 

24. A garden 40 feet long and 28 feet wide has around it a 
path of uniform width. If the area of the path is 960 square 
feet, what is its width ? 

25. A dealer would have received $ 2 more for each sheep 
in a drove if he had sold 6 less for $ 240. How many were 
there in the drove, and at what price was each sold ? 

26. In a number of two digits the units' digit is 3 times 
the tens' digit, and if the number is multiplied by the sum of 
the digits, the product is 208. Find the number. 

27. A bicyclist starts on a 12-mile trip, intending to arrive at 
a certain time. After going 3 miles he is delayed 15 minutes 
and he finds he must travel the remainder of the journey at a 
rate 3 miles an hour faster in order to arrive at his destination 
on time. Find his original rate of speed. 

28. The sum of the squares of the two digits of a number 
is 13, and if the square of the units' digit is subtracted from 
the square of the tens' digit and the remainder is divided 
by the sum of the digits, the quotient is 1. Find the number. 

29. The difference between the numerator and the denomina- 
tor of a certain improper fraction is 2, and if both terras of 
the fraction are increased by 3, the value of the fraction will 
be decreased by ^. Find the fraction. 

30. From the formula, i = tt \/ - , find the length of a pen- 

dulum that vibrates once a second at a point where g = 32.16 
feet. 
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31. A body falls through a space of 3216 feet at a point where 
g equals 32.16 feet. From the formula, ^ = ^ g^y determine 
the number of seconds required for the fall. 

32. If an automobile traveled 3 miles an hour faster, it would 
require 2 hours less time in which to cover a distance of 120 
miles. What is the present rate of the automobile in miles per 
hour ? 

38. A certain floor having an area of 50 square feet can be 
covered with 360 rectangular tiles of a certain size ; but if the 
masons use a tile 1 inch longer and 1 inch wider, the floor can 
be covered with 240 tiles. Find the sizes of the different tiles. 

84. One leg of a right triangle exceeds the other leg by 2 
feet, and the length of the hypotenuse is 10 feet. Find the 
length of the legs of the triangle. 

36. 168 feet of fence inclose a rectangular plot of land, and 
the area inclosed is 1440 square, feet. Find the dimensions of 
the fleld. 

86. The sum of the squares of two numbers is increased by 
the sum of the numbers, and the result is 18. The difference of 
the squares of the numbers is increased by the difference of the 
numbers, and the result is 6. Find the numbers. 

87. If the difference of the squares of two numbers is divided 
by the smaller num ber, the rem ainder is 4 and the quotient 4. If 
the difference of the squares of the numbers is divided by the 
greater number, the remainder is 3 and the quotient 3. What 
are the numbers ? 

38. If the length of a certain rectangle is increased by 2 
feet, and the width is decreased by 1 foot, the area of the rect- 
angle will be unchanged. The area of the rectangle is the 
same as the area of a square whose side is 3 feet greater than 
one side of the rectangle. What are the dimensions of the 
rectangle ? 



CHAPTER XXIV 

RATIO. PROPORTION. VARIATION. 

RATIO 

349. If a and b are the measures of two magnitudes of the 
same kind, then the quotient of a divided by b is the ratio of 
a to b. 

Batios are expressed in the fractional form, -, or with the 

b 

colon, a : b. Each form is read " a is to 6.'' 

350. In the ratio, a : b, the first term, a, is the antecedent, 
and the second term, &, is the consequent 

THB PROPBRTIBS OF RATIOS 

351. The properties of ratios are the properties of froMionB; 

for the ratios, ^, m : n, (« H- y) : (« — y), etc., are fractions. 

b 

(a) The Multiplication and the Division op the 

Terms of Ratios 

352. y^e value of a ratio is unchanged if both its terms are 
multiplied or divided by the same number. 

353. A ratio is multiplied if its antecedent is mvJtipliedy or if 
Us consequent is divided, by a given number. 

354. A ratio is divided if its antecedent is divided, or if its 
consequent is multiplied, by a given number. 

316 
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(b) Increasing or Decreasino the Terms of a Ratio 

355. If a, b, and x are positive, and a is less tlian b, the ratio 
a:b is increased when x is added to both a and b. 

For a±x_a^ x{b^a) ^ 

' b-\-x b b(b-\-x) 

And, since a<b, the resulting fraction is positive and the 
given ratio, j, is increased accordingly. 

356. If a, 6, and x are positive, and a is greater than b, the 
ratio a:b is decreased when x is added to both a and b. 

For the resulting fraction in Art. 3554.8 negative when a>b. 

357. An inverse ratio is a ratio obtained by interchanging 
the antecedent and the consequent. 

Thus, the inverse ratio of m .* n is the ratio n : m. 

358. A compound ratio is a ratio obtained by taking the 
product of the corresponding terms of two or more ratios. 

Thus, mx : n^ is a ratio compounded from the ratios, m : n and x : y. 

359. A duplicate ratio is a ratio formed by compounding a 
given ratio with itself. 

Thus : a^ :b^ is the duplicate ratio of a:b. 

In like manner, a^ib^ia the triplicate ratio otaib. 



Exercise 121 

1. Write the inverse ratio of a:aj; of m:n; of T':12; of 
Sx:5x', of (2a-f l):(2a-l); ot (a?-\-xy-\-f):(a^'-xy + f). 

2. Arrange in order of magnitude the ratios 2:5, 3:7, 
4:9, 5:8, 10:17, 12:19, 21:27, 32:39, and 40:51. 

3. Compound the ratios 3 : 7 and 10 : 17. 

4. Find the ratio compounded of 3 : 8, 4 : 9, and 6 : 11. 
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5. Compound the ratios (iB* — 9) : (aj'^ + 8) and (x-\-2) : (a?— 3). 

6. What is the ratio compounded from the duplicate of 
2 : 3 and the triplicate of 3 : 2 ? 

7. Find the value of the ratio (« -|- 6) : (a* + 7 a? -|- 6). 

8. Two numbers are in the ratio of 4 : 7, but if 3 is added 
to each number, the sums will be in the ratio of 5 : 8. Find 
the numbers. 

9. The ratio of a father's age to his son's is 16 : 3, and the 
father is 39 years older than the son. Find the age of each. 

10. In a certain factory 5 men and 4 boys receive the same 
amount for a day's work as would be paid if 3 men and 12 
boys were engaged for the same time. What is the ratio of 
the wages paid the men and the boys individually? 



PROPORTION 

360. A proportion is an equation whose members are equal 
ratios. 

Thus, the four munbers, a, b, c, and d, are in proportion i' ? = •!• 

a 

361. A proportion may be written in three ways : 

• (1) - = -. (2) a:h = c:d. (3) a:b::e:d. 

b d 

Each form is read **aisto&ascisto d.*' We understand the mean- 
ing of a proportion to be that the quotient of a -^ 6 is the same in value 
as the quotient ot c-^d. 

362. The extremes of a proportion are the first and fourth 
terms. 

363. The means of a proportion are the second and third 

terms. 



{ 
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364. The antecedents of a proportion are the first and third 
terms, and the consequents the second and fourth terms. 

In the proportion a:b=:c:d 

a and d are the extremes, a and c are the antecedents, 

b and c are the means ; b and d are the consequents. 

365. If the means of a proportion are equal, either mean is 
a mean proportional between the first and fourth terms. 

Thus : in a : & = & : c, & is a mean proportional between a and c. 

366. The last term of a proportion whose second and third 
terms are equal is a third proportional to the other, two terms. 

Thus, ma:b = b :c, cisa third proportional to a and h, 

367. A fourth proportional to three numbers is the fourth 
term of a proportion whose first three terms are the three given 
numbers taken in order. 

Thus, ina:&=:c:(2, disa fourth proportional to a, b, and c. 

368. If, in a series of equal ratios, each consequent is the 
same as the next antecedent, the ratios are said to be in con- 
tinued proportion. 

Thus : a:6 = 6:c = c:d=(f:e= etc. 

369. In the treatment of proportions certain relations are 

conveniently discussed if we recall that - = -=r. Whence 

b d 

a = br, and c = dr. Substitutions of these values for a and c 
will be of frequent service in practice. 

370. In order that four quantities, a, 6, c, and d, may be 
in proportion, a and b must be of the same kind, and c an^ d 
of the same kind. However, c and d need not be of the same 
kind as a and 6. 



a_c 
b d 
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PROPERTIES OF PROPORTION 

371. Given a:b = c:d. Then ad = be. 

Proof: 

Multiplying by bd, ad = be. 

That is : 

In any proportion, the product of the means equals the product 
of the extremes, 

372. Given a:b = c'.d. Then az=^, b = —,QtQ. 

d c 

From the equation ad = be we obtain by division : 

^ be Ji be ^ ad ^ cwl 
a = — , a = — , = — , c = --— 

d a e b 



That is : 



Either extreme of a proportion equals the product of the means 
divided by the other extreme; and either mean of a proportion 
equals the prodvxA of the extremes divided by the other mean. 



373. Givena:b = bic, Then b = -Vac, 



Proof: 


a:b = b:e. 


By Art. 371, 


b^ = ae. 


Extracting square root, 


b = y/ae. 


That is : 





The mean proportional between two numbers is equal to the 
square root of their product, 

374. Given ad = be. Then a:b = c:d. 

Proof : ad = be. 

Dividing by 6d, ^ = ^ . 

b d 

Or, a:b = e:d. 



i 
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That is : 

If the 2)rod7ict of two numbers is equal to the product of two 
other numbers, one pair may be made the extremes, and the other 
pair the means, of a proportion. 

In like manner we may obtain a proportion, a : c = 6 : d, etc. 

375. Given a:b = cid. Then b:a = d:c. 

Proof: ^ = ^. 

h d 

Then, 1^? = 1h.«. 

h d 

Whence, ^ = ^. 

a c 

Or, b:a = d:c. 

That is : 

If four numbers are in proportion, they are in proportion by 
inversion. 

376. Oiven a:b=:c:d. Then a:c = b:d. 

Proof: f[ = £. 

b d 

Multiplying by 5, ab^bc 



Whence, 



c. be cd 

a b 



c d 
Or, a:c=:b:d. 

That is : 

If four numbers are in pi'oportion, they are in proportion by 
alternation. 

In applying alternation all four quantities considered must 
be like in kind. 

377. Oiven a:b = c:d. Then aH-6:6 = c-hd;d 

Proof : ^ = ^ . 

b d 
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V 

Adding 1 to both members, - + !=-+ 1. 

b d 

Whence, 5L+6 = i+A . 

. % b d 

Or, a'\-b:b = c + did. 

That is : 

If four numbers are in proportion, they are in proportion by 
composition. 

378. Given a:b=:c:d. Then a — 6:6 = c — d:d. 



Proof: 




a _ c 
b d' 


Subtracting 1, 




l-'-t'- 


Whence, 




a—b c—d 
b d 


Or, 


a 


— 6:6 = C — d:d 


That is : 







If four numbers are in proportion, they are in proportion by 
division. 

879. Gfiven a:b — c:d. Then a + 6:a— & = c-|-d;c — d. 

Proof: a±b^c±d^ (Ij 

b d 

And, ^ = ^- (2) 

a 

Dividing (1) by (2), 5L±| = e+i. 

a — c — a 

Or, ^ a + 6:a — 6 = c + d:c— d. 

That is : 

If four numbers are in proportion, they are in proportion by 
composition and division. 

80M. BL. ALQ. 21 
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380. Oiven a:b = c:d. Then a" : 6* = (j* : <i* 

Proof: ^ = ^. 

b d 

Raising both members to the nth power, 

# 

. Or, O" : 6* = c* : d*. 

That is : 

2/iA;e powers of the terms of a proportion are in proportion. 

381. Oiven a: 6 = c:d = e:/= •••. 2%en(a -|- c + 6 + •••): 
(ft + ci-h/H )=a:b. 



Proof: Since 



b d /""' 



* ••< 



then, f = r, ^=r, | = r,etc. 

a / 

Whence, a = 6r, c = dr, « =/r, etc. 

Adding, a+ c + e + ••• = 6r + dr +/*•+ —. 

Whence, a + c + e + •••=(& + d +/+ •••)*'• 

And, o + c + e+-'^y^a. 

Or, Ca'\-c + e + •..) : (6 + d +/+ •••) = a : 6. 

That is: 

/n a «enes of equal ratios, the sum of the antecedents is to the 
sum of the consequents as any antecedent is to Us consequent. 

382. Given a:b=:b:c. Then a:c=a^:l^. 

Proof: Suice ^ = -, 

b c 

it follows that, «x^=^x-. 

b c b b 

Whence, - = ??• 

Or, a I c =i a^ ih^. 
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That is : 

If three numbers are in continued proportion^ the first is to the 
third as the square of the first is to the square of the second. 

383. CHven a:b=sb:c=sc:d. Then a:d=scfi:b^. 



Proof : Since 

• 


a_b_c 
bed' 


it follows that, 


- X -X - = -x- X -• 
b c d b b b 


Whence, 


d b^' 


Or, 


a : d = a' : 6*. 


That is : 




If four numbers 


are in continued proportion, the first is to the 



fourth as the cube of the first is to the cube of the second, 

384. Given a:b = c:d, e:f=g:h, k:l=sm:n. Then aek : 
bfl = cgm : dhn. 

Proof: Sfaice 2 = £, ? = £, *=B. 

b d f h I n 

Multiplying, aek^cgm^ 

bfl dhn 

Or, ctek : bfl = cgm : dhn. 

That is : 

The produjcts of the corresponding terms of two or more pro- 
portions are in proportion, 

APPLICATIONS OF THB PROPBRTIBS OF PROPORTION 

385. Of the important properties of proportion in common 
use in the solution of problems involving certain relations; we 
may note briefly the following : 

(1) Since, in any proportion, the product of the means equals the 
product of the extremes (Art. 371), we may readily find any one term 
of a proportion when three terms are known. 
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(2) Since - = - = r, we have a = br, and c=dr; and the substitution 

b d 

of these values for a and c will be of frequent service in reductions. 

(3) Composition and division (Art. 379) are of frequent use in mini- 
mizing the work necessary for the solution of certain types of equations. 

(4) An assumed identity involving any four numbers, a, 6, c, and d, 
is shown to be true if, by transformations, we obtain a proportion, 
a :b = c:d» 

Illustrations : 

1. Find the ratio of a? to y when ^J^±ly = 5 . 

In the form of a proportion we have 

3x + 2y:4a;-3y = 6:6. 
By Art. 371, 6(3a;-f2y) = 6(4aj-3y). 

Whence, 18a; + 12y = 20x-16y. 

2x=:27y. 
Therefore (Art. 374) , x : y = 27 : 2. Result. 

2. If a:& = c:d, show that a-|-3 c: 6-|-3d = 2a-|-c: 26+i 

Since a : 6 = c : d, we nave - = - = r. Whence, a = br, and c = dr. 

b d 

Reducing each ratio separately, 

a + Sc ^ Cbr)-\-S(dr) ^ r(b + Sd) _^ 
6 + 3(1 b + Bd b + Sd 

2o + c _ 2(6r)+(dr) ^ r(2 6 4d) _ 
26 + d 2b'\-d 2b + d 

Therefore, ^Lt^c ^ 2a±c 

b+Sd 2b+d 

3. Solve the equation ,^^""-^ . = /"^^ . 

By composition and division (Art. 379), 

(2x~l) + (x^ + 2x-l) _ (x + 4) + (xa + xH-4) 
(2x~l)-(xa + 2x-l) (x + 4)-(x2 + x + 4)' 
Sunplif ying, x^ + ^x-2 ^ x^ + 2x + 8 

Whence, x« + 4x-2 = x2 + 2x + 8. 

2x=:10. 
X = 5. Result. 
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4. Find two numbers whose sum is to their product as 3 is 
to 20; and whose sum increased by 1 is to their difference 
increased by 1 as 7 is to 1. 

Let X and y = the two required nambers. 

Then, x + y :xy = B .20. ( By the first condition.) (1) 

And, x + y + l :x — y + l=:7 :1. (By the second condition.) (2) 

From (1), 20a; + 20y = 3a;y. (3) 

From (2), 3x-4y=:-3. (4) 

From (4), xz^iM^, 

Hence, in (3), 2o/ii^^ + 20y = 3y (il^V 

Sunplifying, 12ya-149y + 60=0. (5) 

Solving (6), y = 12, or ^^. 

x = 15, or J. 

It will be found that the integral values only satisfy the given condi- 
tions, and the fractional values are, consequently, rejected. 
Therefore, 12 and 15 are the required numbers. 

Exerciae 122 

Show that the f oUowing are true proportions : 

1. 4:8 = 5:10. 4. 3 : 9.125 = 2 : 6,^. 

2. 2:7 = 2.5:8.75. ^' ^x:Sy = Sxy:6y^. 

8. 3:5x = 6:10x. «' 2^-^ = 2^^-^- 

Determine whether the following are true proportions : 

7. 34:53 = 19:39. 9. 12.1 : 44 = 2.2 : .8. 

8. 4^:4 = 8|:8i. 10. o^-l : aj + l = a?-l : as. 
Find the value of the unknown in each of the following : 

11. 8:10 = 12:0?. 18. 32:12 = aj:6. 

12. 4:aj = 16:15. 14. y: 8 = 12: 4. 
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16. 5:« = 10.5:.3. 18. 4c:a = 3a;:6a. 
13. 2a::5 = 6:3. ^^' 2am:3 = mx:15. 

17. 3 oj : 16 = ,9 : .2. , a — 1 
Find the ratio of a; to ^ in : 

21. 5x^7 y. ^. 2aj-|-y m 

28. 2a5 H-y:3aj — y = f. 26. a? — y :3y = y — a;:aj + y 

Find the value of x and y in : 

27. a:- 1:^ + 1 = 2: 3, 80. a; + 1 : y + 1 = 3 :4, 
jc -1-^ = 5. aj:2 = y:3. 

28. aj + 2:3^ + 2 = 2:3, ^^ a?-fy+1 ^2 «±5^^ 
3a;-y-|-l = 0. ' a + y-l 3' y-f2 

29. a; H- y : aj — y = 3 : 2, ^^^ a? + 2y _ 5 x-{-l _ 44 
aj-|-l:y--l = 3:2. * x-'2y 6' y + l"'21* 

Find a mean proportional between : 

38. 20 and 5. 34. 3 and 27. 86. 4 a'a; and 16 aV. 

36. ^±1^ and :^II£:4. 
a^-3a: + 2 aj«+2aj--3 

87. ^JH-^J^and ^ 



aj-1 aj2_i 

38. ^^-^and ^2 



5+4V2 4+3V2 
Find a third proportional to : 

89. 12 and 16. 42. (c + a;)« and c* - a*. 

40. 3a«and2a3. *'• a^ - 1 and x« + a. + 1. 

44. (^ + ^)'andK-^^ 

41. 2: 8 and 3: 5. n* n^ 
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Find a fourth proportional to : 

45. 4, 7, and 9. 48. a^ — l, x + 1, and oj — 1. 

46. 3aj, 2y, and6 2. 49. c^ — cP, c* — cP, and c* + ai 4- cP. 

47. I, f, and f 50. 1 + V2, 2 + V2, and 2 - V2y 

Change the form of each of the following proportions so that 
the unknown quantity shall occur in but one term : 

61. 2 : 6 = 3 — a? : a?. 66. m i n =p — z:z. 

62. 6 : 3 = 4 — a? : OJ. 57. 3 : 2 = » + 1 : «. 

63. 6 : 7 = 12 — y : y. 58. 15 : 7 = » + 1 : ». 

64. 4 a : 3 a = 10 — a? : ». 59. 3 a : 5 c = a? 4- 1 : a? — 1. 
55. a^:a^c=s c — x:x, 60. a^+l:a^-'l = x+l:X'-l, 

61. c + dic — d^c + yic — y, 

62. m' + m 4- 1 ; m* — m — 1 = aj — 2 : 05 — 8. 

63. Find two numbers in the ratio of 2 : 3, such that if eax^h 
is decreased by 1 their ratio becomes as 3 : 6. 

64. Find two numbers in the ratio of 4 : 7, such that if each 
number is increased by 2 the ratio becomes as 5 : 8. 

65. If ad = bc, write all the possible proportions whose 
terms are a, b, c, and d, 

66. Find two numbers whose sum is to their product as 
8 : 15, and whose sum is to their difference as 4 : 1. 

67i What number must be added to each of the numbers, 
4, 14, 10, and 30, that the resulting sums may be in proportion ? 

68. Separate 10 into two parts such that their product shall 
be to the difference of their squares as 6 : 5. 

69. Two rectangles have equal areas, and their bases are to 
each other as 6 : 16. What is the ratio of their altitudes ? 

70. The lengths of the sides of three squares are in the 
ratio of 2, 3, and 4. Find a side of each if the sum of the 
three areas is 725 square units of area. 
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71. If a : 6 = 2 : 3, and 6 : c = 3 : 5, find the ratio of a : c. 

72. If X : y== 3 : 4, and y : z=5 : 6, find the ratio of x : z, 

73. If m : n = 3 : A;^ and n : p = A; : 4, what is the ratio of 
m :p? 

74. If c : d = 3.2 : 48, and d : fc = 3.2 : 8, find the ratio of 

76. If a : & = 6 : c = 2 a? : 3 2^, find the ratio of a to c in terms 
of X and y, 

76. If a : 6 = 3 : 4, find (3a + 26) : (2a4-36). 

77. If m : n = 5 : 2, find (^m + 7i)i (^m — n), 

78. If a : 6 = 2a; : 3y, find (2a-{-x) : (2a — a?) in terms of 
b and ^. 

79. If a + b : & = a;4-2^ : y, find (as + j^) : (x—y) in terms of 
a? and y. 

80. If 05 4- a : a? — a = y 4- a; : y — 2, find (x + y) : (a? — y) in 
terms of a and 2;. 

If a : & = c : d prove that : 

81. 06 : cd = 6' : cP. 

82. a + c : 6 4- c? = c : d. 

83. a'd : 6 = ftc* : d. 

84. 3a«-26«:26«=:3ac-2M:26d. 

85. -yJoT^i Vc2-d2 = &:d. 

86. a*4-2a6 :a6 = c'4-2cd: cd. 
If a : 6 = 6 : c, prove that : 

87. db-'b^: bc-c^^b^i (?. 

88. a — 6 : 6 — c = 6 : c. 

89. a«(a 4- b) : c(b 4- c) = aXa - &) : c(6- c) . 

90. a4.6: 64-0= Vo^^ftS; VftTT^, 
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Solve the equations : 

91. 2a?4-3:2a:4-5 = 3aj + 2 :3a? + 4. 

92. 2a? + 2x + l:2ix?-2x + l = x + l:x-'l. 

93. aj4-m:aj — m = m + ii:m — w. 

94. ir* — 1 : a? + l=ar* + l : a? — 1. 

95. a^ + 2aj + 4 : «^ — a? — l = aj4-2 : « — 2. 

a^ + x — l _ a? — X'{-2 
a5a-aj4-3""a^ + aj-2* 



96. 



97. 



98. 



99. 



100. 



a? + n + l _ 3a; — n + l 
x+n—1 Sx—n—l 

a^4-2a?4-3 ^ a^ + 3a;-4 
a,^-f3a:-h2 ix^-^4.x-2' 

Sajs + aj + l 3a^-aj-l 

^^^^— ^— ^-^-^— ^— — ss -^— ^^^^^^^^^^^^^— • 

4a^4-aj4-l 4iB^— a— 1 



6- Va-l-2 6-Va + l 
4 4- Vx + 2 3 4- Va?4-1 



101. Separate 100 into three parts which shall be in the 
ratio of 2 : 3 : 5. 

102. Three angles of a certain triangle are in the ratio of 
1 : 2 ; 3. If the sum of the angles of a triangle is 180°, find 
the number of degrees in each of the angles. 

103. The sum of three sides of a triangle is 240 feet, and 
the ratio of the sides is as 3:4:5. Find the length of each 
side. 

104. For what value of a will the quantity a — 1 be a mean 
proportional between the quantities a + 3 and a + 2? 

105. If 2 is subtracted from the smaller of two numbers 
and 4 is added to the larger, the ratio is as 3 : 5, but if 1 is 
subtracted from the greater while 1 is added to the smaller, 
the ratio is as 10 : 9. Find the numbers. 
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106. Two trains approach each other between two points 
100 miles apart, and their rates of traveling are as 4 : 5. How 
many miles will each have traveled when they meet ? 

107. Find two numbers whose sum is 10, such that the 
ratio of the sum of their squares to the square of their sum is 
13 : 25. 

108. Find the length of the two parts into which a Jine I 
inches long is divided if the parts are in the ratio of a : &. 

109. What must be the value of a? in order that 2aj — 1, 
2»4- 1, 2aj4-5, and 2 (2aj + l) may be in proportion. 

110. Find each side of a triangle whose perimeter is n 
inches, the ratio of the sides being as a : 6 : c. 

VARIATION 

886. A variable is a quantity that, under the conditions of a 
problem, may have many different values. 

387. A constant is a quantity that, in the same problem, has 
a single fixed value. 

388. If the ratio of any two values of a given variable 
equals the ratio of any two corresponding values of a second 
variable, then the first quantity is said to vary as the second 
quantity. 

Illustration : 

Suppose au automobile is running at a speed of 10 miles per hour. 
The total diatanoe traveled at the end of any hour depends upon the total 
numlH)r of hours that have elapsed since the start was made. 

If it ruua lunu^ the distance covered is 60 miles ; 

If it runt* l\ours« the distance cbvered is 90 miles. 

Cbai'ly, thoreforts the ratio of the two periods of time is the same as 
th(» nUio {\f the Inh> distances covered. That is : 

6:0 = 00:90. 

NW may say, therefore, that the distance (d) varies as the time (t), or 

dec I. 

'rh»» n^vmM « is n^ad ** varies as." 
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389. If xccy, then x equals y multiplied by some constant 
quantity. 

Proof : Let a and h denote any one pair of corresponding values of 
ocandy. 

Then by definition, - = ^. 

y 6 

From which, % = -y. 

Denoting the constant ratio, -» by c, x = cy. 

b 

In general : 

We m>ay change any variation to an equation by the introduo- 
Hon of the constant foustor or ratio. 

390. If one pair of corresponding values for the variables in a 
given variatioh is knownj the constant ratio is readily obtained. 

Illustration : 

If X varies as y, and a; = 12 when y = 3, find the value of x 
when y = 10. 

We have x=:cy. 

SubsUtating, 12 = c. x 3. 

Whence, c = 4. 

Hence, when y = 10, x = 4y 

= 4x10 

= 40. Result. 

▼ABIATIOHB UHDBR DIFFBIUN6 COIVDITIOVS 

(a) Direct Variatioit 

391. The simple form, xccy, is a direct variation. 

Illustration: 

The distance covered by a train moving at a uniform rate of speed 
varies directly as the time elapsed. That is : 

doctor d = ct, where c is the constant ratio. 
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(b) Inverse Variation 

392. A quantity is said to vary inversely as another quantity 
when the first varies as the reciprocal of the second. 

Illustration: 

The time (t) required by an automobile going from New York to Phila- 
delphia varies inversely as the speed {s) ; for if the speed is doubled, the 
time required will be but one half the former time. That is : 

1 c 

tcc-OT t = -i where c is the constant ratio. 

8 8 

(c) Joint Variation 

393. If a quantity varies as the product of two quantities, 

the first quantity is said to vary jointly as the other two 

quantities. 

^. 
Illustration: ^^ 

The number of dollars (N) paid to a motorman for a certain number 
of trips (0 varies jointly as the number of dollars paid to him for one 
trip (n) and the number of trips made. That is: 

Nccnt or iV= cnt, where c is the constant ratio. 

(d) Direct and Inverse Variation 

394. One quantity may vary directly as a second quantity, 
and, also, inversely as a third quantity. In such a case the 
quantities are said to be in direct and inverse variation. 

Illustration : 

In mowing a field, the time required for the work (t) varies directly as 
the number of acres in the field (A), but inversely as the number of men 
engaged at the task (n) . That is : 

A cA 

t cc — or f = -^, where c is the constant ratio. 

n n 
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(e) Compound Variation 

395. The result obtained by taking the sum or the differ- 
ence of two or more variations is a compound variation. 

Illustration : 

If y equals the sum of two quantities, a and 5, and if a varies directly 
as x> while h varies inversely as x^, then 

a=:C3fi and 6 = — . 

Adding (since y = a + b), y = cufi -\- ^. 

It is to be noted that in such cases two different factors are necessary. 



(/) Important Principle 

396. If X depends only upon y and 2, and if x varies as y when 
z is constanty and x varies as z when y is constant^ then x varies 
as yz when both y and z vary. 

Let X, y, z (1), Xi, yi, z (2), and a52, yi, «i (3) be three sets of corre- 
sponding values. Then, 

Since z has the same value in (1) and (2), — = 1^. (I) 

Since y^ has the same value in (2) and (3), ^ = — . (II) 

352 Zx 

Multiplying (I) by (II), 5- = -H. . 

X2 yiz\ 

Or, x:X2-yzi yiZ\, 

That is: 

The ratio of any two values of x equals the ratio of the corre- 
sponding values ofyz, and, by definition, x varies as yz. 

Illustration : 

The area {A) of a rectangle varies as the base ( JB) when the height {H) 
is constant, and the area varies as the height when the base is constant. 
Therefore, when both the base and height vary, the area will vary as the 
base and height jointly. 



384 
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A:=^Bn 


A:=rfiH 


A^BH 


A=^BE 


= 10.6 


= 12.6 


= 10.8 


= 12.8 


= 60 


= 60 


= 80 


= 96. 



In n. B changes, IT constant, A changes {Ao^B^ IT constant). 
In in. J7 changes, B constant, A changes {A<kH^ B constant). 
In IV . B changes, H constant, A changes {A x BH^ B and JET vary). 



APPUCATIONS OP YARIATIONS 

397. Illustrations: 

1. K a? varies as j/*, and a? = 2 when 2^ = 4, find x when 



Since 
we have 

And, if X = 2 and ^ = 4, 

Whence, 

Then, when y = 16, 



x = m] 
2 = m X 4«. 
m = |. 

a = i (16)«. 

« = ^|A. 

a; = 82. Restdt. 



2. If X varies inversely as y', and a; = 2 when y = 4, find 
X when y = 2. 



Since 



asoo-r, 



we nave 






a; 


Whence, 






2 


and 






m 


Then, when 


y = 


2, 


x 



x = 



/ 
m 
SI' 

128. 

128 
28 ' 

16. Result. 
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3. If 8 is the sum of two quantities, one of which varies 
directly as a* and the other inversely as x, and if ^ = 6 when 
aj = 2, and « = 2 when aj = — 2, find s when a; = — 1. 

Let u and v represent the two quantities. 



Then a 


'=zu + v; 


1 
uccx^; 17X-* 

X 






From which, 




X 

8 = mx^ + -. 

X 




(1) 


Substituting : 










Ifa; = 2, 




6 = ni(2)a + | = 4m + f. 




(2) 


> 

If a = - 2, 




2=m( 20*4- ^„ = 4ni 

— 2 


n 
2 


(3) 


From (2) and 


(8), 


m = 1, n = 4. 






Ifaj=-1, in 


(1), 


= 1-4 

= - 3. Result. 







4. The volume of a sphere varies as the cube of its diame- 
ter. If three metal spheres whose diameters are 6, 8, and 10 
inches, respectively, are melted and recast into a single sphere, 
^hat is its diameter? 

Let F denote the volume of the required sphere, and D its diameter. 

Then V<xiB». 

Whence, F= mD^. (1) 

Denote the volumes of the three given spheres by Fi, Fs, and V^. 

We have, therefore, V\ = ni(6)« = 216 m, 

F2 = m(8)8 = 512ni, 
F8 = m(10)« = 1000 m, 
Whence, by addition, Fi + F2 + Fg = 1728 m. 
But, by the conditions, Fi + F2 + Fs = F= m J9». (From 1.) 
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Hence, mL^ = 1728 m, 

D^ - 1728, 

D =12. Result 

That is, the diameter of the sphere obtained from the giyen spheres 
is 12 inches. 

a 

Exercise 123 

1. If aj varies as y, and a; = 10 when y = 2, find x when y = 6. 

2. If aj varies as y, and x = 3.2 when y = 0.8, find x when 
y = 5.6. 

3. If a? + 1 varies as y — 1, and x=^^ when 2^ = 4, find x 
when y = 7. 

4. If 2 aj — 3 varies as 3 y 4- 2, and y = 2 when x = 0.2, find 
y when a? = 1.5. 

5. If aj* varies as y^, and a? = 3 when y = 2, find y when 
a? = 4. 

6. If X varies inversely as y, and x = 2 when y = 4, find x 
when y = 3. 

7. If X varies inversely as 2/*, and x=i2 when 2^ = t, find y 
when aj = 1^. 

8. If X varies jointly as y and z, and a? = 3 when y = 4 and 
2 = 2, find a? when y = 5 and 2 = 4. 

9. If a? varies inversely as y*— 1, and a? = 4 when 2^=5, 
find X when y = 15. 

10. If aj varies as -, and 2^ = — 2 when aj = 7, find the equa- 

y 

tion joining x and y. 

11. If the square of x varies as the cube of y, and if a;= 6 
when y = 4, find the value of y when x = 30. 

12. If s is the sum of two quantities, one of which varies 
as X while the other varies inversely as a? ; and if s = 2 when 
aj = ^ and 5 = 2 when aj = — 1, find the equation between s and as. 
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13. If w varies as the sum of Xj y, and z^ and u; = 4 when 
a; = 2, y = — 2, and 2 = 5, find x if w = — 3, y=^ 2, and 
2 =-6. 

14. Given that « = the sum of three quantities that vary as 
aj, oj*, and a?, respectively. Ifaj=l,s = 3; ifaj = 2, «=6; and 
if a? = 4, « = 16. Express the value of s in terms of x. 

15. The area of a circle varies as the square of its diameter. 
Find the diameter of a circle whose area shall be equivalent 
to the sum of the areas of two circles whose diameters are 6 
and 8 inches respectively. 

16. The intensity of light varies inversely as the square of 
the distance from the source. How.f ar from a lamp is a certain 
point that receives just half as much light as a point 25 feet 
distant from the lamp ? 

17. The volume of a sphere varies as the cube of its diameter. 
If three spheres whose diameters are 3, 4, and 5 inches, respec- 
tively, are melted and recast into a single sphere, what is 
the diameter of the new sphere ? 

18. The volume of a rectangular solid varies jointly as the 
length, width, and height. If a cube of steel 8 inches on an 
edge is rolled into a bar whose width is 6 inches and depth 2 
inches, what will be the length of the bar in feet ? 

19. If the amount earned while erecting a certain wall 
varies jointly as the number of men engaged and the number 
of days they work, how many days will it take 4 men to earn 
$ 100 when 6 men working 9 days earn f 135 ? 

20. The pressure of the wind on a plane surface varies 
jointly as the area of the surface and the square of the wind's 
velocity. The pressure on a square foot is one pound when 
the wind is blowing at a rate of 15 miles an hour. What 
will be the velocity of a wind whose pressure on a square yard 
is 81 pounds ? 

80M. BL. ALG. — 22 



CHAPTER XXV 

PROGRESSION 
ARITHMETICAL PROGRESSION 

398. A series is a succession of terms formed in accordance 
with a fixed law. 

399. An arithmetical progression is a series in which each 
term, after the first, is greater or less than the preceding term 
by a constant quantity. This constant quantity is the common 
difference. 

400. We may regard each term of an arithmetical progres- 
sion as being obtained by the addition of the common difference 
to the preceding term ; hence, 

An increasing arithmetical progression results from a positive 
common difference, and a decreasing arithmetical progression re- 
sults from a negative common difference. Thus : 

1, 6, 9, 13f . . . etc., is an increasing series in which the common difier* 
ence is 4. 

7, 4, 1, —2, . . . etc., is a decreasing series in which the common differ- 
ence is —3. 

401. In general, if a is the first term, and d the common 

difference, 

a, a + (2, a 4- 2 d, a -I- 3 d, a 4- 4 d, . . . etc., 

is the general form of an arithmetical progression. 

338 
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402. The nth Term of an Arithmetical Progression. 

In the general form, 

o, o + rf, a + 2 d, a 4- 3 d, a + 4 d, . . . etc., 

it will be seen that the coefficient of d in any term is less by 1 than the 
number of the term. Hence, the coefficient of d in the nth term is n — 1. 

Therefore, if a = the first term of an arithmetical progression, 

d = the common difference, 
n = the number of terms in the series, 
I = the last term (that is, any required term), 

then, 1 = a + (n - l)d. (I) 

403. The Sum of the Terms of an Arithmetical Progression. 

If 8 denotes the sum of the terms of an arithmetical progression, we 
may write the following identities, the second being the first written in 
reverse order : 

» = a + (a + <i) + (a + 2d) + + G-2d) + (l-d) + 1. 

8 = 1^ Q-d) + (l-2d)+ + (g + 2d) 4- (a + <?) + q. 

2 s = (a + + (« + + (« + + — + (« 4- + (« + + (« + 0« 
Whence, 2« = n(a + 0* 

Or, 8 = 5(a + l). (H) 

404. Combining the two formulas, (I) and (II), we obtain 
the following convenient formula for finding the sum of an 
arithmetical progression when the first term, the common 
difference, and the number of terms are known. That is : 

8 = 5[2a4-(n-l)d]. (IH) 

405. The first term (a), the common difference (d), the 
number of terms (n), the last term (Z), and the sum of the 
terms (s), are the elements of an arithmetical progression. 

APPLICATION OP THB PORMULAS POR ARITHMETICAL PROGRBSSIOlf 

406. Illustrations : 

1. Find the 10th term and the sum of 10 terms of the 
arithmetical progression, 1, 4, 7, 10, . . . 
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We have given, a = 1, d = 3, n = 10. 
In the formula, I = a + (^n — l)d. 

Substituting, Z = 1 + (10 - 1) (3) 

= 28, the required 10th term. 

In the formula, « = - (a + 0* 

Substituting, « = — (1 + 28) 

= 5 x29 

= 146, the required sum of 10 terms. 

2. The first term of an arithmetical progression is 3, the last 
term, 38, and the sum of the terms, 164. Find the series. 

We have given, a = 3, Z = 38, « = 164. 

Then, «=|(a + or 164 = -(3 + 38), whencen = 8. 

Also, Z = a+(n-l)(2, or 38 = 3 + (8-l)d, whence d =5. 

Therefore, 3, 8, 13, 18, 23, 28, 33, 38, is the required series. 

3. How many terms of the series, 2, 5, 8, •••, will be re- 
quired in order to give a sum of 126 ? 

We have a = 2, d = 3, « = 126. 

Then i = a + (n - l)d = 2 + (n ~ 1)3 =,2 + 3 n - 8 = 3 n - 1. 

This value for I in terms of n is substituted in the formula 

« 

Whence, 126 = "(2 + 3«- 1), or8n«+ n = 262. 

Solving this quadratic equation in n, we have (using the quadratic 
formula). 

Therefore, the required number of terms for the given sum is 9. 
Formula III (§ 404) may be used here without finding h 



I 

\ 
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Exercise 124 

1. Find the 16th term of 7, 10, 13, .... 

2. Find the 10th term of 2, - 1, - 4, .... 

3. Find the 12th term of 4, 3.2, 2.4, .... 

4. Find the 10th term of |, |, J, .... 

5. Find the 20th term of |, f, |, .... 

6. Find the 10th term of — 12, —9.5, —7, -4.5, .... 

7. Find the 14th term of a? + 1, a? + 3, a + 6, «... 

8. Find the 11th term of a; — 5 a, « — 4 a, a?— 3 a, .... 

9. Find the 10th term of 4 + V2, 3 + 2V2, 2 + 3 V2, .... 

10. Find the 358th term of .0075, .01, .0125, .015, .... 

Find the sum of : 

11. 3, 8, 13, 18, ... to 24 terms. 

12. -2,-9, -16, ... to 12 terms. 

13. .25, .3, .35, ... to 40 terms. 

14. i, M> ii> • • • to 16 terms. 

15. 20V2-10V3, 18V2-9V3, 16V2-8V3, ... to 21 terms. 

Find the first term and the common difference when : 

16. « = 297, 71 = 9, ;=16. 19. i = 0, « = 100, w = 25. 

17. 5 = 294, n = 12, Z = 41. 20. n = 6, « = 20.4, Z = 4.9. 

18. n = 13, 5 = 260, Z = -f. 21. s = 0, Z = 34.5, n=24. 

Find the common difference when : 

22. a = 4, Z = 40, n = 13. 24. ? = 2, w = 7, 5 = 19.25. 

23. s = —27.5, = 4.5, 71=11. 25. I = .97, a = .8, « = 35.4. 

26. a=.08, 5 = — 25, n = 25. 

27. 71 = 30, a=-13V2, ; = 16V2. 
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Find the first term when : 

28. n = 12, i = 10, « = 60. 

29. d = — 1, n = 10, « = -100. 

30. d = — .6, n = 14, Z = -.83. 

Find the number of terms when: 

31. a = 7, d = -3, Z = -23. 

32. i = |, a = |, «=:17. 

33. a = -f,Z = -^, d = -^. 

How many consecutive terms of 

34. 2,-3, — 8, ... will give a sum of - 205 ? 

35. 1, H, If, • • • will give a sum of 83^ ? 

36. -3, - 3^, -4, ... will give a sum of -97|? 

37. 0.36, 0.32, 0.28, .. will give a sum of -.4 ? 

38. 12 V3, 10 V3, 8V3, will give a sum of 0? 

THB DBRIYATION OF 6BNBRAL FORMULAS FROM THB FUHDAMBHTAL 

FORMULAS 

407. From the fundamental formulas (I) and (II) in Arts 
402 and 403 we may derive a formula for any desired element 
in terms of any other three elements. 

Illustrations : 

1. Given a, n, and s; derive a formula for d. 

From the fundamental formulas, 

l = a+{n-l)d and «=^(a + 0» 

2 

we most eliminate the element I ; and by substituting the value of I 
the first formula for I in the second formula, we have 

8=^la + a + (n-l)d], 
It 
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From which, 2 s = n[2 a+ (^n — l)(i], 

2 8 = 2 an + »(n — l)d, 
2 8 — 2an = »(w — l)<i, 

d = SLiL^I^, the required formula for d. 
n{n — 1) 

5. Given d, Z, and 5, find a formula for n. 

m (I), Art. 402, Z = a + (» - l)ri. 

ice, a = 1 — (» — l)d 

istituting this value for I in (II), Art. 403, we have, 

n 
« = 2 [2 a + (» — l)d] 

= ? [2 Z - 2(» - l)d + (n - l)d]. 

iplifying, 2 8 = 2 nl- n(n - l)d. 

lence, dn^ - (2 Z + (i)?i + 2 s = 0. 

vmgforn, n= ^ i 

Exercise 125 

1. Given d, n, and I ; derive a formula for a, 

2. Given n, Z, and 5 ; derive a formula for a. 

3. Given a, n, and s ; derive a formula for I. 

4. Given a, Z, and n ; derive a formula for d 

5. Given a, n, and s ; derive a formula for d. 

6. Given a, I, and s ; derive a formula for c?. 

7. Given d, I, and n ; derive a formula for s. 

8. Given n, Z, and s ; derive a formula for d, 

9. Given a, Z, and 5 ; derive a formula for n. 

10. Given d, n, and s ; derive a formula for a. 

11. Given a, d, and 5; derive a formula for L 

12. Given a, d, and 5 ; derive a formula for n. 
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ARITHMBTICAL MBAH S 

408. If we know a and b, the first and last terms respec- 
tively in an arithmetical progression, we may form an arith- 
metical progression of m + 2 terms by inserting m arithmetical 
means between a and b. 

Illustration : 

Insert 7 arithmetic means between 3 and 43. 

We seek an arithmetical progression of (m + 2) = (7 + 2) = 9 tenns. 
(For two terms, the first and the last, are given.) 

Therefore, a = 3, Z = 43, n = 9. It remains to find d. 

In the formula, 1= a-h (n — l)d 

Substituting, 43 = 3 + (9 - l)d. 

Whence, d = 6. 

Therefore, 8, 8, 18, 18, 23, 28, 33, 88, 43 is the required series. 

409. To insert a single arithmetic mean, m, between two 
numbers a and by we have as a result the series a, m, L 

Therefore, m — a = l — m. 

And, 2 m = a + ^ 

a + l 

Or, the arithmetic mean between two numbers equals one half 
the sum of the numbers. 

Exercise 126 

1. Insert 6 arithmetical means between 13 and 37. 

2. Insert 9 arithmetical means between 6 and 11. 

3. Insert 7 arithmetical means between | and f . 

4. Insert 15 arithmetical means between — f and f . 

5. Insert the arithmetical mean between 12.4 and 13.2. 

6. Insert the arithmetical mean between a + 2 and a — 2. 

1 • 1 

7. Insert the arithmetical mean between and • 

a-f c a — c 
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PROBLEMS nnrOLYIHG ARITHMBTICAL PR06RBSSI0NS 

410. Illustrations: 

1. The 4th term of an arithmetical progression is 11, and 
the 9th term 26. Find the first 3 terms of the progression. 

The fourth term is a + 3 d, and the ninth term a + Sd. 
Therefore, aH-8d = 26. 

And, a + 3d = ll. 

Whence, 6 d = 15. 

d = 3. 

a = 2. 

Hence, the required terms of the progression are 2, 6, 8. Result 

2. Find 6 numbers in arithmetical progression, such that 
the product of the 1st and 5th shall be 28, and the sum of 
the 2d, 3d, and 4th shall be 24. 

Let aj — 2 y, X — y, 05, 35 H- y, and x-\-2y represent the numbers. 

Then, (x - 2 y) (a; + 2 y) = 28. (1) 

And, X — y + X H- X + y = 24. (2) 

From (2), 3x = 24. 

X = 8. (8) 

From(l), x2-4y2 = 28. (4) 

Substituting from (3), 8^ - 4 yS = 28. 

4^2 = 36. 

y=±3. 

Hence, the required numbers are 2, 6, 8, 11, 14 ; or 14, 11, 8, 5, 2. 
The symmetrical forms, x — 2 y, x — y, x, x + y, x + 2 y, are chosen 
merely for convenience. 

'Exercise 127 

1. How many numbers between 60 and 600 are exactly 
divisible by 6? 

2. Find the sum of all the numbers of two figures that are 
exactly divisible by 7. 
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3. Find the sum of the first 20 odd numbers. 

4. Find a? so that 2a; — 1, 2a: + 2, 3a? — 2, and 3aj + l shall 
be in arithmetical progression. 

5 Are the 3 numbers, 5aj — 3y, aj-f 2y, and 7y — 3a5, in 
arithmetical progression? 

6. What will be the value of x if the numbers 2 a? — 3, a;, 
and 10 — a; are in arithmetical progression ? 

7. Find the sum of 1 4-24-3 + 44-6+ —to n terms. 

8. Find the sum of 1+3 + 5 + 7+ •••ton terms. 

9. Find the sum of 21 terms of an arithmetical progression 
whose middle term is 23 and whose common difference is 2. 

10. Find the sum of 2 + 4 + 6 + 8+ •••to n terms, and 
compare the result with that of example 8. 

11. Find the sum of the first 25 numbers that are divisible 
by 7. 

12. The sum of 3 numbers in arithmetical progression is 
24, and the product of the 2d and 3d is 88. What are the 
numbers? 

13. The 5th term of an arithmetical progression of 49 
terms is 3, and the 15th term, 63. Find the 34th term. 

14. The 6th term of an arithmetical progression is —19, 
and the sum of the first 18 terms, 36. Find the common dif- 
ference and write the first 5 terms of the series. 

15. Prove that the sum of n consecutive odd numbers begin- 
ning with 1 is n*. 

16. A clerk's salary is increased $ 50 every 6 months for a 
period of 8 years. At the end of the 3d year he was receiving 
$ 1000. At what salary did he begin and what will he receiv 
during ijie last half of his 8th year ? 

17. Prove that the sum of the terms of an arithmetical p 
gression in which a, n, and d are all equal, is equal to ^^^^T ^ 
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18. Find 4 numbers in arithmetical progression such that 
the sum of the 1st and 3d shall be 44, and the product of 
the 2d and 4th, 572. 

19. How many strokes are sounded in 24 hours by a clock 
striking hours only ? 

20. A boy saves 25 cents the first week of a new year, and 
increases his savings 5 cents each week through the entire 
year. How much will he have saved by December 31st ? 

21. The sum of three numbers in arithmetical progression is 
27, and their product, 693. Find the three numbers. 

22. Show that if every alternate term of an arithmetical 
progression is removed, the remaining terms will be in arith- 
metical progression. 

23. A laborer agreed to fill 40 tanks with water, the tanks 
being placed in a straight line and at a uniform distance of 
10 feet from each other. Each tank holds 18 gallons and he 
carries at each trip 2 pails holding 3 gallons each. If the 
source of supply is 10 feet from the first tank in the row, how 
far does he travel before the 40 are filled ? 

24. A man travels 210 miles. The first day he goes 12 
miles, and he increases each succeeding day's distance by 2 
miles. How many days will he require to complete the 
journey, and how far will he be obliged to go on the last day ? 

26. There are 2 arithmetical progressions, 13, 15, 17, ••• 
and 37, 35, 33, ••., in one of which d = 2, and in the other 
d = — 2. What must be the number of terms for both series 
in order that the sums for both series shall be equal ? 

26. A contractor failing to complete a bridge in a certain 
specified time is compelled to forfeit $ 100 a day for the first 
10 days of extra time required, and for each additional day 
beginning with the 11th the forfeit is daily increased by $ 10. 
He loses in all $2550. By how many days did he overrun 
the stipulated time ? 
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6E0HSTRICAL PROGRESSION 

411. A geometrical progression is a series in which each 
term, after the first, is obtained by multiplying the preceding 
term by a constant quantity. This constant number is the 

common ratio. 

Thus, 3, 6, le, 24, 48,— 

is a geometrical progressioD in which the common ratio is 2. 

2» J» h it"* 
is a geometrical progression in which the common ratio is }. 

412. In general, if a is the first term of a geometrical pro- 
gression, and r the common ratio, 

a, ar, af^, ar^, ar*, ar^, — etc., 
is the general form of a geometrical progression. 

413. The /ith Term of a Geometrical Progression. 

In the general form, 

a, ar, af^^ at*, aiA, ar^t ••• etc., 

it will be seen that the exponent of r in any term is less by 1 than the 
number of the term. Hence, the exponent of r in the nth term is n — I. 

Therefore, if a = the first term of a geometrical progression, 
r = the common ratio, 
n = the number of terms in the series, 
I = the last term (that is, any required term). 

Then, l = ar»-i. (I) 

414. The Sum of the Terms of a Geometrical Progression. 

If 8 denotes the sum of the terms of a geometrical progression, we 

may write 

8 = a-har-\-ar^ + »*' ar*»"' + ar*^'^ + ar^'K (1) 

Multiplying (1) by r, 

rs = ar + ar^ + af* + — af^'^ + ar^'^ + or*. (2) 

Subtracting (1) from (2), 

r« — s = ar*^ — a. 

From which, s = "* J" ^ . (H) 
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415. Combining the two formulas (I) and (II), we obtain 
the following convenient formula for finding the sum of a 
geometrical progression when the first term, the last term, and 
the common ratio are known. That is : 

•=7ff- (°^) 

416. The first term (a), the common ratio (r), the number 
of terms (n), the last term (Z), and the sum of the terms («), 
are the elements of a geometrical progression. 

APPLICATIONS OF THB FORMULAS FOR 6B0MBTRICAL PROGRBSSION 

Illustrations: * 

1. Find the 8th term and the sum of 8 terms of the pro- 
gression, 2, 6, 18, 54, ... . 

We have given, a = 2, r = 3, n = 8. 
In the formula^ I = af^^\ 

^e substitute I = (2) (3)'. 

Whence, = 2 . 2187, 

Or, = 4374, the required 8th term. 

In the formula, « = ^ "" ^ t 

v.e substitute ^^(3) (4374) -2^ 

3-1 

Whence, s = 6660, the required sum of 8 terms. 

2. Find the 12th term and the sum of 12 terms of 6, — 3, 

We have given, a = 6, r = — i, w = 12. 

In the formula, I = ar*^\ I = 6(- i)" - 6(- j^) = - j^. 

In the formula, s = ^ . 

' r-l 

y--(-^)C-T^.z)-6^ WW-6 _4096_3j^,, 
Hence, the required 12th term is — Yifm ^^^ ^^^ sum of 12 terms. 
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Exercise 128 



1. Find the 7tli term of 2, 6, 18, ... . 

2. Find the 8th term of 3, - 6, 12, ... . 

3. Find the 6th term of — 3, — 6, — 12, ... . 

4. Find the 9th term of J, ^, 1, ... . 

5. Find the 9th term of — f, |, - i, ... . 

6. Find the 8th term of 3, 3 V2^ 6, ... . 

7. Find the 6th term of 2.4, 0.24, 0.024, ... . 

8. Find the 10th term of 0.0001, 0.001, 0.01, ... . 

9. Find the 16th term of a% a^a:^, dh^j ... . 
Find the sum of : 

10. 2, 4, 8, ... to 8 terms. 

11. 40, 20, 10, ... to 8 terms. 

12. 120, 12, 1.2, ... to 6 terms. 

^3* h h f> "- ^ ^ terms. 

14. — 27, 9, - 3, ... to 6 terms. 

15. 2\, 1\, ^, ... to 10 terms. 

16. 1 + m H- m* -f m^ + ... to n terms. 

17. 64-32 + 16-8 + 4+ ... ton terms. 
Find the common ratio when : 

18. a = 4, ? = 1024, n = 9. 

19. Z=-729, a = 3, n = 6. 

20. a = -4, Z=-612, s= — 1020. 

21. a = 4,Z=-^,s = f|t. 

22. a = 4, Z = ^, n = 9. 

23. a = 3,s = J^,Z = ^. 

24. n = 10,Z = :y^,a = 2. 

1640 n ^ 7 - 



25. 8 = m^,a=^S,l= ^- 
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Find the number of terms when : 

26. a= -3, r=- 2,8 = 1023. 

27. r=-2, 5=-22, a=-2. 

28. a=-2,Z= -128, r = 2. 

29. ?= — 160, a = 5, r= — 2. 

30. s = J4fi,r = i,Z = ^. 

31. a = .2, 5 = 204.6, 1 = 102.4. 

How many terms of the series : 

32. f , J, y^, ••• will make a sum of \^ ? 

33. 18, — 6, 2, ••• will make a sum of ^^ ? 

34. V2, 2, 2V2, ... will make a sum of 62 -f 31 V2 ? 

GENERAL FORMULAS DBRIVBD FROM THE FUNDAMENTAL FORMULAS 

417. From the fundamental formulas (I) and (II) in Arts. 
413 and 414 we may derive a formula for any desired element 
in terms of any other three elements. 

Illustrations : 

1. Given a, l, and s ; derive a formula for r. 

,:, /TTTN /A-x .i-icN ^ rl — a 



XXUIIX ^XJ.XJ ^.CXXb. -XXUJf o — , 




We obtain rs — s z=rl — a. 




Whence, r8 — rl = 8 — a, 




r(8 — I) =8 — a, 




r = . 
s - 1 




2. Given a, n, and ? ; derive a formula for «. 




From Ex. 1, r = *"^. 


(1) 


From (I) (Art. 413), I = ar»»-i, r»-i =-, r = " \/i. 


(2) 
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From (1) and (2), 






« — 

8 



8-1 



-1 



Va 






a-l 



'-I. 



a = 



■'J^--"-'t^ 



■-1 



Vi-'-Vi 



NpTE. The general formulas for n involye logarithmB, and are ordi- 
narily reserved for advanced students. 







Exercise 129 


1. 


Given r, n. 


and l\ 


derive a formula for a. 


2. 


Given r, n. 


and s; 


derive a formula for L 


3. 


Given a, n, 


and l\ 


derive a formula for r. 


4. 


Given a, r. 


and s; 


, derive a formula for I, 


5. 


Given r, n, 


and s; 


derive a formula for a. 


6. 


• 

Given r, Zj 


and s\ 


, derive a formula for a. 


7. 


Given r, w. 


and Z. 


; derive a formula for «. 


8. 


Given a, rij 


, and s\ 


derive a formula for r. 


9. 


Given n, ?, 


, and 5 


; derive a formula for a. 


10. 


Given n, Zj 


and 8\ 


; derive a formula for r. 



THB mPmiTB DBCREASmO OBOMBTRIC SBRDSS 

418. If the absolute value of r in a geometrical progression, 
a, ar, air^, •••, ar"~^, is less than 1, the successive terms become 
numerically less and less ; hence, by taking a sufficiently great 
number of terms, that is, by making n sufficiently great, the nth 
term becomes as small as we may choose, although never equal 
to zero. 
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Thus, if a = 1 and r = i, the series, J, J, J, ^^ ..., may be continued 
until the nth term is so small as to have no assignable value. Hence, we 
may say that is the limiting value of the nth term. 

It follows, therefore, that if I approaches 0, rl approachesO. Hence, 

s=rL^, or «^l^ approaches -«- as a limiting value, 
r — 1 1 — r 1 — r 

That is, 5 = ^ is the formula for the sum of the terms of an infinite 
decreasing geometric series. 
Illustration : 

Find the sum of the infinite series, l+i + -J- + ^ + '**. 
We have a = 1, r = J. 
Hence, « = = - = - . Result. 

THE RBCURRmO DECIMAL 

419. A recurring decimal is the sum of an infinite decreasing 
geometrical progression in which the ratio is 0.1 or a power of 
0.1. 

Thus, .272727 ... = .27 + .0027 + .000027 H is a geometrical pro- 

Siession in which a = .27 and r = .01. 

Illustration : 

Find the value of .292929 .... 

We have .292929 -. . = .29 + .0029 + .000029 + .... 
From which, a = .29 and r = .01. 

Hence, s = -^= '^^ =jg = gg. Result. 

' 1-r 1-. 01 .99 99 

In case the recurring portion of the decimal does not include 
the first decimal figures, the sum of the recurring portion is 
found as above and then added to the other. Thus : 

2.23189189 ... = 2.23 + .00189189 ... . 
For the sum of .00189 + .00000189 + ..., 

wehave 3 = "" = '^^^^ ^ .00189 ^ 189 ^ 7 

l_r l-.OOl .999 99900 3700* 

. Hence, 2.23189189 . . . = 2 + ^^^^ + ^7^ = 2^^/^. Result. 

BOH. EL. ALO. — 23 
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6B0MBTRICAL MEAV8 

420. If we know a and I, the first and last terms respectively 
in a geometrical progression, we may form a geometrical pro- 
gression of m-f 2 terms by inserting m geometrical means 
between a and I, 

Illustration : 

1. Insert 4 geometrical means between 2 and ^^. 

We seek a geometrical progression of (m + 2) = (4 + 2) = 6 terms. 
Hence, a = 2, Z = ^Jj, n = Q. 

Then, l:=zar^-\ j}Y = 2.r8-i, ^h = ^y * = **. 

Hence, the required progression is 2, |, }, ^, ^f, ^|j. 

421. To insert a single geometrical mean, m, between the two 
numbers, a and I, we require the value of m in 

aim = m'.l. 
From which, m = y/ai. 

The geometrical m>ean between two numbers equals the sqwxre 
root of their product, 

PROBLEMS nnroLvmG gbombtrical progrbssion 

422. Illustrations: 

1. The 3d term of a geometrical progression is 2, and the j 
7th term 162. Find the 5th term. j 



We have ar^ = 2, (1) 

at* = 162. (2) 

Dividing (2) by (1) , r* = 81, r = 3. 

Therefore, af^ = 2, a(3)« = 2, a = j. 
Hence, the 5th term, ar^, = (})(3)* = C2)(32) - ig. Result. 

2. Find 3 numbers in geometrical progression, such that the 
sum of the 1st and 3d decreased by the 2d shall be "T, and the 
sum of the squares of the 3 shall be 91. ^ 



I 
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Let a, ar, and ar'^ represent the 3 numbers. 

Then, a -'ar-\- af^ = 7, (1) 

aa + oVa + aV = 91. (2) 

Dividing (2) by (1), a -\- ar + at^ = IS. (3) 

Subtracting (1) from (3) , 2 ar = 6. 

Whence, ar = 3, 

a 

Substituting in (1), a-a(A-^a(-j =7, 

a-3 + ?.= 7. 
a 

a = 1 or 9. 

Hence, the required numbers are 1, 3, and 9. Result. 

Ezerciae 130 

1. Find the first 3 terms of a geometrical progression 
^hose 3d term is 9 and whose 6th term is 243. 

2. Find the first 2 terms of a geometrical progression 
^hose 5th term is ^ and whose 10th term is 16. 

3. Insert 4 geometrical means between 1 and 243. 

4. Determine the nature, whether arithmetical or geometri- 
cal, of the series, ^, ^, ^, ... . 

6. Find the first 2 terms of a geometrical progression in 
which the 5th term is | and the 12th term 16. 

6. Which term of the geometrical progression, 3, 6, 12, 
..., is 3072 ? 

7. Find to n terms the sum of the series, 1, 3, 9, 27, ... . 

8. Insert 4 geometrical means between -^^ and 32. 

9. Find, to infinity, the sum of 2, 1^, f, ... . 

10. Find the value of the recurring decimal, 0.1515 ... . 

11. Find the value of x such that a; — 1, a; + 3, a; + 11 may 
•*be in geometrical progression. 
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12. Insert a single geometrical mean between 6^ and 5\, 

13. Find the value of the recurring decimal, 2.214214 ... . 

14. Find 4 numbers in geometrical progression such that 
the sum of the 1st and 3d shall be 15, and the sum of the 2d 
and 4th, 30. 

15. Find to infinity the sum of 4, — ^, ^, ... . 

16. Find to infinity the sum of 1.2161616 ... . 

17. Insert a single geometrical mean between 3 V2 — 2 and 

3V2 + 2. 

18. The 1st term of a geometrical progression is 10, and 
the sum of the terms to infinity is 20. Find the common 

ratio. 

2 11 

19. Find to infinity the sum of — p> -— => — 7=5 ••• . 

^ V2 V2 2V2 

20. Insert 3 geometrical means between a^ and a*, and 
find the sum of the resulting series. 

21. Insert 5 geometrical means between -^ and — and find 
the sum of the series. 

22. What must be added to each of the numbers, 6, 11, 23, 
that the resulting numbers may be in geometrical progression ? 

23. The sum of the first 3 terms of a decreasing geomet- 
rical progression is to the sum to infinity as 7 : 8. Find the 
common ratio. 

24. If the numbers, a? — 2, 2 a? — 1, and 5 a? + 2, are in geo- 
metrical progression, what is the common ratio of the series ? 

25. The sum of the first 8 terms of a geometrical pro- 
gression is equal to 17 times the sum of the first 4 terms. 
Find the common ratio. 

26. The population of a certain city is 312,600, and it has 
increased uniformly by 25 % every 3 years for a period of 
12 years. What was the population 12 years ago ? 
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27. A ball on falling to the pavement rebounds ^ of the 
height from which it was dropped, and it continues to succes- 
sively rebound ^ of each preceding distance until it is at rest. 
If the height from which it originally fell was 60 feet, through 
how great a distance does it pass in falling and rebounding ? 

28. What is the condition necessary that a + 1, a + 3, a 4- 7, 
and a + 15 shall be in geometrical progression? Eor what 
value of a is this condition true ? 

29. Show that if 4 numbers, m, n, x, and y, are in geo- 
metrical progression, then m + w, w -j- a?, and x-\-y are also in 
geometrical progression. 

30. A sum of money invested at 6 % compound interest will 
double itself in 12 years. What will be the amount of $10 
invested at compound interest at the end of 60 years ? 

31. If 4 numbers are in geometrical progression, the sum 
of the 2d and 4th divided by the sum of the 1st and 3d is 
equal to the common ratio. 

32. Find 3 numbers in geometrical progression whose sum is 
21, and the sum of whose squares is 189. 

33. Find an arithmetical progression whose first term is 2, 
and whose 1st, 3d, and 7th terms are in geometrical pro- 
gression. 

34. If the alternate terms of a geometrical progression are 
removed, the remaining terms are in geoi?ietrical progression. 



35. Find to infinity the sum of the series 



x-1 _^ fx - 1\«. 

a? 4- 1 V ^ + 



36. Find the 4th term of an infinite decreasing geometric 
series the sum of whose terms is ^, and whose first term 
is .25. 



CHAPTER XXVI 

THE BINOMIAL THEOREM. POSITIVE INTEGRAL 

EXPONENT 

423. A finite series is a series having a limited number of 
terms. 

424. The binomial theorem is a formula by means of which 
any power of a binomial may be expanded into a series. 

425. By actual multiplication we may obtain : 

(a + 6)2 = a» + 2 a6 + 6«. 

(a + by = a* + 3a»6 + 3a6a + 68. 

(a + 6)* = 0* + 4 a^b + 6 a«6« + 4 a68 + 6* ; etc. 
In the products we observe : 

1. The number of terms exceeds by 1 the exponent of the 
binomial. 

2. The exponent of a in the first term is the same as the 
exponent of the binomial^ and decreases by 1 in each succeed- 
ing term. 

3. The exponent of b in the second term is ly and increases 
by 1 in each succeeding term until it is the same as the expo- 
nent of the binomial. 

4. The coefficient of the first term is 1, the coefficient of the 
second term is the same as the exponent of thQ binomial. 

6. If the coefficient of any term is multiplied by the exponent 
of a in that terra, and the product is divided, by the exponent 
of b in that term increased by 1, the result is the coefficient of 
the next following term. 

858 
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426. By observing these laws we may write the expansion 
of (a + by thus : 

(a + 6)* = a* + 4 «.* + f^««6' + ffl^aM + f^Jft*. 

In like manner, we may write the expansion of (a -f by in 
the form : 

(a + 6)* = a* + nce^^b + ^i^Lrila-^a^a + K^ " ^ ) (^ " ^) a'^6» + ... 

1*2 1 .2' o 

This expression is the binomial fonnula, and we will now 
prove that it is a general expression for any power of (a + 6), 
for positive integral values of n. 



PROOF OP THB BINOMIAL THBORBM FOR POSITIVB INTB6RAL BXPONBNTS 

427. We have shown by actual multiplication that the laws 
governing the successive expansions of (a+b) are true up to 
and including the fourth power. 

If, now, we assume that the laws of Art. 425 are true for 
any power, as the nth power, and if, furthermore, we show the 
laws to hold for the (n + l)th power, then the truth of Art. 425 
for all positive integral values of n is established. This method 
of proof is known as mathemcUiccU induction. 

Bojh members of the formula (1) below are multiplied by (a + 6). 

(a + &)»• = 0" + n<P^-^b+ ViilLnIl an-252 + n(n -l)(w -2) ^^.8584. ... (i) 

1*2 1*2.3 
(g + b) (g + b) 

(g + 6)«+i = g»+i + ng»6 + ^(^zdl a^-ift^ + K^ -• 1) (^ ~ 2) ^^3^3 + ... 

1*2 1 • 2> 3 

(o + 6)*»+i = g*+i + (n + l)a»6 + pC^-^) + nl a^'-^b^ 

r n(n~ l)(n - 2) n(n - 1) 1^^2584. ... 
L 1-2.3 1.2 J 
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= a-+> + (n + 1)0-6 + i»±ll«a«-i6> + i»+iMaziIla-«6» + .... (2) 

1 • 2 1 •2 • 3 

It will be observed that (2) is identical with (1) excepting 
that every n of (1) is replaced by n-\-l in (2). That is, we 
assumed the laws of 425 to be true for n, and have shown them 
to be true for n -f- 1. Similarly, we might show the laws to be 
true for n -f- 2, and so on, indefinitely. Hence, the laws of Art. 
425 being true for the 4th power may be shown to hold true for 
the 5th power ; and holding for the 5th power, may be shown 
to hold for the 6th power. 

Therefore, for any positive integral values of n : 

(a + b)» = a« + na-ib + °(f "" ^) a"-n)g + 5iBj=iKE::z?la"-V + .... 

1.8 1 '8 . 8 

428. The Factorial Denominator. 

In practice^ it is convenient to write [3^ for 1 • 2 • 3, |6 for 
1 . 2 . 3 . 4 . 5 .'e, etc. 

We read [3 as " factorial 3,'' [6 as " factorial 6,'' etc. In 
general, \n_ means the product of the natural numbers 
1.2.3.4.5.-.n inclusive. 

429. An expansion of a binomial is a finite series when n is 
a positive integer. For, in the coefficients, we .finally reach a 
factor, n — w, or 0. And the term containing this factor 
disappears. Moreover, every following term contains this 
factor, hence each term following disappears. 

430. The Signs of the Terms in an Expansion. 

If both a and h are positive in (a + 6)*, the signs of all the 
terms in the expansion are positive. 

If h is negative, that is, given (a— 6), all terms involving 
even powers of — & are positive, while all terms involving 
odd powers of —ft are negative. Therefore, the signs of the 
terras of the expansion of (a— 6)" are alternately + and — . 
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APPLICATIONS OF THB BINOMIAL FORMULA 

431. Illustrations : 

1. Expand (2 a + 3 by. 

(2 a -f 3 &)6 = (2 a)H6(2 a)* (3 6) + f^ (2 a)\S 6)H fli^ (2 a)2(3 6)8 

1.2.3.4^ "^^ ^ 1.2.3.4.6^ '^ 
= 32 a6 4- 240 a*6 + 720 a862 + 1080 a^ft^ + 810 a6* + 243 &«. Result. 

2. Expand f -y/a^j' 

Changing to a form best suited to the binomial formula, 

(2 a-i-aJ)«=(2 a-i)«-6(2 a-i)6(ai) + 16(2 a-i)*(a*)2-20(2a-i)8(a*)8 

+ 15 (2 a-i)2(a*)* - 6 (2 a-i) (aJ)^ + {aiy . 

=64 a-« - 192 a-^a^ 4- 240 a-*a^ - 160 a-^a^ -f 60 a-^a^ - 12 a-^aV+a* 
^64^192 24q_160g^^J_12aUa*. Result. 

432. To find Any Required Term of (a + 6)^ 

In finding the ^-th or general term in an expansion, we ob- 
serve the general formation of any term of (a -|- h)\ 

If r be the number of the term required ; 

1. The exponent of h is less by 1 than the number of the 
term. , 

2. The exponent of a is w minus the exponent of h, 

3. The last factor in the numerator of the coefficient is 
greater by 1 than the exponent of a. 

4. The last factor in the denominator of the coefficient is 
the same as the exponent of 6. 
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Therefore, In the rth term : 

The exponent of 6 = r — 1. 

The exponent of a = n — (r — 1) = n — r + 1. 

The last factor of the nomerator in the coefficient = n — r + 2. 

The last factor of the denominator in the coefficient = r — 1. 

Or, the rth term = °(° - 1) (n - 3) ... (n ~ r + 3) ^^r^^^^^ 

\Ljz1 
Illustration : 

1. Find the 7th term of (2 aj* - a?"*)^. 

We have r = 7, n = 10. 

Then, (2 «« - ari)io = [(2 «») + ( - X'^')'i^, 

whence, for the formula of Art. 360, 

a = (2a;2)and6 = (-a;-i). 
The exponent of6 = r — 1 = 7 — 1=6. 

The exponent of a = n — r+l = 10 — 7 + 1=4. 

The last factor of the numerator of the coefficient 

= n-r + 2 = 10-7+2 = 6. 

The last factor of the denominator of the coefficient 

= r-l=7-l=6. 

Then the 7th term = 10'^-8'7.6.5 .^ ^^.^, j. , 

1.2.3.4.6.6 ^ -^ ^ ^ 

= 210.16ic8.a-« 

= 3810a». Result. 

The same principle enables us to find the number of a term containing 
a required power of a letter when that letter occurs in both terms of the 
given binomial. 

2. Find the term containing a?^ in f 2 a?" Y . 

Let r = the number of the required term. Disregarding all but the 
literal factors of the term, we may write : 

Therefore, r = 6, the number of the required term. 

That is, on writing the 6th term, we shall find the exponent of x to be 11. 
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I 

Exercise 131 

Etpand : 

1. (a + x)*. 16. (aar^-VcuFy. 

2- («-S)*- 17. (2 X-* - 3 «-*)«. 

S. (l-2xy. r. _ 

4. (3x-2yy. 18- (2yj^-xV-iy. 

5. {ia-cd)\ ^^ 

6. (2m«-3ny. 19- (^"^^ -j • 

7. (5x' + 3xy. .gy- 2o\' 

8. (2a»x-3yy. ^0. (^-^-^^j ' 

10. (xy/x+-Vx)*. \ 2 xV-l/ 

11. (3V^-2)'. 22. ('J^^.^-iY. 

12. (4v^-3V3)«. ^2^* ^ 

13. (2o^-^«. 28. fa-*yj^-x-W^^J- 

14. (3o-2-v/^^*. 

15. (2mV2n-3)». 

t 

Find the 

25. 5th term of (a + xf. 26. 8th term of (aV— oa)". 

27. 7thtermof (V3» + a?V2ay°. 

28. 6th term of (| V» - »* V^^)'. 

Find the number of the term containing 

29. a^ in (a^ + ^T- 32. a^ in f?- + 3 aj^Y- 

30. a-in(2a^-±J^ 33^ ^_..^ (^--^-fj'- 
81. ajin/'2aj-?y. 34. aj-» in /'s a?-^ - -^T • 



«. (s^g-2^)• 



CHAPTER XXVIT 
LOGARITHMS 

433. By means of the exponents, 2, 3, 4, etc., we may express 
certain nurnbers as eocact powers of 10. 

Thus, 100 = 102, 

1000 = 10«, 
10000 = 10*, etc. 

434. Suppose, now, that 10 is given any real exponent, as x. 
Then some positive number, Ny results as the a?th power of 10. 

That is, iV^=10*. 

435. If, therefore, we knew the necessary approximate values 
for X, we might ea^ess any number as an approximate power 
of 10. 

436. By a method of advanced algebra, these approximate 
values for x have been obtained. Eor example, it has been 
found that 

180 = 102.2668, 

4500 = 10«-6««, 
19600 = 10*-2W8, etc. 

437. These exponents are called the logarithms of the num- 
bers they produce. 

438. The exponent that must be given 10 in order to produce 
a required number, N, is called the logarithm of ^ to the base 10. 

The expression 10* = jY , 

is usually written x = logio N", 

and is read, ** x is the logarithm of iV to the base 10." 

864 
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The object and use of logarithms is to simplify numerical 
work in the processes of multiplication, division, involution, 
and evolution. 

439. Logarithms to the base 10 are known as common log- 
arithms, and are in universal use for numerical operations. 

Unless otherwise stated, the discussions of this and subsequent chap- 
ters refer to common logarithms. 

Any positive number, except unity, may be taken as the base of a 
system of logarithms. 

A negative number is not considered as having a logarithm. 

THE PARTS OF A LOGARITHM 

440. Consider the results in the following : 

10« =1000, log 1000 = 3, 

102 =100, log 100 =2, 

101 =10, log 10 =1, 

100 =1, logl =0, 

10-1 = .1, log.i =-1, 

10-2 = .01, log .01 = - 2, 

10-« = .001, log .001 = - 3 ; etc. 

From these results it is evident that 

(1) The common logarithm of a number greater than 1 is 
positive. 

(2) The common logarithm of a number between and 1 is 
negative. 

(3) The common logarithm of an integral or a mixed number 

between 1 and 10 is 4- a decimal, 
between 10 and 100 is 1 + a decimal, 
between 100 and 1000 is 2 -f- a decimal, etc. 

(4) The common logarithm of a decimal number 

between 1 and 0.1 is — 1 -f- a decimal, 
between 0.1 and 0.01 is — 2 + a decimal, 
between 0.01 and 0.001 is — 3 + a decimal, etc. 
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441. The integral part of a logarithm is the characteristic. 
The decimal part is the mantissa. 

In log 352 = 2.5465, 2 is the characteristic and .5465 is the m^Titiiwftt 

I. To obtain the characteristic of a logarithm. 

(a) When the given number is integral or mixed. 

442. By Art. 440 (3), the characteristic of the logarithm of a 
number having one digit to the left of the decimal point is 0, 
of a number having two digits to the left of the decimal point 
is 1, and of a number having three digits to the left of the 
decimal point is 2. In general, 

The characteristic of the logarithm of a number greater than 
unity is 1 less than the number of digits to the left of the decimM 
point. 

(b) Wheti the given number is a decimxd, 

443. By Art. 440 (4), the characteristic of the logarithm of a 
decimal having no cipher between its decimal point and its 
first significant figure is —1, of a decimal having one cipher 
between its decimal point and its first significant figure is — 2, 
and of a decimal having two ciphers between its decimal point 
and its first significant figure is - 3. 

In order to avoid writing these negative characteristics — 1, 
— 2, — 3, etc., it is customary to consider that 

~ 1 = 9 - 10, 

- 2 = 8 - 10, 

- 3 = 7 - 10, etc. 

With the negative results written in this form, we have, in 
general, 

The characteristic of the logarithm of a number less than unity 
is obtained by subtracting from 9 the number of ciphers between 
its decimal point and the first significant ftgurCj annexing — 10 
after the mantissa. 
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II. To obtain the mantissa of a logarithm. 

(a) Important principle governing the finding of all mantissas, 

444. ' It has been computed that the logarithm of 35,200 is 
4.5465, and from our discussion we have seen that the logarithm 
of 100 is 2. We may write, therefore, 

104.6466 = 35200 (1) 

and 102 = 100. (2) 

These logarithms being, by definition, exponents, we may 
treat them as such in the following operation. 
Dividing (1) by (2), we have ; 

10*.6466 ^ 86200 ^ 

102 100 * 
From which, 102-««6 = 362. 

That is, log 352 = 2.5465. 

Clearly, therefore, the mantissas of the logarithms of 352 
and 35,200 are equal. 

In like manner, we may show that 

log 35.2 = 1.5465, 

log 3.52 = 0.5465, 

log .352 = 9.5465 - 10, etc. 
In general : 

If two numberthiiffer only in the position of their decimal points^ 
their logarithms have the same mantissas. 



THE USB OF THE POUR-PLACB TABLE 

445. The table of logarithms is used for two distinct and 
opposite operations. 

(1) Given a number, to find the corresponding logarithm. 

(2) Given a logarithm, to find the corresponding number. 
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I. To find the logarithm of a given number. 

446. (a) Numbers having three figures. 
niustrations : 

1. What is the logarithm of 247 ? 

On page 370, mthe column headed " N," we find " 24," the first two 
figures of the given number. 

In the same horizontal line with 24, under the heading corresponding 
to the last figure of the given number, ^^7," we find the mantissa, 3927. 

Since the given number has three figures to the left of the decimal 
point, the required characteristic is 2 (Art. 442). 

Therefore, log 247 = 2.3927. Result. 

2. What is the logarithm of .0662 ? 

Opposite "66" of the "N" column (p. 871), and under "2," we 
find the mantissa 7497. 

Since the given number is a decimal and has one cipher between its 
decimal point and its first significant figure, we subtract 1 from 9, and 
annex — 10 to the mantissa (Art. 443). 

Therefore, log .0662 = 8.7497 - 10. Result. 

(b) Numbers having tv)o figures. 

Illustrations : 

1. What is the logarithm of 76 ? 

Opposite *' 76 " of the " N " column, and under *' 0," we find the 
mantissa 8808. The characteristic is 1 (Art. 442). 

Therefore, log 76 = 1.8808. Result. 

2. What is the logarithm of .0027 ? 

Opposite " 27 " of the *' N " column, and under " 0," we find the man- 
tissa 4314. The characteristic is (9 — 2), or 7, with —10 annexed 
(Art. 443). 

Therefore, log .0027 = 7.4314 - 10. Result. 
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(c) Numbers havijig one figure. 
Illustrations ; 

1. What is the logarithm of 7 ? 

Opposite "70" of the '*N" column, and under "0," we find the 
lantissa 8451. The characteristic is (Art. 442). 
Therefore, log 7 = .8461. Result. 

2. What is the logarithm of .00008 ? 

Opposite "80" of the "N" column, and under "0," we find the 
lantissa 9031. The characteristic is (9 — 4), or 6, with — 10 annexed 
Art. 443). 

Therefore, log .00008 = 6.9031 - 10. Result. 

447. It is evident that the logarithms of numbers having 
ne or two figures have mantissas from the " '' column of the 
able. 





Exercise 132 






Find the logarithms of the following numbers : 




1. 124 


7. 84.2. 


13. 6.73. 


19. 


.0642. 


2. 283. 


8. 39.6. 


14. .829. 


20. 


.0006. 


8. 589. 


9. 2.85. 


15. .342. 


21. 


.00016. 


4. 676. 


10. 6.76. 


16. .676. 


22. 


.0676. 


5. 643. 


11. 3.70. 


17. .037. 


23. 


.00809. 


6. 540. 


12. 5.89. 


18. .0681. 


24. 


.00000734 




INTBRPOLATIOir 







448. Interpolation is based upon the assumption that the dif- 
erences of logarithms are proportional to the differences of 
heir corresponding numbers. While the assumption is not 
bsolutely correct, the results obtained are exceedingly close 
.pproximations. The process is necessary in obtaining the 
ogarithms of numbers having four places by means of the 
bur-place table. 

SOM. EL. ALG. — 24 
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N 
10 





1 


2 


3 


4 


5 


6 


7 


8 


9 




0000 


0043 


0086 


0128 


0170 


0212 


0253 


0294 


0334 


0374 




11 


0414 


0453 


0492 


0531 


0569 


0607 


0645 


0682 


0719 


0755 




12 


0792 


0828 


0864 


0899 


0934 


0969 


1004 


1038 


1072 


1106 




13 


1139 


1173 


1206 


1239 


1271 


1303 


1335 


1367 


1399 


1430 




14 
15 


1461 


1492 


1523 


1553 


1584 


1614 


1644 


1673 


1703 


1732 




1761 


1790 


1818 


1847 


1875 


1903 


1931 


1969 


1987 


2014 




16 


2041 


2068 


2095 


2122 


2148 


2175 


2201 


2227 


2253 


2279 




17 


2304 


2330 


2355 


2380 


2405 


2430 


2455 


2480 


2504 


2529 




18 


2553 


2577 


2601 


2625 


2648 


2672 


2695 


2718 


2742 


2765 




19 
20 


2788 


2810 


2833 


2856 


2878 


2900 


2923 


2945 


2967 


2989 




3010 


3032 


3054 


3075 


3096 


3118 > 


3139 


3160 


3181 


3201 




21 


3222 


3243 


3263 


3284 


3304 


3324 


3345 


3365 


3385 


3404 




22 


3424 


ai44 


3464 


3483 


3502 


3522 


3541 


3560 


3679 


3598 




23 


3617 


3636 


3655 


3674 


3692 


3711 


3729 


3747 


3766 


3784 




24 
25 


3802 


3820 


3838 


3856 


3874 


3892 


3909 


3927 


3945 


3962 




3979 


3997 


4014 


4031 


4048 


4065 


4082 


4099 


4116 


4133 




26 


4150 


4166 


4183 


4200 


4216 


4232 


4249 


4265 


4281 


4298 




27 


4314 


4330 


4:^ 


4362 


4378 


4393 


4409 


4425 


4440 


4456 




28 


4472 


4487 


4502 


4518 


4533 


4548 


4664 


4579 


4A94 


4609 




29 
30 


4624 


4639 


4654 


4669 


4683 


4698 


4713 


4728 


4742 


4767 




4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 




31 


4914 


4928 


4942 


4955 


4909 


4983 


4997 


5011 


5024 


5038 




32 


5051 


5065 


5079 


5092 


5105 


5119 


5132 


5145 


5159 


6172 




33 


5185 


5198 


5211 


5224 


5237 


5250 


5263 


5276 


5289 


5302 




34 
35 


5315 


5328 


5340 


5353 


5366 


5378 


5391 


6403 


6416 


5428 


1 


5441 


5453 


5465 


5478 


5490 


5502 


5514 


5527 


5539 


5551 


1 


36 


5563 


5575 


5587 


5599 


5611 


5623 


5635 


5647 


6658 


6670 ^ 


37 


5682 


5694 


5705 


5717 


5729 


5740 


5762 


5763 


6775 


5786 


38 


5798 


5809 


5821 


5832 


5843 


6855 


5866 


5877 


6888 


6899 


39 
40 


5911 


5922 


5933 


5944 


5955 


5966 


5977 


6988 


5999 


6010 


6021 


6031 


6042 


6053 


6064 


6075 


6085 


6096 


6107 


6117 


41 


6128 


6138 


6149 


6160 


6170 


6180 


6191 


6201 


6212 


6222 


42 


6232 


6243 


6253 


6263 


6274 


6284 


6294 


6304 


6314 


6325 


43 


6335 


6345 


6355 


6365 


6375 


6385 


6395 


6405 


6415 


6425 


44 
45 


6435 


6444 


6454 


6464 


6474 


6484 


6493 


6503 


6513 


6522 


6532 


6542 


6551 


6661 


6571 


6580 


6590 


6599 


6702 


6618 i 


46 


6628 


6637 


6646 


6656 


6665 


6675 


6684 


6693 


6712 / 


47 


6721 


6730 


6739 


6749 


6758 


6767 


6776 


6785 


6794 


6803 / 


48 


6812 


6821 


6830 


6839 


6848 


6857 


6866 


6876 


6884 


6893 / 


49 
50 


6902 


6911 


6920 


6928 


6937 


6946 


6955 


6964 


6972 


6961 


f 


6990 


6998 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


51 


7076 


7084 


7093 


7101 


7110 


7118 


7126 


7135 


7143 


7152 


52 


7160 


7168 


7177 


7185 


7193 


7202 


7210 


7218 


7226 


7235 




53 


7243 


7251 


7259 


7267 


7275 


7284 


7292 


7300 


7308 


7316 




54 

N 


7324 


7332 


7340- 


7348 


7356 


7364 


7372 


7380 


7388 


7396 




O 


1 


2 


3 


4 


5 


6 


7 


8 


9 





POUR-PLACE TABLE 



N 





1 


2 


3 


4 


5 


e 


7 


8 


9 


55 


74{« 


7412 


7410 


7427 


7436 


7443 


7431 


7459 


7466 


7474 




7483 


74B0 


7497 


750S 


7513 


7520 


7528 


7536 


7S43 


7551 


B7 


7S53 


7J5ti6 


7074 


7582 


7589 


7597 


7604 


7612 


7619 


7637 


68 


76M 


7643 


7649 


7657 


70tH 


7672 


7679 


768G 


7li!4 


7701 


50 
60 


7709 


7716 


7723 


7731 


7738 


7746 


7752 


7760 


7767 


7774 


778a 


7789 


77B6 


itm 


7810 


7818 


7825 


7832 


7839 


7846 


61 


7853 


7860 




7875 


7882 


7889 


7890 


7903 


7910 


7917 




79a4 


7931 


7938 


7M5 


7952 


7959 


7966 


7973 


7980 


7987 


63 


799a 


8000 


8007 


8014 


80SI 


8028 


8036 


8041 


8048 


8055 


64 
65 


8062 


8069 


8076 


8082 


8089 


eouG 


8102 


8109 


8116 


8132 


8129 


8136 


8142 


8149 


8156 


8102 


8169 


8176 


8183 


8189 


66 


8195 


8202 


8209 


8215 


8222 




8236 


8241 


8218 


83.14 


67 




8367 


B274 


8280 


8E87 


8393 


8290 


8306 


8312 


8319 


68 


8325 


8331 


8338 


8344 


8361 






8370 


8376 




69 
70 


8388 


8395 


8401 


8407 


8414 


8430 


8426 


8432 


8439 


8446 


S4B1 


8457 


8463 


8470 


ftl76 


8482 


8138 


8494 


8500 


8906 


71 


8513 


8510 


8525 


8531 


8537 


8543 


8549 




8561 


8567 


T2 


8573 


8579 


853S 


8691 


8597 




8609 


8616 


8621 


8627 


73 




8639 


8645 


8651 


8057 


8663 


8669 


8675 


8681 


8686 


74 
75 


86!e 


8698 


fflM 


8710 


8716 


8722 


8727 


8733 


8739 


8745 


8751 


87fl6 


8763 


8768 


8774 


8779 


878B 


8791 


8797 


8802 


TB 


8808 


8814 








8837 


8842 


8848 


8854 


8859 


77 


8865 


8371 


asTG 




8887 


8893 


B899 


890t 


8910 


8916 


78 


8921 


8927 




8938 


8943 


aw9 


S95J 


ma 


8966 


8971 


79 
80 


8976 


8982 


8987 


8993 




90(U 


9009 


9015 


0020 


902.1 


B031 


9036 


9042 


9047 


9053 


9058 


9063 


B069 


9074 


9079 


81 


90R0 


9090 


9096 


9101 


9ioe 


9112 


9117 


9123 


9128 


9133 




9138 


9143 


9149 


9154 


9159 


911B 


9170 


9176 


9180 


9186 


83 




0196 


9201 


9206 


9212 


9217 


9222 


9227 


9233 




84 
85 


9243 


9248 


9253 


9258 


9263 


9269 


9274 


9279 


9284 


9289 


92M 


9399 


9304 


9309 


93ie 


9320 


9325 


9330 


9335 


9340 


86 


9345 


9350 


9355 


9360 


93flB 


9370 


9376 


9380 


9385 


9390 


87 


9306 


<H00 


940B 


MIO 


94in 


9420 


M2B 


M30 


W36 


M40 


88 


M45 


9450 


9455 


9460 


946B 


9469 


9474 


9i79 


9484 


W89 


90 


M9i 


9499 


9504 


9509 


9513 


9518 


9523 


9528 


9553 


9638 


<«42 


ffl47 


Ki53 


9rHi7 


infis 


9566 


9B71 


9570 


9681 


9586 


ill 


n5!)0 


9595 


9600 


9606 


9609 


9614 


%i9 


9624 


9628 


9633 


92 




9643 


9647 


9652 


9(;57 




9666 


9671 


9675 


9680 




9685 


9689 


96M 


9609 


9703 


9708 


9713 


9717 


9733 


9727 


94 
Q5 


9731 


9736 


9741 


974.5 


97H) 


9754 


0769 


9763 


9768 


9773 


9777 


9782 


9786 


9791 


0799 


9800 


9805 


98O0 


9814 


0818 


96 


9S23 


9827 


0832 


9836 


9«1 


9845 




9864 


9859 


9863 


97 


i)Wi8 


9872 


9877 


9881 


9SR6 


9890 


gsr* 


98m 


9903 


9908 


98 


9912 


9917 


9921 


992(i 


9930 


9934 


9939 


9943 


g<»8 


9952 




mee 


9G61 


9965 


9969 


9974 


9978 


9983 


9987 


9991 


9996 


K 


o 


1 


2 


3 


4 


~"5~ 


e 


7 


8 


9 
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IllastTations : 

1. What is the logarithm of 6874 ? 

Since the table gives mantiaRM for nombeis haying bat three places, we 
will consider that we are seeking the logarithm of 687;4. (See Art. 444.) 
From the table we find 

the mantissa of 687 = .8370 
the mantissa of 688 = .8376 



Difference = .0006 

That is, an increase of 1 in the nmnber caoses^an increase of .0006 in 
the mantissa. Therefore, an increase of .4 in the number (for 687.4 is 
.4 greater than 687) will cause an approximate increase in the mantissa 

of .0006 X .4 = .0002. 

(The fifth decimal place being disregarded if less than .5 of the fourth.) 
Hence, for the mantissa of the logarithm of 687.4, we have 

.8370 + .0002 = .8372. 
Therefore, with the proper characteristic, 

log 6874 = 3.8372. Result. 

2. What is the logarithm of 23.436 ? 

Consider the number to be 234.36. 

From the table we find 

the mantissa of 234 = .3602 

the mantissa of 235 = .3711 

Difference =.0019 

Then, as above, .36 x .0019 = .000684, 

or, approximately, = .0007. 

Therefore, the mantissa of the logarithm of 

234.36 = .3692 + .0007 = .3699. 

Whence, log 23.436 = 1 .3699. Besnlt. 

Ezercise 133 

Find the logarithms of the following numbers : 

1. 2762. 5. 8625. 9. 9824. 13. 68.741. 

2. 3894. 6. 8.642. 10. .06421. 14. 430.05. 

3. 2007. 7. 726.4. 11. .005432. 15. .0006941. 

4. 6492. 8. 54.29. 12. 44.212. 16. .0004682. 
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II. To find the number corresponding to a given logarithm. 

449. The number to which a given logarithm corresponds 
is called its antilogarithm. 

450. When the mantissa of a given logarithm is found in 
the four-place table, the antilogarithm is readily found, and if 
the mantissa given is not found in the table, a close approxi- 
mation for the required antilogarithm is obtained by a process 
of interpolation. 

Illustrations: 

1. What is the number whose logarithm is 1.4669 ? 

4 

Look in the table for the mantissa .4669. 

In the same horizontal line with this mailtissa and in the ** N *' column, 
we find ** 29," the first two figures of the required number. 

The mantissa is found under the '^ 3." 

Therefore, the required sequence of figures is 293. 

Now the given logarithm has a characteristic, 1. Therefore (Art. 442), 
there must be two figures to the left of the decimal point in the required 
number. Hence, the antilogarithm of 1.4669 = 29.3. Result. 

2. What is the antilogarithm of 7.9112 -10 ? 

The mantissa, .9112, lies in the horizontal line with *' 81 " and under ** 5.^' 
The sequence of figures is, therefore, 816. 

Since the characteristic is 7 — 10, the number has two ciphers between 
the decimal point and the first significant figure (Art. 443). 
Therefore, the antilog of 7.9112—10 = .00816. Result. 

3. What is the antilogarithm of 2.8828 ? 

The mantissa, .8828, is not found in the table, but lies between 

the mantissa of log 763 = .8825 

and the mantissa of log 764 = .8831 

The difference of these mantissas = .0006 

That is, an increase of .0006 in the mantissas causes an increase of 1 in 

their antilogarithms. 

Now between the given mantissa and the next lowest mantissa there 

exists a difference of 

.8828 - .8826 = .0003. 
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Therefore, an increase of .0003 in the mantissas will cause an approxi- 
mate increase in the antilogarithms of 

.0003 K 

= .0. 

.0006 

Hence, .8828 is the mantissa of the log 763.5. 

Or, antilog 2 .8828 = 763. 5. Result 



EzerciBe 134 

Find the antilogarithms of the following logarithms : 

1. 1.6085. 8. 0.1088. 15. 8.7219-10. 

2. 1.7284. 9. 3.9799. 16. 7.9007-10. 

3. 2.9345. 10. 2.6897. 17. 6.7370-10. 

4. 3.8317. 11. 4.9733. 18. 9.6477-10. 

5. 0.5509. 12. 9.8987-10. 19. 5.8566-10. 

6. 3.5974. 13. 9.7306-10. 20. 9.9995-10. 

7. 2.0095. 14. 8.9099-10. 21. 4.9543-10. 

THB PROPERTIES OF LOGARITHMS 

451. In any systemj the logarithm of 1 is 0. 

For, oo = 1. (Art. 241) 

Whence, log 1 = 0. (Art. 438> 

452. In any system, the logarithm of the base is 1. 

For, a^ = a. 

Whence, loga = l. (Art. 438) 

While, for convenience, the base of the common system is 
used in the following discussions, each theorem is a general 
one for any base, a, hence, for any system. ' 

453. The logarithm of a product is equal to the sum of the 
logarithms of its factors. 
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Let 10* = TO (1) and lOv = n, (2) 

Multiplying (1) by (2), 10*+y = mn. 

Whence, log tow = x + y. (3) (Art. 438) 

From (1) and (2), x = log to and y = log n. (Art. 438) 

Substituting in (3), log mn = logTO + log n, 

454. The logarithm of a quotient is equal to the logarithm of 
the dividend minus the logarithm of the divisor. 

Let 10* = TO (1) and lOv = n, (2) 



Dividing (1) by (2), 


x\r- lit 

lOy n 




That is. 


10*-y = ~. 
n 




Whence, 


log^ = «-y. (3) 
n 


(Art. 438) 


But, from (1) and (2), 


aj = log TO and y = log n. 


(Art. 438) 


Hence, in (3), 


log — = log TO — log n. 
n 





465. The logarithm of a power of a number is equal to the 
logarithm of the number multiplied by the exponent of the power. 

Let 10* = TO. (1) 

Raising both m^nbers of the equation to the pth power. 

Whence, log top = px. 

But, from (1), x = log to, , (Art. 438) 

Hence, log mP = pQog to) . 

466. The logarithm of a root of a number is equal to the 
logarithm of the number divided by the index of the root. 

Let 10* = TO. (1) 

Raising both members to the power indicated by -, 





X 1 

10« = TO«. 




•1 


Whence, 


l0gTO« = -. 

Q 

X = log TO, 


But, from (1), 


Therefore, 


- log TO 
log TO* = ^ ' 



(Art. 438) 
(Art. 438) 



876 LOGARITHMS 

457. These demonstrations may be briefly summarized as 
follows : 

(1) To multiply numbers, add their logarithms, 

(2) To divide numbers, subtract the logarithm of the divisor 
from the logarithm of the dividend. 

(3) To raise a number to a power , multiply the logarithm of 
the nuTober by the exponent of the required power. 

(4) To extract a root of a number, divide the logarithm of the 
number by the index of the required root. 

The antilogarithm of a result obtained by one of these processes 
is the required number. 



THB COLOGARITHH 

458. The cologarithm of a number is the logarithm of the 
reciprocal of the number. By its use an appreciable saving 
of labor is made in computations with logarithms. 



By definition, 



oologiV=log-- 

N 



= log 1 - log N (Art. 464) 

rrO-logiV' (Art. 451) 

= -IogiV^. 
To avoid this negative form we may write, 

colog iV= 10 — log iV— 10. 

459. In general; to obtain the cologarithm of a number : 
Subtract the logarithm from 10 — 10. 

In practice the subtraction is usually accomplished by be- 
ginning ^t the characteristic and subtracting each figure from 
9, excepting the last significant figure, which is subtracted from 
10. 
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niustration : 

Find the cologarithiii of 16. 

The log of 1 is 0, which we may write as 10 — 10. 
Then, colog 16 = log 1 — log 16. 

log 1 = 10 - 10 

log 16= 1.2041 
Subtractiiig, colog 16 = 8.7959 — 10. Besolt. 

460. If the characteristic of a logarithm is greater than 10 
but less than 20, we use in like manner, 

colog iV = 20 — log iV— 20. 
Similarly, 30 — 30, 40 — 40, etc., may be used if necessary. 

461. Negative fojctors in computations with logarithms. The 
logarithms of negative factors in any group are found without 
regard to the negative signs, and the result is positive or nega- 
tive according as the number of negative factors is even or 
odd. ^ 

USB OF LOGARITHMS IN COMPUTATIONS 

462. Illustrations : 

1. Multiply 6.86 by 37.8. 

log 6.85 =0.8357 
log 37.8 = 1.5775 
(Art. 453), 2.4132 = log of product. 

antilog 2.41 32 = 258.9. Result. 

2. Divide 30,400 by 1280. 

log 30400 = 4.4829 
log 1280 = 3.1072 
(Art. 454), 1.3757 = log of quotient, 

antilog 1.3757 = 23.76. Result. 

3. Divide 2640 by 36,900. 

log 2640 = 3.4216 
(Art. 458) , colog 36900 = 6.4330 - 10 

8.8646 - 10 = log of quotient, 
antilog 8.8646 - 10 = 0.07165. Result. 



378 LOGABITHMS 

4. What is the value of \/846? 

log 846 = 2.9274. 
(Art. 466) 3)2.9274 

.9758 = log of cube rooti 
antilog .9758 = 9.458. Result. 

6. Find the value of -v^.00276. 

log .00276 = 7.4409 - 10. 
When a negative logarithm occurs in obtaining a root, the characteris- 
tic must be written in such a form that the number subtracted from the 
logarithm shall be 10 times the index of the root. The divisor in this 
dhae being 6, we change the form of the logarithm by adding ^ — 50, 
and the subsequent division gives the required negative characteristic. 

log .00276 = 7.4409 - 10. 
Adding, 50 - 50 

57.4409-60 
(Art. 466) 6 )67.4409-60 

9.5735 — 10 = log of sixth root, 
antilog 9.5735 - 10 = .3745. Result. 

4322x27.1* 



6. Find the value of 



35.1^ 



(Art. 456) 2 log 432 = 2 (2.6356) = 5.2710 

(Art. 455) 3 log 27.1 = 3 (1.4330) =4.2990 

(Arts. 455, 468) 4 colog 35.1 = 4 (8.4547-10) = 3.8188 - 10 

3.3888 = log of result, 
antilog 3.3888 = 2448. Result 

7. Simplify ^ 2720* X V288 X 432^ 

.068^ X V27:8' X 624* 

i log 2720 = i (3.4346) = 1.7173 

ilog 288 =i (2.4594) =1.2297 

flog 432 =f (2.6355) =3.5140 

7 colog .068 = 7 (1 .1675) = 8.1725 

i colog 27.8 = } (8.5560 - 10) = 7.8340 - 10 
2 colog 624 = 2 (7.2048 -10 ) = 4.4096 - 10 

6.8771 
(Art. 466)* 4)6.8771 

1.7193, log of result, 
antilog 1.7193 = 62.40. Result. 
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Ezercise 135 



Eind by logarithms the value of : 
1. 4600 X. 85. 10. 1280 -s- .0064. 



2. 72x380. 

3. .28 X. 00012. 

4. .017 X .0062. 
6. 496 X 68.4. 

6. .00621 X .000621. 

7. 73400 X .00811. 

8. .0293 X .000602. 

9. 691 X .0000131. 
624 X 372 X 891 



19. 



20. 



21. 



457 X 196 X 583 

43.2 X 3.28 X .246 
.637 X 3.41 X 66.8' 

630 X 2100 X .007 



3.25 X 472 X 6500 

25. 4.62«. 28. -v/STT. 

26. 2.74*. 

27. .0276*. 



29. -i/2SM. 

30. A/.00724. 



11. 68.5-^-6.12. 

12. 2.741^.00822. 

13. .00431 -^ .0931. 

14. .07241 -J. .3623. 

15. (2741 X 3.623) -s- 242. 

16. (4.625 X .5821) ^ 2.067. "* 

17. 34.74 -f- (2.851 X 4.309). 

18. 6.904 ^ (3.676 x .00275). 

.0372 X .584 X .00027 
.273 X. 00042 X. 0121* 

.007 X .07 X .7 X 7 
36.7 X 7.14 X .1428 * 

.643 X. 0468x2760 
346 X .0072 X .01 ' 

31. 3.207f. 

32. 6.6O2I. 

33. .OOO754I. 



22. 



23. 



24. 



\3. 



8/. 0027«x6.82*x762« 
207* X6.42»x 26.7* 



35, J/ V.2809 X ^^.003241 
^V:0962x\/.000011* 



HISCBLLAinSOnS APPLICATIOirS OF LOGARITHMS 

463. I. Changing the base of a system of logarithms. 

Let a and b represent the bases of two systems of logarithms, and m 
the number under consideration. 

We are to show that logtm = ^2EsB . 

\ogab 
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Let OF :=m (1) 

and fry = m. (2) 

Then, x = logam and y = log^m. (Art. 438) 

From (1) and (2), a» = ft"'. 



s 



Extracting the y\h root, a' = h. 



X X 



V 



Therefore, log^ft = - or y = 

y loga& 

That is, iog^m=?^S22!. 

loga& 

Illustration: 

I. Find the logarithm of 12 to the base 5. 

By Art. 463, log«12 = l^giol? 

Iogio5 

^ 1.0702 

.6990 

= 1.5439. Result. 

II. Equations involving logarithrm, 

464. An equation in which an unknown number appears as 
an exponent is called an exponential equation. Thus : a"" = 6 
is a general form for such equations. 

Illustrations : 

1. Solve the equation, 4* = 64. 

If, in an equation in the form of a' = &, 6 is an exact power of a, the 
solution is readily obtained by inspection. 

From 4* = 64, 

we have 4* = 4^. 

Therefore, x = 3. Result. 

2. Find the value of a? in 5* = 13. 

Using logarithms, x log 5 = log 13. 

3.^ log 13 
log 6 

_ 1.1139 
.6990 
= 1.6936. Result. 



MISCELLANEOUS APPLICATIONS OF LOGARITHMS 381 

3. Solve the equation 2Va?= VS. 

— V^ 3I 

2y/x = \/3, y/x = -^j x = — (changing form and squaring). 

2 4 

Then, log x = | log 3 + colog 4 

I logs = I (.4771) = .3181 

colog 4= 9.3979 - 10 

Therefore, 9.7160 - 10 = log of x 

X = .52. Result. 

465. Certain forms of equations involving logarithms may 
1)e so transformed as to give results without the aid of loga- 
rithm tables. 

1. Find 0? if log, 32 = 5. 2. Find a? if logs a? = 4. 

By logarithms, 32 = 0^, By logarithms, x = 3*. 

Whence, x = 2. Result. Whence, x = 81. Result. 

(That is, the base of that system (That is, the number, whose log 
in which the log of 32 is 5, is 2.) to the base 3 is 4, is 81.) 

III. Use offormvlds for compound interest and annuities, 

466. If P is a given principal, n the number of years during 
which the interest is compounded annually, and r the given 
rate per cent, the amount. A, can be obtained from the formula 

^ = P(l-fr)". 
Illustration : 

1. Find the amount of $ 1500 for 8 years at 6 %, compounded 
annually. 

In the formula -4 = P(l + r)». 

By substitution, A = 1500 (1.06)8. 

By logarithms, log A = log 1500 + 8 (log 1.06) 

log 1600 = 3.1761 

8 (log 1.06) = 8 (.0212) = .1696 

log^= 3.3467 

A = $2216.50. Result. 
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467. An annnity is a fixed sum of money payable yearly, 
or tit other fixed intervals. 

If the amount of an annuity is represented by A, the number 
of yearly payments by n, and the rate of money at the present 
time by r, the present value of the annuity, P, can be obtained 
from the formula 

Illustration : 

2. Find the present value of annuity of $900 for 20 years 
at4%. 

In the formula, P = ^[l ^ 1 = ?52ri 1 1. 

rl (1 + r)»J .04 L (1.04)a>J 

By logarithms, 20 (log 1.04) = 20 (.0170) = .3400. 

Hei^, (1.04)» = 2.1879. 

Then P-^^fl ^ "|_ 900 x 1.1879 

' .04 L 2. 1879 J .04 x 2.1879 ' 

By logarithms, log 900 = 2. 9542 

log 1.1879= .0747 

oolog .04 = 1.3979 

colog 2.1879 = 9.6600 - 10 

4.0868 = log P 

P = $ 12,211, approximately. Result. 

Ezercise 136 

Calculate : 

1. logs 12. 6. logi^eO. 9. logi.e.48. 

2. lege 28. 6. logs 256. 10. logi3jj.416. 

3. log; 42. 7. logs 9.6. 11. log^.875. 

4. logia54. 8. logie.T. 12. log.9.007. 

Solve : 

13. aj = 12Vl4. 15. ajV3=^. 17. 2V3a=5V^. 

14. ajV5 = 70. 16. 12Va = 19. 18. 10aj'i = 64 
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19. -J^'4^=VlO. 23. 5« = 20. 28. 5«-^ = 35. 

1 .,— 24. 24* = 100. 29. 16» = 64'-^ 

20. (3.)*=V20. ^^ 3^,^^^^ 3^ ^^^,^^g 

21. 5* = 125. 26. 12 A' = .124:. 31. 25*+« = 30*-\ 

22. 3^ = 729. 27. 3«+^ = 12. 32. 1.62*"^= 3.24. 

Given: log 2 = .3010, log 3 = .4771; find logarithms of the 
following : 

33. log 6, log 18, log 72, log 2.88. 

34. log 3 V2, log 4 V3, log V60, log -v^lOiS. 

35. log 270, log 16|, log 21, log 12«. 

36. log^, log^, log (2t -f- 3* X 6i). 

Find X if 

37. log. 27 = 3. 40. log. 125 = -3. 

38. log. 16 = 4 41. log. 64 = If 

39. log. 216 = 3. 42. log.3ftr = -.f 

Find X if 

43. log, a? = 5. 46. log48aj = — f 

44. log4aj = 6. 47. log8aj = lJ. 

45. log25a: = f 48. log27a: = — |. 

What is the expression for a; in : 

49. a' = c^, 62. a'-^ = c\ 

50. 2a' = mn". 53. a(f = mn'-^\ 

51. 4c« = aAf. 54. (fm = n''p'+\ 

55. Find the amount of $ 600 for 10 years at 4 % compound^ 
interest. 

56. Find the amount of $ 7000 for 15 years at 4 ^J, compound 
interest. 

57. In what time will $ 5000 amount to $ 7500 at 5 % com- 
pound interest ? 
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58. A man buys an annuity of $ 600 for 20 years. If money 
is worth 4 %, what amount should he pay for it ? 

69. What is the cost of an annuity of $1000 per year for 10 
years, money being worth 5 % ? 

60. Find the present value of an annuity of $ 1200 for 15 
years at 5%. 

61. Write as a polynomial, log a; (a* — l)\x + 1)""^. 

62. Change 2 log a + log b — log 3 — ^ log c to an expression 
of a single term. 

63. Find an expression for x in m""*"' =/?*. • 

64. If log 429 = 2.6325, and log 430 =2.6335, find log 429.3. 
What is the log .004293 ? 

66. If log 864 = 2.9365, and log 8.65 = 0.9370, find log 
.08642. What is the log 864.2 ? 

66. How may you obtain log 3, log 9, log 243, and log .9 if 
you know log 81 ? 

67. How many digits in 25** ? 

68. Find the values of x and y in the equations S'"*"^' = 27 
and 8^*-*' = 512. 

69. If a, bf and c are the sides of any triangle, and s is on& 
half their sum, the area of the triangle may be obtained from 
the formula, A = Vs (s — a)(s — 6)(« — c). Write this expres- 
sion in logarithmic form. 

70. With the formula of example 69 find the area of a 
triangle whose sides are 65 feet, 70 feet, and 75 feet respect- 
ively. 

71. The diameter of a circle circumscribing an equilateral 
triangle equals | the altitude of the triangle. If h is the alti- 
tude of an equilateral triangle, the area may be obtained from 
the formula, A = \h^V3. Using logarithms, find the area of 
the three segments cut from a circle by an equilateral triangle 

' --'* altitude is 9 feet. 



CHAPTER XXVIII 
SXTPPLEMENTARY TOPICS 

THB RBKAINDBR THBORBM 

468. If any polynomial of the form, CiaJ* + C^xf*^^ + C^xT^ + • •• 
Cn, be divided byx — a, the remainder will he Cia* + 0^^"^+ Oga*"^ 
+ ••• Cn't which eocpression differs from the given expression in 
that a takes the place ofx. 

Proof: Let Q denote the quotient and B the remainder when 
Cix* + CiX"^^ + Cgx'*-^ + ... On is divided by aj - a. 

Continue the division until the remainder does not contain x. 

Then, Q (« - a) + i? = CiX* + CsX^-i + CsOJ*-' + — On. 

• Since this identity is true for all values of x, let x = a. 

Then, Q(a-a)+Ii= Cia* + 020*^1 + GsO^-^ + ... C;. 

And, B = CiO* + C2a"-i + Cso""* + — C*. 

Application : 

1. Without division obtain the remainder when 7a?-\-3a^ 
— 13 a; H- 8 is divided by a? — 2. 

We have given, ac — a = as — 2, hence a = 2. 

Hence, £ = 7. 2^ + 3. 22-18 -2 + 8 = 60. Result. 

THB FACTOR THBORBM 

469. If any rational and integral expression containing x be- 
comes equal to wh£n a is substituted for x, the expression is 
exactly divisible by x — a. 

Proof : Let E be the given expression, and let E be divided by as — a 
until the remainder no longer contains as. Let Q denote the quotient ob- 
tained and B the remainder. 

SOM. EL. ALO. — 26 386 
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Then, E = Q{x - a) + iJ. 

This identity being true for all values of x, we may assume that ac = a. 
By the hypothesis the substitution of a for x makes E equal to 0. 

Therefore, = ^(a-a) + i?, = + iJ, i? = 0. 

Therefore, the remainder being 0, the given expression is exactly 
divisible by x -- a. 

Or, X — ai8 a factor of the given expression, E. 

Illustrations : 

1. Factor 0^-190? + 16. 

By trial we find that the expression, «•— 12x+16, equals when x = 2. 

Therefore, ifx = 2, x — a = x — 2, and x — 2 is a factor. 

Then (x» - 12x + 16) -r-(x - 2) = x^ + 2x - 8. 

The factors of x^ + 2 x — 8 are found to be (x + 4) and (x — 2). 

Therefore, x^ - 12 x + 16 = (x - 2)(x + 4)(x - 2). Result. 

2. Factoric»+9ic2 + 23a;H-16. 

(In an expression whose signs are all plus, it is evident that no positive 
number can be found the substitution of which will make the expression 
equal to 0.) 

By trial we find that if x = — 1, the expression becomes 0. 

Hence, if x = — 1, x — a = [x — ( — 1)] = x + 1, a factor required. 
Then, (x»+ 9x2 + 23x+ 15)-h(x+ l) = x2 + 8x+16. 
Furthermore, x^ + 8 x + 16 = (x + 3)(x + 5). 
Therefore, x* + 9 x^ + 23 x + 16 = (x + l)(x + 8)(x + 5)* Result. 

Bxerciae 137 

Without division show that 

1. a« H-3a2 4-3aH-2is divisible by aH-2. 

2. oj* - 8 ic» + 24 ic2 - 32 a? + 16 is divisible by a - 2. 
8. (J*- c»-8c2h-9c-9 is divisible by c + 3. 

4. 27a» + 9a«-3a-10 is divisible by 3a-2. 

5. m* — 6 m* + 9 m* — 6 m^ — m H- 2 is divisible by m — 2. 



DIVISORS OF BINOMIALS 387 

Faxjtor: 

6. c^ + c-2. 12. c8 + c2-5c + 3. 

7. a^ — Tx + e. 13. a' + So^ — 6aj — 8. 

8. m» — 8m + 3. 14. m«4-5m* — 13m + 7. 

9. a» + 3a24-7a4-5. 15. 2f-i-Sf-3y'-2. 

10. aj8 + 4aj*4-5aj + 2. 16. 3a8-10a2 + 4a + 8. 

11. m»-2m*-7m-4. 17. aJ*-a^~3iB2 + 5aj~2. 

THE THB0R7 OF DIVISORS OF BINOMIALS 

470. The following proofs depend directly upon the prin- 
ciples established in Arts. 468 and 469. 

If w is a positive integer, we may establish as follows the 
divisibility of the binomials, a?" — y** and af*+y**, by the bino- 
mials, a? — 2/ 3iid x-\-y. 

I. af^ — y"* is always divisible by x — y. 

For, if y is substituted for a; in as* — y**, we have 

X** — y*' = y**--y*' = 0. 
Therefore, as — y is always a divisor of as" — y*». 

II. Qf^ — y'^is divisible byX'\-yifn is even. 

For, if — y is substituted for a; in a;»* — y», we have 

x^ — y^ = ( — y)" — y** = y* — y** = 0. 
Therefore, a; + y is a divisor of «" — y*» when n is even. 

III. af^-\-y*^ is never divisible by x — y. 

For, if y is substituted for x in x*» + y*, we have 

x*» H- y» = y« H- y*» = 2 y», 
which result does not reduce to by the substitution. 
Therefore, x — y is never a divisor of x" + y*». 

IV. a^-\-y" is divisible byx-\-yifnis odd. 
For, if — y is substituted for x in as** + y*, we have 

X** + y» = (— y)** + 2^ = 0. 
Therefore, x + y is a divisor of x + y when n is odd. 
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These results may be summarized with the corresponding 
quotients as follow^ : 



' , when n is even. 



>, when n is odd. 



X — y 
^^y* = x*-i — a5»"2y ^ x*^'^^ — ••• — y^-^ 

x — y 

Illustrations : 

1. Divideaj«^ + y^by o^ + y*. 

We may write ojio + y" = (x«)* + (y*)*. 

Then, (x^)* + (y^)* is divisible by x^ + y«. (Art 470, IV.) 

Whence, 

x^ -\-y^ 

= a« - asV + «*y* - xV + ys. Result. 

2. Divide 64a^-/ by 2aj*-3/. 

Wemay write 64xi2-y« = (2x2)«-y«. 

Then, 

^2 x«)e - yg ^ ^2 x2)6 + (2 x^Yy + (2 x^) V + (2 x2) V + (2 x2)y* + y» 
2x^-^ y 

= 32x10 + 16x8y + 8x«y« + 4x*y« + 2xV + y*. Result 



EzeroiBe 138 

Divide : 

1. a?* 4-322/* by aj4-2y. 

2. a:^-128byaj-2. 

3. 32ic«4-243by 2aj + 3. 

4. ^-729by ?-3. 

or a? 

6. What are the exact binomial divisors of 81 — a* ? 
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6. What are the exact binomial divisors of a?^® — y^^ ? 

7. What a^'e the exact binomial divisors of oj*— 64 c*? 

8. Obtain the three factors of a^ ^ y^. 

9. Obtain the four factors ofa^ — ^. 

10. Obtain the six factors of sc^ — 4096. 

11. Obtain the ten factors of a^ — 64 a*. 

THE HI6HB8T COMMON FACTOR OF BXPRBSSIORS NOT RBADIL7 

FACTORED 

471. The method of obtaining the highest common factor of 
two expressions that cannot be factored by inspection is analo- 
gous to the process of division used in arithmetic for obtaining 
the greatest common divisor of two numbers. 

The principles involved in the algebraic process are estab- 
lished as follows : 

Let A and B represent two expressions, both arranged in the descend- 
ing powers of some common letter ; and let the degree of A be not higher 
than the degree of B. Let B be divided by A, the quotient being Q and 
the remainder B. 

Thus, A)B (Q 

AS 
B 

It follows, therefore, that B = AQ-\-B, (1) 

and B = B-AQ. (2) 

Now a factor of each of the terms of an expression is a factor 
of the expression. 

We make, therefore, three important statements : 

(1) Any common factor of A and E in (1) is a factor of 
AQ-\- By hence a factor of B. Or, 

A common factor of A and R is a common factor of B and A. 

(2) Any common factor of B and A in (2) is a factor of 
B—AQ, hence a factor of E. Or, 

A common factor of B and A is a common factor of A and R, 
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(3) Hence, the common factors of B and A are the same as 
the common factors of A and R. Or, 

The H. C.F. of A and B is the H, C.F. of A and R. 

Each succeeding step of the process may be proved in a 
similar manner. 

If, at any step, the remainder becomes 0, the divisor is a 
factor of the corresponding dividend and is, therefore, the 
H. (7. F, of itself and the corresponding dividend. Or, 

The last exact divisor is the required highest common factor, 

472. We may multiply or' divide either given expression, or m^y 
multiply or divide any resulting eocpression, by a monomial that 
is not a common factor of both expressions. 

For the process refers to polynomial expressions only, and 
the introduction or the rejection of monomial factors not com- 
mon to both expressions cannot affect the common polynomial 
expression sought. 

Such factors are introduced or rejected merely for con- 
venience, as will be shown in the following illustrations. 

In finding the highest common factor of three or more expres- 
sions, as A, B, and C, we first find Fi, the highest common 
factor of A and B, It remains to find the highest common 
factor of Fi and C. Let this result be Fj. Then F^ is the 
required highest common factor of A, B, and C 

Illustrations : 

Find the H. C.F. of 2 a^-aj« 4- a?-6 and 4 aj84.2 aj«-10 a?— 3. 

The following arrangement is uniyersally accepted as most satisfactory : 





2x»- x^+ a;- 6 
2 


4x8+ 2x2-10x- 3 
4x8- 2x2+ 2X-12 


X 


4x8- 2x2+ 2X-12 
4x8-12x24- 9x 


+ 4x2-12x+ 9 
6 


&x 


+ 10x2- 7X-12 
+ 10x2-16x 


20x2-60x + 45 
20x2-14x-24 
-23)-46x + 69 


4 


+ 8X-12 
+ 8X-12 




H.C.F. 2x- 3 
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' Explanation : 

1. Dividing 4a^ + 2x2». lOx ~ 3 by 2358- a;^ + « — 6, we obtain a 
remainder, 4 x^ — 12 x + 9, an expression lower in degree than the divisor 
just read. 

2. Dividing 2 x* — x^ + x — 6 by 4 x^ — 12 x + 9, we obtain a remainder 
having such coefficients that the next succeeding division does not reduce 
the degree of the remainder. To obtain a division that will reduce the 
degree of the remainder we multiply 4 x^ — 12 x + 9 by 5, and the product, , 
20 x^ — 60 X + 45, contains 10 x^ — 7 x — 12, with a remainder as desired, 
— 46 X + 69. From this remainder we may discard the factor, — 23, 
since this factor is not common to both expressions at this point. 

3. The remainder, 2 x — 3, divides 10 x^ — 7 x — 12 exactly. 
Therefore, 2 x — 3 is the required H. C. F. 

It may be noted that the process might have been completed by multi- 
plying 10 x^ — 7 X — 12 by 2, the resulting product being used as a divi- 
dend with 4x2 — 12x + 9 as a divisor. Division either way is possible 
when both expressions are like in degree. 
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Find the H. C. F. of : 

1. aj8-3aj* + 4a;-2andaj8 + aj«-4aj-f2. 

2. a»-2a2-a + 2anda8-2a^ + 3a-2. 

3. c» + 5c2+7c + 3andc8-|-c2-5c-f3. 

4. ic8-aj2-5a? + 2 and aj8 + 4a^ + 3aj-2. 

5. m« + 3m2-f 5m + 3 andm8 + 2m2-2m-3. 

6. a«-5a2 + 7a-3anda»-a2-7a-f 3. 

7. c* + c2.f 2c and c*-c8-3c2-c. 

8. 2iB«-f4aj*-f 6aJ*-f 4aj8.f 2ar^and4ic«-4«»-8aj^-4a?. 

9. m^ -f m^ — m -f 15 and m* -f 6 m^ -f 5 m — 12. 

10. 2c8 + 5c2 + 5c + 6and3c»-f 5c2-c-f 2. 

11. 6a?* + 24aj8 + 30aj2 + 36 a? and 3 aj* + 6a^- 12 aj*- 9a?. 

12. 2a* + a» + 3a2-f a + 2anda*-f 2a«+4a2 + 3a + 2. 

13. c8-3c2 + 5c-3and2c*-3c»-3c2 + 10c-6. 
14.. 2a?*-f a?'-4aj2 + 3a?-2and3a^ + 4a;8_3aj2_4 
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16. 4tf* r-4a»-5a* + 6a -land 6a*- 5a? -6a» + 3a + 2. 
16. 2m*-3m*-2m«+5 m*—2m and 3m«—7m*+ 6m* — 3m» 

Reduce the following to lowest terms : 

-^ m»-4m* + 2m + l oa c'-c'-Sc — 3 

17. — z r :: rr* 5sO. 



m»-2m*4-3m-2 c»-4c*-llc-6 

3-.5a + 7a» + 3a8 ^, 3aj8 + 14aj*-6aj-66 

Xo. « Jcl, ■ ' 

6-7a + 3a* + 2a» 6aj« + 10ar^ + 17aj + 88 

j^ 4a'-h9a-9 ^^ 2m*-2m* + m — 1 



4a* + 10a''-7a2 + 9 m*-m«+2m»-m-l 

FindtheH.C.F. of: 

23. a?-2a4-l, a»-2a^ + l, anda«-2a^ + 2a-l. 

24. aj8_j.4aj2+5a._j_2, aj8+3a^-|-4a;+4, and aj84.3aj2+3a.-|.2. 

25. 2aJ*-2a^ + 4aj*-4a?, 3aj*+9aj2-12aj, and 4«*-8aj» 

-20aj» + 24jr. 

26. a*-4a*-a + 2, a*-3a»4- 3a*-l, and a* + 3a-2. 

THE LOWEST COMMOir MULTIPLE OF EXPRESSIONS NOT READILY 

FACTORED 

473. In finding the lowest common multiple of two ex- 
pressions not readily factored we first find the highest coinmon 
factor by Art. 471, after which the process is established by the 
following. 

Let A and B represent any two expressions whose highest common 
factor we find to be H, Dividing both A and B by H, we obtain 

• — = a and — =6. 
H H 

Then, A = Hxa, (1) 

B = Hxb. (2) 
Now, since H is the highest common factor of A and B, the two quo- 
tients, a and &, can have no common factor. Hence, for the lowest com- 
mon multiple of A and B we write 

Jj.C.M.z=Hxaxb. (8) 
Writing (3) thus, L. C. M.=Haxb. 
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Multiplying and dividing by jET, 

L.C.M. =lfox^. 

Substituting Ha- A from (1), and Hb = B from (2), 

Jj.C.M. = Ax^, 

In general, therefore: 

To find the lowest common multiple of two eospressiona, divide 
one of the expressions by their highest common factor, and multi- 
ply the other expression by the quotient. 

The product of two expressions is equal to the product of their 
highest common factor by their lowest common multiple. For, 

Multipljdng (1) by (2), we obtain AB = Hx ax Hxh 

= H(Hab). 
From (8) L. C. M. = Hab, Hence, AB = ^'(L. C. M.). 

In finding the lowest common multiple of three or more expressions as 
A, B, and C, we first find Li, the lowest common multiple of A and B. 
It remains to find the lowest common multiple of Li and C Let this 
result be £2. Then L2 is the required lowest common multiple of A, B, 
and C, 

' Illustrations : 
1. Find the L. C. M. of : 

2m»~m2 + m-6 and4m» + 2m«-10m-3. 
By the method of division we find the H. C. F. = 2 m — 3. 

Then, L.C.M. = P^' - ^' + ^ - ^ V4m«-h2m« - 10m - 3) 

\ 2 w — 3 / 

= (m^-\-m + 2)(4m8 + 2m'^- 10m - 3). Result. 

EzerolBe 140 
Find the L. C. M. of : 

1. aj8 + 5ic2 + 7a? + 3 andaj^ + aj'-Soj + O. 

2. a» + a2-10a + 8and a«-4a« + 9a-10. 

3. 2 m^ + 5 m^ + 2 m — 1 and 3 m^ + m* — m + 1. 

4. 4c8-~8c2-3c + 9and 6c8 + c2-19c + 6. 
6. 4aj8-7aj + 3and2aj8 4.aj2_.3aj + l. 
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6. 2a»--7a*--16a-|-5anda?-9a*-|-18a + 10. 

7. c' + Sc'-c-Sandci* — c' + c' + c — 2. 

8. «» + 2a^-aj-|-6and2aj8 + lla^-|-16aj + 3. 

9. m* — 3 m* + 1 and m* + 2 m' — 4 m — 3. 

10. 4aj«-2a^ + 6a?-|-4and6a?* + 9a:*-15aj*-9aj. 

11. 2a* + 3a« + 4a* + 2a-|-l and 3a* + 2a» + a*-2a-l. 

12. m*--3m*4-3m«-llm*+6mand 2m*-18m*+8m-24 

13. 4a* ~a«6 + 2a^ + 2 a5« + 6* and 3a*- 5a«6 + 9 a*6* 

-6ay + 46*. 

14. aj8+2aj*+2aj+l, «»+2a^+3aj+2, andaj8+2a^-f4a;+3. 

16. 4 m' — 4 m* + 3 m — 1, 6 m* — m* -h m — 1, and 8 m* — 2m* 
+ m — 1. 

THE CUBE ROOT OF POLTN 0MIAL8 

474. If a binomial, (a-f 6), is cubed, we obtain (a'+3a^ 

4-3a^^+6'). We have in the following process a method for 

extracting the cube rooty (a + b), of the given cube^ (a* + 3 dfh 

+ 3a6« + 6«). 

a*-\-Za^h-\-Zab^-\-h^\a±b_ Cube Root. 
Trial Divisor Complete Divisor cfi 



h 



+3a26+8a6a+6» 
+3a26+8a62+6» 



The first term of the root, a, is the cube root of the first term of the 
given expression, a^. Subtracting a^ from the given expression, the re- 
mainder, Sa^b-\-S ah^ + 6*, results. 

The second term of the root, 6, is obtained by dividing the first term of 
the remainder, 3 0^6, by three times the square of a. This divisor, 3 a^, 
is the Trial Divisor. 

The complete divisor, (3 a'^-\-Sab + b^), consists of (the trial divisor) 
+ 3 (the trial divisor) (the last quotient obtained) + (the square of the last 
quotient). 

The product of the complete divisor by the last quotient obtained, 
(8 a^ H- 3 a6 + b^)b, completes the cube. 

The process may be repeated in the same order with any polynomial 
perfect cube whose root has more than two terms. 
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Illustration : 

1. Find the cube root of 

8a«-36a« + 102a*-171a» + 204a»-144a4-64. 
The polynomial is first arranged in descending order. 



2a2-3a4-4 
8a«-36a6H-102a*-171a«H-204a2-144aH-64 
8a6 



3(2a2)2=12o* 
3(2a2)(_3a)= _i8a8 

(-3ay= +90; 



(12a^-18a«+9a2)(-.3a) = 



■36aH102a*-171o8 



-36o6+ 64a*-27a8 



3(2a2-3a)2=12a*^36a«+27a2 
3(2a2-3a)(4)= 24 0^-36 o 

42= +161 



(12«*-36g8-f61a2-36g+16)(4) = 



48a*-144a8H-204a2-i44o+64 



48a*-144o8+204a2-144a+64 



475. The distribution of the volume of a cubic solid whose 
edge is a + 6, and the relation of the separate portions to the 
separate terms of the polynomial representing its cube, can 
be readily seen from the following illustrations. The planes 
cutting the cube pass at right angles to each other and parallel 
to the faces of the cube ; each at a distance of b units from the 
faces of the cube. 







I n HI 

In the figure let the edge of the cube in (I) be a and the 
edge of the complete cube in (tV) be a + 6. 

I. a«. 
11. a^ + Sa^b. 

III. a^ + Sa^b + SaV. 

IV. a8 + 3a26 + 3a62+68. 
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THE CUBB ROOT OF ARITHMBTICAL HUMBBRS 

476. It will be observed that 

1* = 1 A number of one figore has not more than three 

9* = 729 figures in its cube. 

10" = 1000 A number of two figures has not more than six 

99< = 970299, etc. figures in its cube. 

Conversely, therefore: 

If an integral cube has three figures, its cube root has one figure. 
If an integral cube has six figures, its cube root has two figures, etc. 

Hence : 

477. Separate any integral number into groups of three figures 
each, beginning at the right, and the number of groups obtained 
is the same as tJie number of integral figures in its cube root. 

It is to be noted that the process of cube root of numbers as 
given in arithmetical practice is based directly upon the al- 
gebraic {)rinciples learned in Art. 474. 

Illustration : 

1. Find the cube root of 421875. 

Separating the number into groups of three figures each, we have 421876. 

421876 1 70 + 6 = 76. Result. 



o«= 708= 348000 a + b 



S(ay= 3(70)2 = 14700 

3(a)(&)=3(70)(6)= 1060 

(6)2 = (6)2 = 26 

(16776) (6) = 



78876 



78876 



The analogy between the formatidn of the cube of (a + 6) and the cube 
of 76, or (70 + 6), may be seen in the following : 

(a + by = «« + 3o26 + 3 ab'^+b^ 
(70 + 6)8 = 708 + 3(70)2(6) + 3(70) (6)2 + 68 
= 343000 + 73600 + 6260 + 126 
= 421876. 
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2. Find the cube root of 12812904 

In practice the process is usually abbreviated as follows; 

12812904 1234. Result, 



28 = 




8 


3(20)2 = 

3(20) (3) = 
32 = 


1200 
180 
9 
3(1389) = 


4812 

4167 



3(230)2 = 
3(230) (4) = 
42 = 



158700 
2760 
16 
4(161476) = 



646904 



645904. 
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Find the cube root of : 

1. a^ + Ga^ 4- 12 a +8. 

2. 27c8-54c2-f 36c-8. 

3. 8a8-36a2 + 54a-27. 

4. 27iB«-135a;* + 225ar»-125. 

5. a« + 6a* + 15a* + 20a«4-15a«-h6a4-l. 

6. iB«-6ic« + 21aJ*-44aj3 + 63aj2-54a; + 27. 

7. a«-f 9a* + 21a*-9a«-42a* + 36a-8. 

8. 102a^ + 204aj«-171a^-144a; + 64-36aj« + 8a^. 

9. 27 m^^ - 35 m« + 12m2 - 8 + 30m* - 45m« + 27m". 
10. c8-3c8 + 6c^-4d» + 6c*-2c3 + 3c + l. 

11. 74088. 16. 3112.136. 

12. 389017. 17. 14706125. 

13. 658503. 18. 48.228544. 

14. 912673. 19. .559476224. 
16. 1953125. 20. .000138991832. 
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6BHBRAL RBYIBW 

Ezercise 142 

1. Find the numerical value of 81"^, 16^, (i)"^, 5^ 26"^. 
Define briefly the law that governs each reduction. 

2. Solve a? -f V.25« + 0.06 = 0. 



3. Form the equation whose roots shall be a — V — 1 

and a + V— 1. 

4. Solve for x: 2(4 - 3x)^ - 12 = a?., 

5. Factor 125 aj"^-V^. 

6. Solve X + lOa?" +7 = 0, and test the roots obtained. 

7. By inspection determine the nature of 'the roots of 
3a^~7aj= -5. 

8. Solve 4aj* — 4aa; + a* — (^ = 0. 

9. Solve and verify both solutions of (x + V)\x — 2) = 
«(« - 3)(aj - 1) - 4 

10. Solve - — ^-— - = «(« -f 2) + 1. 

(a; - 1)-« 

11. Find the square root of 

a>4-,a^ + l 6(a^ + l) , 15a^ ^. 
(a^ + l)-i x-^ (aj*-|-l)~^ 

12. Find the value of m for which the equation, Saj?* — 6aj+ 
m = 0, has equal roots. 

13. Factor 2\2a^ - (x - a) - 2 a(2a; - a)]. 

14. Write the 8th term of the quotient of ic"*— y" divided 
by X — y. 

15. Solve a;^ + 2x^ — 3 = 0. 

^« o 1 a? — 2m , 3m «-|-c 

16. Solve 1- — 



c + d ' a; + 2m «-|-2m 
17. Find the five roots of a^ — 4 «» — 05* -h 4 = 0. 



GENERAL REVIEW 399 

18. Factor 15 oj^* — 15. 

19. Solve x{x -^ 2^) = 2, (a; + 2^)^ = 9. 

20. Form that quadratic equation whose roots shall be 
- i and - f 

21. Obtain the factors of oc^ — 5x-\-2 by solving the equa- 
tion, 05^ — 5a;-|-2 = 0. 

22. Divide 16 into 3 parts in geometrical progression, so 
that the sum of the 1st and 2d shall be to the difference of the 
2d and 3d parts as 3 : 2. 

23. Find log of 7, given log 5 = .6990 and log 14 = 1.1461. 

24. Solve and test the solutions of 

V2 m -f a; — V2 in — x — V2~i = 0. 

26. Factor 4 + i£±^ + ^. 

26. Form the quadratic equation whose roots shall be 
1-f-V— 1 and 1 — V^^. 

• 27. Solve aj^-f-a^H-2^ = 7aj, 
Q^ — xy-\-7f=:Sx, 

28. What is the sum of the first n numbers divisible by 5 ? 



... So.™(|-5 + ^)(V'-5H-f).0. 



30. Solve 2*-^ X 2* = 40. 

31. Givenl+Va:l4-3Vi = 2:5; findaj. 

32. Factor ar* — 2 -f a;*. 

33. If n is an odd integer, which of the following indicated 
divisions are possible ? 

af* + 2/" aJ" -\-y^ af^ — y^ af* — y 
x + y ' x — y ' x + y ' x — y 

34. Form the quadratic equation whose roots are 1 + a -y/x 
and 1 — a Va. 
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36. Under what condition will the roots of aa^ + 6a; + c = 
be imaginary ? Prove your answer. 

36. If the length and breadth of a certain rectangle are 
each increased by 2 rods, the area will become 48 sq. rd. ; but 
if each dimension were decrease*d by 2 rods, the area would 
become 8 sq. rd. Find the dimensions of the rectangle. 

37. Factor «» + 2a^~5a; — 6. 

38. Write in logarithmic form 27* = 81, and find x. 

39. Solve forn:^:=i~ 2c = ^^ 



n n — 1 

40. What is the price of candles per dozen when 3 less for 
36 cents raises the price 12 cents per dozen ? 

41. Show that the product of the roots of «* — 5a;--2 = 
is —4. 

2 9 '\/2 

42. Prove that — , 3, ^ , are in geometrical progression, 

V2 2 

and find the sum of 10 terms. 

43. If mix = 71: y, show that 

mx — ny : mx -\- ny = m? — n^ : m^ -{- v?. 

44. Find an expression for the nth odd number, and illus- 
trate your answer by a numerical substitution. 

45. Find n in the formula I = af"'^, 

46. Solve for a and mx 2a^ — am = 12, 

2 am — m* = 8. 

47. Factor — -^— -_.- — 4 •,' 

(a;*-h3)-^ (l-f3aj)-^ 

48. Eationalize the denominator of — i — _ " — ^ • 

2^V64-2V2 

49. Insert 6 geometrical means between -3*^ and 12|. 

60. Find a, in ^ = :?^. 

12 Vi 
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61. Without solving, prove that the roots of 6 a?* + 5x=21 
are real and rational. 



62. Solve m-\- V3x'\-a^: m-|-l=m — V3aj + ic^: m — 1. 

63. The difference between the 5th and the 7th terms of an 
arithmetical progression is 6, and the sum of the first 14 terms 
is — 105. Find the first term and the common difference. 

64. Without solving, determine the nature of the roots of 
16iB2 + l=8x. 

55. Find the 5th term of (aj*- x-^, 

56. Show that the sum of the squares of the roots of 
aj»-3a? + l = is 7. 

57. If m^ — n^ varies as a^y and if aj = 2 when m=:5 and 
n = 3, find the equation between m, n, and x. 

68. Find x and y if 2'+^ = 16 and 3'-' = 9. 

69. Find a 4th proportional to oj* — 1, a^ + 1, and a^ — l. 

60. Construct the quadratic equation, the product of whose 
roots shall be twice the sum of the roots of ar^ — 7aj + 12 = 0; 
and the sum of whose roots shall be 3 times the product of 
the roots of a^ + 2 a? = 3. 

61. Factor 3aj8-2 + aj* + aj*-3aj. 

62. Find by logarithms the value of "v^^" x (i)* X .01 x 3* 

63. The sum of two numbers is 20, and their geometrical 
mean increased by 2 equals their arithmetical mean. What 
are the numbers ? 

64. What is the interpretation of a; = Va? ? 
66. Write the 5th term of (a + ft)**. 

66. Solve c2 («2 -f 1) = m^ 4- 2 c^a?. 

67. The sum of the last 3 terms of an arithmetical progres- 
sion of 7 terms equals 3 times the sum of the first 3 terms. 
The sum of the 3d and 5th terms is 32. Find the 1st term 
and the common ratio. 

SOM. BL. ALO. — 26 
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68. How many digits in 35® ? 

69. Expand and simplify (a~^Va — a^a~^)\ 

70. What must be the equation between m and n if the roots 
of ms^-^-nx-^-p are real ? if equal ? 

71. Find the (r + l)th term of (1 -«)». 

72. Find two numbers in the- ratio of 3:2, such that their 
sum has to the difference of their squares the ratio of 1 : 5. 

73. What is the sum and product of the roots of 



5 or^ x'^ 

74. Solve aj* 4- 3/* = 26, 

6 a; -h y = 24. 

Plot the graphs of the system and verify the solutions. 

76. Show that either root of aj* — c = is a mean propor- 
tional between the roots of aj* 4- fta? -f c = 0. 



76. Solve aj*— 2a;4-3 = Vo/^ — 2aj4-5. Are all the solu- 
tions roots of the given equation ? 

X :; 1 when 



»' 



x^2? 

78. The intensity of light varies inversely as the square of 
the distance from its source. How far must an object that is 
8 feet from a lamp be moved so that it may receive but \ as 
much light? 

79. Find an expression for x in a^= 3 c. 

80. Solve a; — 1.3 = .3 ar^ 

81. If a : 5 = c : c?, show that 

{rria — nb)(ma +nb)'^ _ (mc — nd)(mc 4- ^<^)""^ , 
7nn Tfin 

82. Solve Vfx - V3a;4-4 = ^^ . 

V3aj4-4 
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83. If Ti and rg represent the roots of aj* + 6aj + c = 0, find 
Vj + r^^ and t^t^. 

84. Solve a;"* +»"* + 1 = 0. 

86. Find the geometrical progression whose sum to infinity 
is ^-^^ and whose 2d term is .002. 

86. Expand ( V2 - V^^)^ 

87. Solve for s: -2 - 2 s^^. vTT27+47--2«s=2s2+ 6. 

88. Find the value of k in order that the equation 

(A; + 6)aj2-2A;(ar^-l)-2A;a;-3=:0 
may have equal roots. 

89. The floor area of a certain room is 320 sq. ft., each 
end wall 128 sq. ft., and each side wall 160 sq. ft. What 
are the dimensions of the room ? 

90. For what values of m are the roots of the equation 
(m -f 2)aj2 + 2 ma? 4- 1 = equal ? 

91. Given a : 6 = c : d ; prove that 3a4-2c:3a — 2o 
= 12 5 + 8d:125-8d. 

92. Plot the graph of 3 a^ + 10 a? = 12, and check the result 
by solving. 

93. Find the ratio between the 6th term of [ 1 4- ^r 1 and 



the 4th term 



.t(i+i)". 



94. Calculate by logarithms the fourth proportional to 3.84, 
2.76 and 4.62, and, also, the mean proportional between Vi2 

and Vl2. 

96. Solvefor sand«: «» + ^ = 91, s = 7-^ * 

96. Find n in s = ?^?— =-?. 

r— 1 
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97. The velocity of a body falling from rest varies directly 
as the time of falling. If the velocity of a ball is 160 feet 
after 5 seconds of fall, what will it be at the end of the 10th 
second ? 



98. In an arithmetic progression, a= — V— 1, d=l+V— 1, 
n = 20. Find I and s, 

99. Write the (r 4- 1 ) th term of (a 4- b)\ 



100. Find the middle t^rm of f—^ :yL^\\ 

101. Plotthegraphsof 4a^4-9y« = 36, aj-f 2y = 3. Check 
by solution. 

102. Insert 4 geometrical means between V— 1 and — 32. 

103. Prove the formula for I in each of the progressions. 

104. Form the quadratic equation which has for one root 
the positive value of ^7 + 4 V3, and for the other root the 
arithmetic mean between 4 — 2 V3 and zero. 

105. If mm =^71: s= 8:t, show that n-^-s is a mean pro- 
portional between m 4- ^ and i -f- s. 

106. Solve xy = 2w?-\-bm-\-2, aj2 4-y2 = 5 m*-f 8m + 5. 



2\^ 
108. Find the term oil 7^ = i that does not contain x. 



107. Solve and test the solution: Va?^ — inx -f n — x = m. 

109. Solve for s and « : s^ + s« -f 2 ?* = 46, 

110. Plot the graphs of aj* 4- 2^^ 4- ^ + y = 34, a; 4-y— 7 = 0. 

111. Whatisthe value of 1.027027.-.? 

112. Find x if S"*'^ = (9'^)'-^ 

113. If a 4- 5 = 61, and a* — 6^ = 1, find the values of a 



and b. 
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Constant, 200, tm: r > < 
Continued proportion, 318. 
Coordinates, rectilinear, 197. 
Cube root, 99, 394, 396. 

Definite number symbols, 9. 
Degree, of an expression, 44. 

of a term, 44. 
Denominator, 126. 

factorial, 360. 

lowest common, 129. 
Density, 164. 
Descending order, 44. 
Difference, 32. 

common, 338. 
Direct and inverse variation, 332. 
Direct variation, 331. 
Discriminant, 278. 
Discussion of a problem, 193. 
Distributive law, 39, 52. 
Dividend, 52. 
Division, 62, 321. 
Divisor, 52. 

Divisors, theory of, 387. 
Duplicate ratio, 316. 

Elements, of an arithmetical progres- 
sion, 339. 

of a geometrical progression, 349. 
Elimination, 165. 
Equality, 12. 
Equation, 64. 

affected quadratic, 268. 

complete quadratic, 268. 

conditional, 64. 

equivalent, 174, 290. 

exponential, 380. 

identical, 64. 

in the quadratic form, 286. 

incomplete quadratic, 266. 

inconsistent, 174. 
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Equation, independent, 173. 

irrational, 252. 

linear, 65. 

pare quadratic, 266. 

quadratic, 266. 

simple, 65. 

simultaneous, 174. 

solution of an, 64. 

systems of, 174. 
Equilibrium, 165. 
Equivalent equation, 174. 
Exponent, 41. 

in the fractional form, 223. 

negative, 222. 

zero, 221. 
Exponential equation, 380. 
Expression, algebraic, 20. 

homogeneous, 46. 

integral, 99. 

mixed, 125. 

prime, 100. 

rational, 99. 
Extraneous roots, 181. 
Extremes, of a proportion, 317. 

Factor, 12, 99. 

common, 119. 

highest common, 119. 

theorem, 385. 
Formula, 87. 

binomial, 359. 

physical, 164, 293. 

quadratic, 273. 
Fourth proportional, 318. 
Fourth root, 99. 
Fraction, algebraic, 122. 

complex, 144. 

terms of a, 122. 
Fractions, clearing of, 147. 

G^eneral number symbols, 9. 
Greometric means, 354. 
Geometric progression, 348. 
Graph, of a linear equation, 200. 

of a point, 197. 

of a quadratic equation in one vari- 
able, 282. 

of a quadratic equation in two vari- 
ables, 302. 
Grouping, law of, 22, 39. 



Identical equation, 64. 

Identity, 64. 

Imaginaries, conjugate, 260. 

unit of, 254. 
Imaginary number, 254. 

pure, 254. 
Inconsistent equation, 174. 
Independent equation, 174. 
Indeterminate equation, 173i. 
Index law, 42, 53, 205, 210. 
Indicated operations, 12. 
Integral expression, 99. 
Interpolation, 369, 373. 
Inverse ratio, 316. 
Inverse variation, 332. 
Inversion, 320. 
Involution, 205. 
Irrational equation, 252. 

Joint variation, 332. 

Law, associative, 22, 39L 

commutative, 22, 39. 

distributive, 39, 52. 
Linear equation, 65. 
Literal expression, 20. 
Literal number symbols, 9. 
Logarithm, 364. 

base of a, 364. 

characteristic of a, 366. 

common, 365. 

mantissa of a, 366. 
Lowest common denominator, 129.. 
Lowest common multiple, 127. 

Mantissa of logarithm, 366. 
Mean proportional, 318. 
Means, arithmetical, 344. 

geometrical, 354. 

of a proportion, 317. 
Mixed expression, 125. 
Moment, 165. 
Monomial, 21. 
Multiple, common, 127. 

lowest common, 127. 
Multiplicand, 38. 
Multiplication, 38. 
Multiplier, 38. 

Negative exponents, 222. 
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Negative numbers, 14. 
Number, algebraic, 16. 

negative, 14. 
Numerator, 126. 
Numerical expression, 20. 

Order, ascending, 44. 

descending, 44. 

law of, 22, 38. 
Ordinate, 197. 
Origin, 197. 

Parenthesis, 13, 26. 

Physical formulas, 164, 293. 

Polynomial, 21. 

Power, 41. 

Prime expression, 100. 

Principal root, 237. 

Problem, 70. 

discussion of a, 193. 

solution of a, 71. 
Progression, arithmetical, 338. 

geometrical, 348. 
Proportion, 317. 

continued, 318. 

extremes of a, 317. 

means of a, 317. 
Pure imaginary, 254. 
Pure quadratic equation, 266. 

Quadrants, 198. 
Quadratic equation, 266. 
Quadratic form, 286. 
Quadratic formula, 273. 
Quality, signs of, 14. 
Quotient, 52. 

Radical, 236. 

index of a, 209, 236. 

sign of, 209. 

similar, 242. 
Radicand, 236. 
Ratio, common, 348. 

compound, 316. 

duplicate, 316. 

inverse, 316. 
Rational expression, 99. 
Rationalization, 246. 
Real number, 254. 



Reciprocal, 140. - 
Rectilinear coordinates, 197. 
Remainder, 32. 
Root, 41, 65. 

cube, 99, 394, 396. 

square, 99. 
Roots, rejection of, 291. 

Series, finite, 258. 

infinite decreasing, 352. 
Signs, of aggregation, 29. 

of quality, 14. 
Similar terms, 20. 
Simple equation, 66. 
Simultaneous equations, 174. 
Solution of equations, 64. 
Square root, 99. 
Substitution, 84. 
Subtraction, 32. 
Subtrahend, 32. 
Sum, 22. 
Surd, 236. 

coefficient of a, 236. 

entire, 236. 

mixed, 236. 
Surds, conjugate, 247. 
Symbols of operation, 11. 
Systems of equations, 174. 

Term, 20. 

degree of a, 44. 
Terms, of a fraction, 122. 

similar, 20. 
Third proportional, 318. 
Transposition, 66. 
Trinomial, 21. 

Unit of imaginaries, 264. 

Variable, 200, 330. 
Variation, compound, 333. 

direct, 331. 

direct and inverse, 332. 

inverse, 332. 

joint, 332. 
Verification of a root, 67. 
Vinculum, 17. 

I Zero exponent, 221. 



ROBBINS'S GEOMETRY 

By EDWARD RUTLEDGE ROBBINS, A.B., Senior 
Mathemadcal'Mastof 9 The William Benn Charter School , 
Philadelphia. 



Plane and Solid Geometry, ^^1.25 Plane Geometry . . . ^^0.75 

Solid Geometry . . . |k>.75 



THIS text-book is intended to meet the needs of all 
secondary schools and the requirements in geometry 
for entrance to all colleges and universities. It is clear, 
consistent, teachable, and sound. 

^ So suggestively and comprehensively is the work outlined 
that the teacher is saved many explanations, while the pupil 
receives the help he desires wherever it is required. The 
preliminary matter is intentionally brief and simple, so that 
the theorems and their demonstrations may be reached as early 
as possible. Each theorem is employed in the demonstration 
of other theorems as promptly as is practicable and desirable. 
^ The book has been so constructed that it meets the various 
degrees of intellectual capacity and maturity in all ordinary 
classes. The successive truths in a demonstration are stated, 
and the pupil is asked the reasons. But the latter is not left 
in ignorance if he is unable to perceive the correct reason, 
because the numbers of the paragraphs containing these desired 
truths arc cited wherever experience has shown that the 
pupil is likely to require this assistance. 
^ The conciseness and rigor of demonstration , the great wealth 
of original exercises, both classified and graded, the economy 
of arrangement, the fiill treatment of measurement, and the 
superior character of the diagrams distinguish the book. Pre- 
ceding the earlier collections of original exercises are summaries, 
while useful formulas are grouped both in the Plane and in 
the Solid. All the theorems in the Plane Geometry are 
stated at the beginning of the Solid. 
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ELEMENTS OF 
TRIGONOMETRY 

By ANDREW W. PHILLIPS, Ph.D., and WENDELL 
M. STRONG, Ph.D., Professors in Yale University 



Plane and Spherical Trigonometry. With Tables $^'40 

The same. Without Tables 90 

Logarithmic and Trigonometric Tables i.oo 



IN this text-book fiill recognition is given to the rigorous 
ideas of modem mathematics in dealing with the funda- 
mental series of trigonometry. Both plane and spherical 
trigonometry arc treated in a simple, direct manner, free from 
all needless details. The trigonometric functions are defined 
as ratios, but their representation by lines is also introduced 
at the beginning, because certain parts of the subject can be 
treated more simply by the line method, or by a combination 
of the two methods, than by the ratio method alone. 
^ Many valuable features distinguish the work, but attention 
is called particularly to the graphical solution of spherical 
triangles, the natural treatment of the complex number, and 
the hypcrbohc functions, the graphical representation of the 
trigonometric, inverse trigonometric, and hyperbolic functions, 
the emphasis given to the formulas essential to the solution of 
triangles, the close and rigorous treatment of imaginary quan- 
tities, the numerous cuts which simplify the subject, and the 
rigorous chapter on computation of tables. 
^ Carefidly selected exercises are given at frequent intervals, 
a^ording adequate drill just where it is most needed. An 
exceptionally large number of miscellaneous exercises are 
included in a separate chapter. 

^ The tables include, besides the ordinary five-place tables, 
a complete set of four-place tables, a table of Naperian 
logarithms, tables of the exponential and hyperbolic fimctions, 
a table of constants, etc. 
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ELEMENTS OF DESCRIPTIVE 

GEOMETRY 

By CHARLES E. FERRIS, Professor of Mechanical 
Engineering, University of Tennessee 

I1.25 



THE leading engineers and draughtsmen, as investigation 
shows, do nearly all their work in the third quadrant or 
angle. It seems reasonable, therefore, that the subject 
of descriptive geometry should be taught in technical and 
scientific schools as it will be used by their graduates. 
^ Many years of expwience in teaching descriptive geometry 
have proved to the author that the student can learn to think 
with his problem below the horizontal, and behind the vertical 
and perpendicular planes, as well as above and in fi-ont of 
those planes. 

^ This volume forms an admirable presentation of the subject, 
treating of definitions and first principles ; problems on the 
point, line, and plane ; single curved surfaces ; double curved 
surfaces ; intersection of single and double curved surfaces by 
planes, and the development of surfaces ; intersection of solids ; 
warped surfaces ; shades and shadows ; and perspective. 
^ Besides dealing with all its problems in the third angle 
instead of in the first, the book presents for each problem a 
typical problem with its typical solution, and then gives 
numerous examples, both to show variations in the data, and to 
secure adaptability in the student. In consequence, no sup- 
plementary book is necessary. 

^ To show the projections on the horizontal, and on the 
vertical planes, it uses v and k as exponents or subscripts 
instead of the usual method of prime, etc. 
^ In scope the treatment is sufficiently broad, and yet it is 
not so abstruse as to make the book difficult for the average 
college course. Both text and plates are bound together, thus 
being very convenient for use. There are 1 1 3 figures. 
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PLANE SURVEYING 

By WILLIAM G. RAYMOND, C. E., member Amcri- 
can Society of Civil Engineers, Professor of Geodesy, 
Road Engineering, and Topographical Drawing in 
Rensselaer Polytechnic Institute. 



IN this manual for the study and pracdce of surveying the 
subject is presented in a clear and thorough manner; the 
general method is given first and afterward the details. 
Special points of difficulty have been dwelt on wherever 
necessary. The book can be mastered by any student who 
has completed trigonometry, two formulas only being g^ven, 
the derivation of which requires a further knowledge. The 
use of these is, however, explained with sufficient fullness. 
^ In addition to the matter usual to a full treatment of land, 
topographical, hydrographical, and mine surveying, par- 
ticular attention is given to system in office- work, labor-saving 
devices, the planimeter, slide-rule, diagrams, etc., coordinate 
methods, and the practical difficulties encountered by the 
young surveyor. An appendix gives a large number of 
original problems and illustrative examples. 
^ The first part describes the prmcipal instruments and deals 
with the elementary operations of surveying, such as measure- 
ment of lines, leveling, determination of direction and measure- 
ment of angles, stadia measurements, methods of computing 
land surveys, etc. 

^ In the second part are treated general surveying methods, 
including land surveys, methods adapted to farm surveys. 
United States public land surveys, and city surveys, curves, 
topographical surveying, ordinary earthwork computations, 
hydrographic and mine surveying, etc. 
^ Both four-place and five-place tables are provided. They 
are unusually numerous and practical, and are set in large, 
clear type. The illustrations are particularly helpful. 
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ESSENTIALS IN HISTORY 



ESSENTIALS IN ANCIENT HISTORY . . 11,50 

From the earliest records to Charlemagne. By ARTHUR 
MAYER WOLFSON, Ph.D., First Assistant in History, 
DeWitt Clinton High School, New York. 

ESSENTIALS IN MEDIAEVAL AND MODERN 
HISTORY I1.50 

From Charlemagne to the present day. By SAMUEL 
BANNISTER HARDING, Ph.D., Professor of Euro- 
pean History, Indiana University. 

ESSENTIALS IN ENGLISH HISTORY . . I1.50 

From the earliest records to the present day. By 
ALBERT PERRY WALKER, A.M., Master in His- 
tory, English High School, Boston. 

ESSENTIALS IN AMERICAN HISTORY . I1.50 

From the discovery to the present day. By ALBERT 
BUSHNELL HART, LL.D., Professor of History, 
Harvard University. 



THESE volumes correspond to the four subdivisions re- 
quired by the College Entrance Examination Board, 
and by the New York State Education Department. 
Each volume is designed for one year's work. Each of the 
writers is a trained historical scholar, familiar with the con- 
ditions and needs of secondary schools. 
^ The effort has been to deal only with the things which 
are typical and characteristic; to avoid names and details 
which have small significance, in order to deal more justly 
. with the forces which have really directed and governed man- 
kind. Especial attention is paid to social history, as well as 
to the movements of sovereigns and political leaders. 
^ The books are readable and teachable, and furnish brief 
but useful sets of bibliographies and suggestive questions. 
No pains have been spared by maps and pictures, to fiu*nish 
a significant and thorough body of illustration, which shall 
make the narrative distinct, memorable, and clear. 
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A BRIEF COURSE IN 
GENERAL PHYSICS 

By GEORGE A. HOADLEY, A.M., C.E., 
Professor of Physics, Swarthmore College 



A COURSE, containing a reasonable amount of work for 
an academic year, and covering the entrance require- 
ments of all of the colleges. It is made up of a reliable 
text, class demonstrations of stated laws, practical questions 
and problems on the application of these laws, and laboratory 
experiments to be performed by the students. 
^ The text, which is accurate and systematically arranged, 
presents the essential facts and phenomena of physics clearly 
and concisely. While no division receives undue prominence, 
stress is laid on the mechanical principles which underlie the 
whole, the curve, electrical measurements, induced currents, 
the dynamo, and commercial applications of electricity . 
^ The illustrative experiments and laboratory work, intro- 
duced at intervals throughout the text, are unusually numerous, 
and can be performed with comparatively simple apparatus. 
Additional laboratory work is included in the. appendix, to- 
gether with formulas and tables. 



HOADLEY'S PRACTICAL MEASUREMENTS IN 
MAGNETISM AND ELECTRICITY. $0.75 

THIS book, which treats of the fundamental measurements in elec- 
tricity as applied to the requirements of modern life, furnishes a satis- 
factory introduction to a course in electrical engineering for secondary 
and manual training schools, as well as for colleges. Nearly loo experiments 
are provided, accompanied by suggestive directions. Each experiment is 
followed by a simple discussion of the principles involved, and, in some 
cases, by a statement of well-known results. 
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CHEMISTRIES 

By F. W. CLARKE, Chief Chemist of the United States 
Geological Survey, and L. M. DENNIS, Professor of 
Inorganic and Analytical Chemistry, Cornell University 



Elementazy Chemistry . $i.io 



Laboratory Manual . . j^.50 



THESE two books are designed to form a course in 
chemistry which is sufficient for the needs of secondary 
schools. The TEXT-BOt)K is divided mto two parts, 
devoted respectively to inorganic and organic chemistry. 
Diagrams and figures are scattered at intervals throughout the 
text in illustration and explanation of some particular experi- 
ment or principle. The appendix contains tables of metric 
measures with English equivalents. 

^ Theory and practice, thought and application, are logically 
kept together, and each generalization is made to follow the 
evidence upon which it rests. The application of the science 
to human aiFairs, its utility in modern life, is also given its 
proper place. A reasonable number of experiments are in- 
cluded for the use of teachers by whom an organized laboratory 
is unobtainable. Nearly all of these experiments are of the 
simplest character, and can be performed with home-made 
apparatus. 

4 The LABORATORY MANUAL contams 127 experi- 
ments, among which are a few ofa quantitative character. Full 
consideration has been given to the entrance requirements of 
the various colleges. The left hand pages contain the experi- 
ments, while the right hand pages are left blank, to include 
the notes taken by the student in his work. In order to aid 
and stimulate the development of the pupil's powers of observa- 
tion, questions have been introduced under each experiment. 
The directions for making and handling the apparatus, and 
for performing the experiments, are simple and clear, and are 
illustrated by diagrams accurately drawn to scale. 



AMERICAN BOOK COMPANY 

C162) 



1 



DESCRIPTIVE 
CATALOGUE OF HIGH 
SCHOOL AND COLLEGE 

TEXT-BOOKS 

Published Complete and in Sections 



WE issue a Catalogue of High School and College Text- 
Books, which we have tried to make as valuable and 
as usefid to teachers as possible. In this catalogue 
are set forth briefly and clearly the scope and leading charac- 
teristics of each of our best text-books. In most cases there 
are also given testimonials from well-known teachers, which 
have been selected quite as much for their descriptive qualities 
as for their value as commendations. 

^ For the convenience of teachers this Catalogue is also 
published in separate sections treating of the various branches of 
study. These pamphlets are entitled : English, Mathematics, 
History and Political Science, Science, Modern Languages, 
Ancient Languages, and Philosophy and Education. 
^ In addition we have a single pamphlet devoted to Newest 
Books in every subject. 

^ Teachers seeking the newest and best books for their 
classes are invited to send for our Complete High School and 
College Catalogue, or for such sections as may be of greatest 
interest. 

^ Copies of our price lists, or of special circulars, m which 
these books are described at greater length than the space 
limitations of the catalogue permit, will be mailed to any 
address on request. 

^ All correspondence should be addressed to the nearest 
of the following offices of the company : New York, Cincin- 
nati, Chicago, Boston, Atlanta, Dallas, San Francisco.' 
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To avoid fine, this book should be returned on 
or before the date last stamped below 
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